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Abstract—The issue of data-aided joint carrier frequency offset
(CFO) and channel estimation is investigated in the presence of
a rapidly time-varying frequency-selective channel. We derive
novel joint CFO/channel estimators for two cases: known and
unknown channel statistics. The CFO estimator that makes use
of known channel statistics is shown to attain the Cramer-Rao
bound. If channel statistics are unknown to the estimator then
a parameterization of the time-varying channel is requiredand
this is shown to degrade performance. Theoretical analysisof the
derived estimators is provided along with simulation results.

I. I NTRODUCTION

Carrier frequency offset is a result of mismatch between
the local oscillators of the transmitter and receiver of a
communication system. The mismatch causes performance
degradation depending upon the specific modulation format
and receiver structure.

OFDM is particularly sensitive to carrier frequency offset
because it relies upon the orthogonality of its subcarriersto
separate its multiplexed data streams [1]. A slight offset in
carrier frequency shifts the OFDM spectrum, causing a loss
of orthogonality among the sub-carriers, which, upon applying
the receiver FFT, results in so-called intercarrier interference.
Hence, carrier frequency offset must be effectively estimated
and corrected to achieve optimal system performance.

Communication systems frequently make use of a preamble
block of known data as a training sequence before data is
transmitted and detection is performed at the receiver. The
training sequence can be used for channel impulse response
estimation as well as CFO estimation.

Previous data-aided CFO estimation approaches derived
for the time-invariant frequency-selective channel include [2],
in which two consecutive identical symbols are transmitted,
inducing a correlation structure in the received signal from
which the CFO can be extracted, and [3], which presents a
similar technique, but uses PN sequences to achieve a wider
estimation range. In [4] an elegant framework is provided for
joint ML estimation of CFO and time-invariant channel and it
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is shown that the joint estimation decouples to first estimating
the CFO, then the channel. Extensions of [4] include [5] and
[6] which perform gradient descent on the joint likelihood
function and a decision directed approach, respectively. The
CFO estimator derived in [7] is also an extension of [4], with
reduced complexity and a closed form approximation.

When the receiver and/or transmitter are mobile, a Doppler
shift spreads the signal in frequency, and causes a time-
variation of the channel taps. Because the CFO can be viewed
as a special case of channel time-variation, it is more difficult
to jointly estimate both the CFO and channel, and the previ-
ously mentioned estimators suffer a performance degradation.

Previous approaches to joint estimation of CFO and time-
varying channel include [8], which presents a blind method
and assumes channel time-variation statistics are known, and
[9], which parameterizes the channel with an autoregressive
model then uses the EM algorithm to determine the AR
coefficients, from which a CFO estimate can be extracted.
In [10], two consecutive OFDM preamble symbols comprised
of CAZAC sequences are used, allowing a closed form CFO
estimate.

In this work we propose a more direct approach to data-
aided joint CFO and channel estimation in a frequency-
selective time-varying channel. We use a framework very
similar to [4], but that takes into account each channel tap
at each point in time. We directly estimate the channel and
the CFO via maximum likelihood when the channel statistics
are not known, and via a Bayesian approach when they are.

When channel statistics are unknown, joint ML estimation
faces the potential problem of having to estimate more pa-
rameters (all channel taps at all points in time plus CFO)
than can be supported by the available data, also known as
the “identifiability problem” [11]. This problem arises in the
time-varying channel, in contrast to the time-invariant channel,
because simply taking more data only leads to more points in
time at which the channel needs to be estimated. Thus the ML
estimator is found to require a channel parameterization.

This paper is organized as follows: In section II we
define the system model for the time-varying frequency-



selective channel then in sections III and IV we derive joint
CFO/channel estimators for the cases of unknown and known
channel statistics, respectively. We derive the CRLB and
high SNR approximations to the mean and variance of the
estimators in section V, and finally present simulation results
in VI.

II. SYSTEM MODEL

For a sequencex[n],−L + 1 ≤ n ≤ M − 1, transmitted
through a frequency-selective time-varying channel, the sam-
pled complex-baseband received sequencey[n] is given by

y[n] = ej2πθn/M
L−1
∑

l=0

h[l, n]x[n − l] + w[n], (1)

whereθ is the carrier frequency offset normalized to the block
symbol rate (i.e. measured in OFDM subcarrier spacings),M
is the block size (number of OFDM subcarriers),L is the
number of channel taps,w[n] is zero-mean complex Gaussian
circularly-symmetric noise andh[l, n] is thelth channel tap at
time n.

The values ofx[n] at times n < 0 affect the received
sequence at timesn ≥ 0 due to the length of the channel, and
in the case of OFDM, they would be part of the cyclic prefix.
The received sequencey[n] can be stacked and represented in
vector form as

y = Ω

L−1
∑

l=0

Alhl + w, (2)

where y = [y[0], y[1], · · · , y[M − 1]]T , w =
[w[0], w[1], · · · , w[M − 1]]T , the CFO matrixΩ is M by M
and diagonal with entries

[

1, ej2πθ/M , · · · , ej2πθ(M−1)/M
]

,
hl = [h[l, 0], h[l, 1], · · · , h[l, M − 1]]T fully describes the
time variation of thelth channel tap, andAl are diagonal
matrices dependant on the transmitted pilot sequence with
entries[x[0 − l], x[1 − l], · · · , x[M − 1 − l]].

Intuitively, we can see that estimation of the carrier fre-
quency offset is confounded by the fact that it is hard to tell
tell it apart from the time-varying channel. Note that carrier
frequency offset is in fact just a special case of channel time
variation; we could consider thelth channel tap at timen to
be ej2πθn/Mh[l, n], or in the vector case, thelth channel tap
vector could beΩhl.

III. CFO ESTIMATION WITH UNKNOWN CHANNEL

STATISTICS

We can further rewrite equation (2) as

y = ΩAh + w, (3)

where A is the stacked Al matrices, A =
[A0,A1, · · · ,AL−1], and h is the stacked channel tap
time-variation vectors:h = [hT

0 ,hT
1 , · · · ,hT

L−1]
T .

When the channel statistics are not known, both the channel
and CFO are assumed deterministic and unknown. Estimation

takes the form of jointly maximizing the likelihood of the
received data given the channel and CFO:

{θ̂, ĥ} = argmax
θ,h

p (y|θ,h) (4)

= argmin
θ,h

‖y − ΩAh‖2. (5)

For anyθ, theh that minimizes the cost function in (5) is

ĥ = A†ΩHy, (6)

where(·)† denotes the pseudoinverse. Plugging (6) into (5) it
follows that

θ̂ = argmax
θ

g1(θ), (7)

where g1(θ) = yHΩAA†ΩHy is the cost function for
estimating the CFO via joint ML in the time-varying channel.

But, sinceh containsML elements, the matrixA is M by
ML, and soAA† is identity and our cost function reduces
to yHy, rendering CFO estimation impossible. This is the
“identifiability problem” as discussed in [11], where conditions
are given that guarantee the estimability of the CFO in a static
channel. Note that if the channel were time-invariant, we could
simply increase the length of the pilot sequence and thereby
increase the number of observed data points to mitigate this
problem. However, in the the time-varying channel, increasing
the length of the transmitted pilot sequence does not mitigate
the identifiability problem, because as the pilot sequence gets
longer, so do the lengths of the channel tap time-variation
vectors. We are forced to try an alternate method.

Since it is impossible to jointly estimate the value of each
channel tap at each time instant along with the CFO, we
reduce the number of parameters that need to be estimated
by parameterizing the channel. To do this, we projecthl onto
a set ofI orthonormal basis vectorsf1, · · · , fI that presumably
can describe most of the time variation.

Grouping the basis vectors into a matrixF = [f1, · · · , fI ],
we can approximate thelth channel time variation vector as

hl ≈ Fαl, (8)

where αl is a lengthI vector of coefficients corresponding
to each basis vector. Using this channel parameterization,we
must now estimate theLI channel coefficientsα0, · · · , αL−1

and the CFO, a total ofLI + 1 parameters. This is possible if
the received vectory contains at least this many entries.

Rewriting (2) to take into account the approximation in (8),
we obtain

y = Ω
L−1
∑

l=0

AlFαl + w, (9)

which can be rewritten similarly to (3) as

y = ΩAF α + w, (10)



where AF = [A0F,A1F, · · · ,AL−1F], and α =
[αT

0 , αT
1 , · · · , αT

L−1]
T . The conditional PDF of the data ac-

cording to the model in (10) is

p (y|θ, α) =
1

πM |Rw|
exp

[

(y − ΩAF α)HR−1
w (y − ΩAF α)

]

.

(11)
Now, jointly maximizing this approximate likelihood of

both CFO and channel parameters can be done as

{θ̂, α̂} = argmax
θ,α

p (y|θ, α) (12)

= argmin
θ,α

‖y − ΩAF α‖2 (13)

and, paralleling the unparamaterized case, theα that mini-
mizes (13) for anyθ is

α̂ = (AH
F AF )−1AH

F ΩHy. (14)

Note that if we choose a small enough number of basis
functions,AF is a tall matrix and(AH

F AF )−1 exists. The
CFO estimate then becomes

θ̂ = argmax
θ

g2(θ), (15)

whereg2(θ) = yHΩAF (AH
F AF )−1AH

F ΩHy is the cost func-
tion for estimating the CFO via joint ML after parameterizing
the time-varying channel. Here we see that the CFO estimator
decouples from the channel estimator, but it depends on the
particular channel parameterization that we have chosen.

Note that if the channel is assumed constant, there is only
one basis vector andF is simply the (scaled) all ones vector.
Under this scenarioAF becomes anM by L static-channel
convolution matrix and the above cost function in (15) reduces
to that of Morelli and Mengali’s MLE#1 estimator from
[4] which is optimal (achieves the CRLB) for time-invariant
channels.

IV. CFO ESTIMATION WITH KNOWN CHANNEL

STATISTICS

When the channel statistics are known, i.e. we have avail-
able to us the channel correlation matrixRh = E[hhH ] and
the noise varianceσ2 with E[wwH ] = σ2I, we can apply
Bayesian methods to estimate the CFO and channel. Here the
channel is assumed to be a zero mean complex Gaussian circu-
larly symmetric random variable in accordance with Rayleigh
fading, but the CFO is still considered deterministic.

Assuming Rayleigh fading and uncorrelated channel taps,
Rh is anML by ML block diagonal matrix

Rh =













R
(0)
h 0 · · · 0

0 R
(1)
h · · · 0

...
...

. . . 0

0 0 0 R
(L−1)
h













(16)

where each block on the diagonal is equal to the time correla-
tion of a particular channel tapR(l)

h = E[hlh
H
l ]. If we assume

that each channel tap varies at the same rate, then each block
in (16) is a scaled version of the same time-correlation matrix:

R
(l)
h = plRh (17)

wherepl is the power in thelth channel tap and the{i, j}th
entry of Rh is J0(2πfdT (i − j)/M), according to the Jakes
model.fd is the Doppler frequency andT is the duration of
the length-M received data vector.

Maximum a posteriori (MAP) estimation yields

{θ̂, ĥ} = argmax
θ,h

p (y|θ,h) p(h) (18)

= argmin
θ,h

1

σ2
‖y − ΩAh‖2 + hHR−1

h h. (19)

For anyθ, theh that minimizes the cost function in (19) is

ĥ = (AHA + σ2R−1
h )−1AHΩHy, (20)

which is also the MMSE estimate ofh. Plugging (20) into
(19) we arrive at

θ̂ = argmax
θ

g3(θ), (21)

where g3(θ) = yHΩA(AHA + σ2R−1
h )−1AHΩHy is the

cost function for estimating the CFO when the time-varying
channel statistics are known.

Notes:
• There is no identifiability issue due to regularization of

the inverse ing3(θ). Hence, the estimator with known
channel statistics does not require a channel parameteri-
zation.

• Maximizing g3(θ) is equivalent to minimizingyHR−1
yyy

which maximizes the likelihoodp(y|θ). So this Bayesian
approach decouples to first findinĝθ via ML and then
finding ĥ via MMSE or MAP.

As is shown analytically and in simulations below, perfor-
mance of the estimator without statistics is highly dependent
upon the basis functions and the number of parameters chosen
to represent each channel tap, degrading performance as
compared to the estimator with known statistics.

V. CFO ESTIMATOR PERFORMANCE

A. Cramer-Rao Bound

The Cramer-Rao Lower Bound is the minimum variance
attainable by any unbiased estimator for a given parameter
and observations related byp(y|θ). For a complex Gaussian
data vectory ∼ CN(0,Ryy(θ)) with scalar parameterθ, the
CRLB is given by [12]

Var(θ̂) ≥
1

tr
[

(

R−1
yy(θ) ∂

∂θRyy(θ)
)2

] . (22)

The correlation of the data is

Ryy(θ) = E
[

yyH
]

= ΩR̃yyΩH (23)

whereR̃yy =
∑L−1

l=0 plAlRhA
H
l +σ2I. Taking the derivative

with respect toθ we have

∂

∂θ
ΩR̃yyΩH = Ω

(

DR̃yy + R̃yyD
H

)

ΩH (24)



where D is a diagonal matrix with elements
[0, j2π/M, · · · , j2π(M − 1)/M ]. Using the results of
(24) and the fact thatR−1

yy(θ) = ΩR̃−1
yyΩH , we arrive at

Var(θ̂) ≥
1

2tr
(

D2 + R̃−1
yyDR̃yyDH

) . (25)

This bound holds for any unbiased estimator ofθ that makes
use of the datay to form the estimate. For example, the bound
holds even if the estimator does not take advantage of, or
even know, the channel statistics and correspondingly the PDF
p(y|θ). As such, it is a lower bound on the variance for all
the estimators presented in this paper.

B. Known Channel Statistics

With the same technique used in [4] and originally de-
veloped in [13] and [14], when the SNR is high we can
approximate the mean and variance of the CFO estimator as

E[θ̂] ≈ θ −
E[ ∂

∂θg(θ)]

E[ ∂2

∂θ2 g(θ)]
, Var(θ̂) ≈

E[( ∂
∂θg(θ))2]

E[ ∂2

∂θ2 g(θ)]2
, (26)

where g(θ) is the cost function optimized by the estimator.
Inserting the known-channel-statistics cost functiong3(θ) into
the mean in (26), the numerator is easily found to be zero,
indicating that the estimator is unbiased.

When the cost functiong3(θ), which is equivalently
log p(y|θ), is inserted into the variance in (26), it is easily
manipulated into the definition of the CRLB for a single scalar
parameter. Hence, the Bayesian joint estimator achieves the
CFO CRLB, as expected, since it decouples to MAP or MMSE
channel estimation and ML CFO estimation, which has the
property of asymptotic efficiency.

C. Unknown Channel Statistics

To find the bias of the estimator that doesn’t know the
channel statistics we insertg2(θ) into the mean in (26) to
find

E[θ̂] − θ =
−tr

[(

DQ + QDH
)

R′
yy

]

tr
[

(D2Q + QD2 + 2DQDH)R′
yy

] , (27)

where Q = AF (AH
F AF )−1AH

F and R′
yy =

∑L−1
l=0 plAlRhA

H
l . Equation (27) is not in general equal to

zero, but it can be shown that if the pilots are purely real or
imaginary, or if the channel is well parameterized, meaning
that the modelling error inherent in the approximation (8) is
zero, the estimator is unbiased.

To find the variance of the estimator we insertg2(θ) into
the variance in (26), and after some manipulation, we find

Var(θ̂) =
a + σ2b + σ4c

d
, (28)

where
a = tr2

[(

DQ + QDH
)

R′
yy

]

+ tr
[(

DQ + QDH
)

R′
yy

]2
,

b = 2tr
[

(

DQ + QDH
)2

R′
yy

]

, c = tr
[

DQ + QDH
]2

, and

d = tr2
[(

D2Q + QD2 + 2DQDH
)

R′
yy

]

. In (28) we see

a term that is constant in the noise variance, leading to an
error floor at high SNR with a value equal toa/d. If the
approximation in (8) is perfect (i.e.hl = Fαl), it can be
shown thata = 0, meaning there is no error floor. Thus, we
conclude that the error floor is due to the modelling error in
the channel parameterization.

VI. SIMULATION RESULTS

Here we present simulations of the derived estimators in
a frequency-selective time-varying channel and we compare
to Morelli and Mengali’s MLE#1 from [4] and to Wei, Xu,
Cai, and Xu’s (WXCX) estimator from [10] (with parameters
r1 = 2 and r2 = 20. The WXCX estimator was derived for
a fast time-varying channel and actually requires two separate
training sequences. In our simulations we therefore give itan
advantage and allow it a training sequence twice as long as
that used for our estimators and the MLE#1.

For the estimator without channel statistics, we parameterize
the channel with a varying number of orthogonal basis func-
tions: from one to three. We choose these basis functions to be
constant, linear, and quadratic in time. Note that the “optimal”
basis functions (see [15]) cannot be chosen since they depend
on the channel statistics, which are not known to the estimator.
Additionally, what is optimal for channel estimation may not
be optimal for CFO estimation.

We fix the length of the transmitted pilot sequence to be
the sum ofM = 256 and the channel impulse response length
L = 4. The channel taps exhibit Rayleigh fading and vary in
time according to the Jakes model as in section IV, with an
exponential decay power delay profile given bypl = c10−βl

wherec is a normalizing constant andβ = 1/20.
Figures 1-3 show simulations of CFO MSE vs. SNR for

normalized Doppler fromfdT = 0.01 to fdT = 0.3 (T refers
to the duration of an entire block of lengthM ). The lines
show the CRLB and variance approximations while the points
show simulated performance of the estimators. For all levels of
Doppler, the CRLB is shown to underbound all estimators and
it is achieved by the estimator with known channel statistics,
as predicted in section V-B. At higher Doppler, in figures 2
and 3, the error floors of the estimators become apparent,
with a higher order model used for the parameterization
corresponding to a lower error floor. However, the estimators
based on higher order models experience poor performance at
low SNR and low Doppler due to overparameterization, i.e.,
the channel parameters corresponding to the higher order basis
functions contain very little energy, and at low SNR estimation
error is more significant than modelling error.

When the channel statistics are unknown it is difficult to
choose the proper model to use for channel parameterization.
Using more parameters ensures a lower error floor, but results
in poor performance at low SNR. Using fewer parameters
yields better performance at low SNR, but results in a higher
error floor.

The WXCX estimator, which was designed for a fast
varying channel, performs the same as our unknown statics
estimator using a constant basis function, even though it is



able to use twice the amount of training data. This is due to the
fact that in its derivation, the channel is assumed constantover
each of its two pilot sequences. The extra amount of training
data does not improve its performance because the second
sequence merely resolves ambiguity in the CFO estimate that
arises due to the CAZAC structure of the first sequence.
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Fig. 1. CFO Estimator performance vs. SNR forfdT = 0.01
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VII. C ONCLUSION

We have derived joint CFO/channel estimators for use in a
time-varying frequency-selective channel for both known and
unknown channel statistics. When the statistics are known,
the joint estimation reduces to sequentially estimating the
CFO via ML and the channel via MAP or MMSE, and the
CFO estimator achieves the CRLB. When the statistics are
unknown, the channel must be parameterized and performance
suffers due to over or under-parameterization. Thus knowledge
of the channel statistics is extremely important to achievethe
best performance in all scenarios.
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