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Abstract—The issue of data-aided joint carrier frequency offset is shown that the joint estimation decouples to first esiimgat
(CFO) and channel estimation is investigated in the presercof the CFO, then the channel. Extensions of [4] include [5] and
a rapidly time-varying frequency-selective channel. We deve g1 \which perform gradient descent on the joint likelihood
novel joint CFO/chanr_leI_ estimators for two cases: known and f . d a decision di d h . T
unknown channel statistics. The CFO estimator that makes ws UNCtion and a decision directed approach, rg‘spectlveﬂlﬁ .
of known channel statistics is shown to attain the Cramer-Ra CFO estimator derived in [7] is also an extension of [4], with
bound. If channel statistics are unknown to the estimator tlen reduced complexity and a closed form approximation.

a parameterization of the time-varying channel is requiredand When the receiver and/or transmitter are mobile, a Doppler
this is shown to degrade performance. Theoretical analysisf the  gpify gpreads the signal in frequency, and causes a time-
derived estimators is provided along with simulation resuts. I .
variation of the channel taps. Because the CFO can be viewed
|. INTRODUCTION as a special case of channel time-variation, it is more diffic
Carrier frequency offset is a result of mismatch betweetﬁ jointly es_timate bqth the CFO and channel, and the pre_vi-
the local oscillators of the transmitter and receiver of %USIy menuoned est|mators_ sfuﬁera_tper_formance degm:l_au
Previous approaches to joint estimation of CFO and time-

communication system. The mismatch causes performan%ﬁying channel include [8], which presents a blind method

degradat!on depending upon the specific modulation formél"lnd assumes channel time-variation statistics are knomd, a
and receiver structure.

OFDM is particularly sensitive to carrier frequency offse
because it relies upon the orthogonality of its subcarriers
separate its multiplexed data streams [1]. A slight offset
carrier frequency shifts the OFDM spectrum, causing a lo
of orthogonality among the sub-carriers, which, upon aipgly
the receiver FFT, results in so-called intercarrier irdeghce.

9], which parameterizes the channel with an autoregressiv

odel then uses the EM algorithm to determine the AR
coefficients, from which a CFO estimate can be extracted.
In [10], two consecutive OFDM preamble symbols comprised
3 CAZAC sequences are used, allowing a closed form CFO
estimate.

. . . In this work we propose a more direct approach to data-
Hence, carrier frequency offset must be effectively edttia aided joint CFO and channel estimation in a frequency-

and corrected to achieve optimal system performance. . . .
P Y P lective time-varying channel. We use a framework very

Communication systems frequently make use of a preaméﬁ:n”ar to [4], but that takes into account each channel tap

block of known data as a training sequence before data P each point in time. We directly estimate the channel and

tra_ns_m|tted and detection is performed at the receiver. T f& CFO via maximum likelihood when the channel statistics
training sequence can be used for channel impulse respo

Q?ee not known, and via a Bayesian approach when they are.
estimation as well as CFO estimation. ' Y bp y

Previ data-aided CEO estimati hes deri hen channel statistics are unknown, joint ML estimation
revious “data-aide estimalion: approaches deriifl, g e potential problem of having to estimate more pa-
for the time-invariant frequency-selective channel ineJ?2],

in which tw tive identical bol ¢ - rameters (all channel taps at all points in time plus CFO)
In whic 0 consecutive identical Symbois aré ransmittel,,, -an pe supported by the available data, also known as
inducing a correlation structure in the received signahifro

which the CFO can be extracted, and [3], which presents:.he identifiability problem” [11]. This problem arises ine

imilar techni but PN i hi .éﬂ'\e—varyingchannel,in contrast to the time-invariardichel,
simiiar technique, but uses sequences 1o achieve a Wiggt, |gq simply taking more data only leads to more points in

_es_timation range. In [4] an elega_nt frgmevyork is provided f?Bime at which the channel needs to be estimated. Thus the ML
joint ML estimation of CFO and time-invariant channel and Iéstimator is found to require a channel parameterization.

This work was supported by the UCSD Center for Wireless Conicau T_h's paper is organized as fOIIO_WS: In _Secuon Il we
tions and UCDG grant # com06-10216 define the system model for the time-varying frequency-



selective channel then in sections Il and IV we derive joirtakes the form of jointly maximizing the likelihood of the
CFO/channel estimators for the cases of unknown and knovateived data given the channel and CFO:
channel statistics, respectively. We derive the CRLB and

high SNR approximations to the mean and variance of the {0,n} = argrgzlljxp(yw,h) (4)
estimators in section V, and finally present simulation itesu ' 5

in VI. = argmin [y — QA" (5)

Il. SYSTEM MODEL For any#, the h that minimizes the cost function in (5) is

For a sequence[n|,—L +1 < n < M — 1, transmitted h = AfQHy, ©6)

through a frequency-selective time-varying channel, #ra-s
pled complex-baseband received sequeyieg¢ is given by where(-)" denotes the pseudoinverse. Plugging (6) into (5) it
follows that

L—1
_ j2w0n /M _
yln] = €2 ;h[l,n]:p[n +wh], (1) 0 = argmax g1 (0), )

whered is the carrier frequency offset normalized to the bloc\'ﬁ/here 0
symbol rate (i.e. measured in OFDM subcarrier spacinys),
is the block size (number of OFDM subcarrierd),is the
number of channel taps;[n] is zero-mean complex Gaussia
circularly-symmetric noise ant[/, n| is thelth channel tap at
time n.

The values ofz[n] at timesn < 0 affect the received

0) = yHPQAATQfy is the cost function for
estimating the CFO via joint ML in the time-varying channel.
n But, sinceh containsM L elements, the matriXA is M by
ML, and soAAT is identity and our cost function reduces
to yfy, rendering CFO estimation impossible. This is the
“identifiability problem” as discussed in [11], where cotiins

re given that guarantee the estimability of the CFO in acstat

sequence at times > 0 due to the length of the channel, an hannel. Note that if the channel were time-invariant, waldo

'_Phthe case gf OFDM, they wom;ld bte ﬁ)(ar(; of tdhe cyclic ptreé')_(simply increase the length of the pilot sequence and thereby
e received sequengén] can be stacked and represented ify o ase the number of observed data points to mitigate this

vector form as problem. However, in the the time-varying channel, inciregas

= the length of the transmitted pilot sequence does not niitiga

y = & Z Athy +w, @) the identifiability problem, because as the pilot sequerats g
=0 longer, so do the lengths of the channel tap time-variation
where y = [y[0],y[1],---,y[M — 1)]¥, w = Vvectors. We are forced to try an alternate method.
[w[0], w([1],--- ,w[M —1]]T, the CFO matrix is M by M Since it is impossible to jointly estimate the value of each
and diagonal with entrieg1,es2™0/M ... s2m0(M-1)/M]  channel tap at each time instant along with the CFO, we
h; = [A[l,0],h[l,1],---,hll, M — 1]]T fully describes the reduce the number of parameters that need to be estimated
time variation of thelth channel tap, and\; are diagonal by parameterizing the channel. To do this, we projeconto
matrices dependant on the transmitted pilot sequence witiset ofl orthonormal basis vectofs, - - - , f; that presumably
entries[z[0 — I],z[1 — 1], - ,z[M — 1 = 1]]. can describe most of the time variation.
Intuitively, we can see that estimation of the carrier fre- Grouping the basis vectors into a matlix= [fi, - -, f;],

guency offset is confounded by the fact that it is hard to telNe can approximate thi&h channel time variation vector as
tell it apart from the time-varying channel. Note that oarri
frequency offset is in fact just a special case of channe tim h; ~ Fay, (8)

variation; we could consider thigh channel tap at time to
be ei270n/Mp[] p), or in the vector case, thigh channel tap Wherea; is a length/ vector of coefficients corresponding

vector could beh;. to each basis vector. Using this channel parameterizatien,
must now estimate thél channel coefficientsg,--- ,ap_1
11l. CFO ESTIMATION WITH UNKNOWN CHANNEL and the CFO, a total of 7 + 1 parameters. This is possible if
STATISTICS the received vectoy contains at least this many entries.
. . Rewriting (2) to take into account the approximation in (8),
We can further rewrite equation (2) as we obtain
y = QAh+w, 3) 1
where A is the stacked A; matrices, A = y = Z ArFoy +w, ©)

[Ag,Ay,---,Ar_1], and h is the stacked channel tap 1=0

time-variation vectorsh = [hi,h{,--- hi_,]". which can be rewritten similarly to (3) as
When the channel statistics are not known, both the channel
and CFO are assumed deterministic and unknown. Estimation y = QArpa+w, (20)



where Ap = [AF,AF,--- A, 1F], and o« = that each channel tap varies at the same rate, then each block
[ad,aT ... of |]T. The conditional PDF of the data ac-in (16) is a scaled version of the same time-correlation imatr
cording to the model in (10) is

J (10) R{ = piRu 17)

exp [(y — QAra) R (y — QAra)| . wherep; is the power in thdth channel tap and théi, j}th
(11) entry of Ry, is Jo(2n fqT'(i — j)/M), according to the Jakes
model. f; is the Doppler frequency anél is the duration of
the lengtha/ received data vector.
Maximum a posteriori (MAP) estimation yields

argmpexp (v160, o) 2 {9h} = argmaxp(yl6, ) p(h) (18)

p(ylt,a) = Ry

Now, jointly maximizing this approximate likelihood of
both CFO and channel parameters can be done as

{6,a}

= argmin [ly - 2Apa] (13)

o1 2 Hpp—1
argmin — |y — QAR|? + R 'h. (19)

a’?d' paralleling the_ unparamaterized case, dhéhat mini- For any6, the h that minimizes the cost function in (19) is
mizes (13) for any is )
h = (APA 4R TARQ Yy, (20)
which is also the MMSE estimate df. Plugging (20) into
Note that if we choose a small enough number of badi$9) we arrive at
functions, A is a tall matrix and(AZAr)~1 exists. The 0
CFO estimate then becomes
i where g3(0) = y7QA(ATA + o?R;1)TATQy is the
o = argmaxga(f), (15 ¢ost function for estimating the CFO when the time-varying

. channel statistics are known.
wheregz(0) = y"QAr(AZAp) ' AZQy isthe costfunc- — \otes

tion for estimating the CFO via joint ML after parametergin . . e o
. . . o There is no identifiability issue due to regularization of

the time-varying channel. Here we see that the CFO estimator : . . .
q les from the channel estimator. but it d nds on th the inverse ings(6). Hence, the estimator with known

ecouples 1o € channel estimator, bu €pends on the - annel statistics does not require a channel parameteri-
particular channel parameterization that we have chosen. Zation

Note that if the channel is assumed constant, there is only. Maxirﬁizing g3(0) is equivalent to minimizing/ " R Ly
one basis vector anft is simply the (scaled) all ones vector. i maximizes the likelihoog(y|6). So this Bayesian
Under this scenaridA  becomes an\/ by L static-channel approach decouples to first findinﬁgvia ML and then
convolution matrix and the above cost function in (15) rextuc finding h via MMSE or MAP

to that of Morelli and Mengali's MLE#1 estimator from is shown analvtically and in simulations below. perfor
[4] which is optimal (achieves the CRLB) for time-invarianfa‘S S shown analytically a simuiations below, pertor-
channels mance of the estimator without statistics is highly depende

' upon the basis functions and the number of parameters chosen

IV. CFO ESTIMATION WITH KNOWN CHANNEL to represent each channel tap, degrading performance as
STATISTICS compared to the estimator with known statistics.

a = (AEAp)'AZQMy. (14)

= argmax gs(0), (21)

When the channel statistics are known, i.e. we have avail- V. CFO ESTIMATOR PERFORMANCE
able to us the channel correlation matRy, = E[hh] and A. Cramer-Rao Bound
the noise variance? with E[wwf’] = 521, we can apply =~ The Cramer-Rao Lower Bound is the minimum variance
Bayesian methods to estimate the CFO and channel. Here #if@inable by any unbiased estimator for a given parameter
channel is assumed to be a zero mean complex Gaussian ciggit observations related byy|6). For a complex Gaussian
larly symmetric random variable in accordance with Rayleigdata vectory ~ CN (0, Ry, ()) with scalar parametet, the

fading, but the CFO is still considered deterministic. CRLB is given by [12]
Assuming Rayleigh fading and uncorrelated channel taps, . 1
Ry is an ML by ML block diagonal matrix Var(9) > - > (22)
© tr [(Ryy (e)mRyy(e)) }
Ry ?1) o 0 The correlation of the data is
0 Ry’ - 0 .
Ro=1 . . o (16) Ryy(0) = E [yy"] = QR 0" (23)
o o 0' ) whereRyy, = 37! ARy AT + 021 Taking the derivative

with respect ta&d we have
where each block on the diagonal is equal to the time correla- o - . . . 0\ i
tion of a particular channel taR.\" = E[h;h!]. If we assume 7g Ryy (7 =0 (DRyy + RyyD ) Q (24)



where D is a diagonal matrix with elementsa term that is constant in the noise variance, leading to an
[0,j27/M,--- ,j2r(M — 1)/M]. Using the results of error floor at high SNR with a value equal to/d. If the
(24) and the fact thaR;)}(H) = QR;;QH, we arrive at approximation in (8) is perfect (i.eh; = Fqy), it can be
shown thata = 0, meaning there is no error floor. Thus, we

N 1 . . .
Var(6) > — — . (25) conclude that the error floor is due to the modelling error in
2tr (D2 + R;QDRnyH) the channel parameterization.
This bound holds for any unbiased estimatof dfiat makes VI. SIMULATION RESULTS

use of the daty to form the estimate. For example, the bound pjere e present simulations of the derived estimators in

holds even if the estimator does not take advantage of, Pfyeqyency-selective time-varying channel and we compare
even know, the channel statistics and correspondingly Bfe P norelli and Mengali's MLE#1 from [4] and to Wei, Xu
p(y|f). As such, it is a lower bound on the variance for a5 and xu's (WXCX) estimator from [10] (with parameters
the estimators presented in this paper. r1 = 2 andry = 20. The WXCX estimator was derived for

B. Known Channel Statistics a fast time-varying channel and actually requires two separ

, . . .- training sequences. In our simulations we therefore giamit
With the same technique used in [4] an_d o_rlglnally deaidvantage and allow it a training sequence twice as long as

velopec_i in [13] and [14], whe_n the SNR is high We Cafhat used for our estimators and the MLE#1.

approximate the mean and variance of the CFQ estimator 3SFor the estimator without channel statistics, we pararieer

Bl ~ 0 E[Z9(0)] Var(d) ~ E[(Z9(0))%] 5 the channel with a varying number of orthogonal basis func-
[6] ~ 6 - E[9—2 o’ ar(f) ~ B[22 a(0)12 (26)  tions: from one to three. We choose these basis functions to b
8929( )] [5929( )]

constant, linear, and quadratic in time. Note that the fopif
where g(0) is the cost function optimized by the estimatorbasis functions (see [15]) cannot be chosen since they depen
Inserting the known-channel-statistics cost functig(?) into  on the channel statistics, which are not known to the estimat
the mean in (26), the numerator is easily found to be zemdditionally, what is optimal for channel estimation maytno
indicating that the estimator is unbiased. be optimal for CFO estimation.

When the cost functiongs(#), which is equivalently  We fix the length of the transmitted pilot sequence to be
logp(yl#), is inserted into the variance in (26), it is easilthe sum ofM = 256 and the channel impulse response length
manipulated into the definition of the CRLB for a single scalgf, = 4. The channel taps exhibit Rayleigh fading and vary in
parameter. Hence, the Bayesian joint estimator achieves tiime according to the Jakes model as in section 1V, with an
CFO CRLB, as expected, since it decouples to MAP or MMSgxponential decay power delay profile given fy= ¢10~7
channel estimation and ML CFO estimation, which has thgherec is a normalizing constant anél = 1,/20.
property of asymptotic efficiency. Figures 1-3 show simulations of CFO MSE vs. SNR for

- normalized Doppler fromyf, T = 0.01 to f4T = 0.3 (T refers
C. Unknown Channel Statistics to the duration of an entire block of length/). The lines

To find the bias of the estimator that doesn’t know thgnhow the CRLB and variance approximations while the points
channel statistics we inset(0) into the mean in (26) to show simulated performance of the estimators. For all ol
find Doppler, the CRLB is shown to underbound all estimators and

. —tr [(DQ + QDH) R;y} it is achieved by the estimator with known channel statistic

Elf] -0 = ; D) D) Hns 1’ (27) as predicted in section V-B. At higher Doppler, in figures 2

r [(D2Q + QD? + 2DQDH) R}, | .

and 3, the error floors of the estimators become apparent,
where Q = Ap(AFAp)"'Af and R}, = with a higher order model used for the parameterization
ZZL;OI pzAthAF. Equation (27) is not in general equal tocorresponding to a lower error floor. However, the estinsator
zero, but it can be shown that if the pilots are purely real ®ased on higher order models experience poor performance at
imaginary, or if the channel is well parameterized, meanidgw SNR and low Doppler due to overparameterization, i.e.,
that the modelling error inherent in the approximation () ithe channel parameters corresponding to the higher ordes ba
zero, the estimator is unbiased. functions contain very little energy, and at low SNR estiorat

To find the variance of the estimator we insest6) into  error is more significant than modelling error.
the variance in (26), and after some manipulation, we find When the channel statistics are unknown it is difficult to
5 4 choose the proper model to use for channel parameterization
M7 (28) Using more parameters ensures a lower error floor, but eesult

d in poor performance at low SNR. Using fewer parameters
where , Yields better performance at low SNR, but results in a higher
a=tr’[(DQ+QD")R, ] +tr [(DQ+QD")R,,]|", error floor.

5 9 The WXCX estimator, which was designed for a fast
b=2tr {(DQ +QD") RIyy}’ c=1tr [DQ+QD"]", and yarying channel, performs the same as our unknown statics
d = tr? [(D*Q+ QD?* +2DQD*) R/ |. In (28) we see estimator using a constant basis function, even though it is

Var(f) =



able to use twice the amount of training data. This is dueeo th
fact that in its derivation, the channel is assumed conshett
each of its two pilot sequences. The extra amount of training

data does not improve its performance because the second -1 ,

sequence merely resolves ambiguity in the CFO estimate that
arises due to the CAZAC structure of the first sequence.
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VIl. CONCLUSION
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We have derived joint CFO/channel estimators for use in[a]
time-varying frequency-selective channel for both knowd a (23]
unknown channel statistics. When the statistics are known,
the joint estimation reduces to sequentially estimating tfil4]
CFO via ML and the channel via MAP or MMSE, and the
CFO estimator achieves the CRLB. When the statistics g€] K.A.D. Teo and S. Ohno, “Optimal MMSE finite parameter debfor
unknown, the channel must be parameterized and performance doubly-selective channels,” iRroc. IEEE Globecom '05, 28 Nov.-2
suffers due to over or under-parameterization. Thus krbgee
of the channel statistics is extremely important to achitnee
best performance in all scenarios.
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