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Abstract—\We present an approximate analysis approach to the Also, high-order modulation formats may be more susceptible
computation of probability of errorand mean bursterrorlengthfor  than low-order formats. Therefore, a need exists to quantify

a decision feedback equalizer (DFE) that takes into account feed- pEg performance in the presence of decision error feedback and
back of decision errors. The method uses a reduced-state Markov to mitigate the effects of error propagation.

model of the feedback process and is applicable to linear modula- . . .
tion formats. We use this technique to analyze a DFE design that Performance analysis of a DFE that includes decision error

mitigates the effects of feedback error by incorporating a soft de- feedback is a difficult problem and has received considerable
cision device into the feedback path and a norm constraint on the theoretical attention. Using an independence assumption on the
feedback filter weights. We apply the DFE design and analysis ap- nojse and assuming no precursor I1SI, Monsen used a Markov
proach to a dispersive multipath propagation environment. model of the error feedback process to derive probability of error
Index Terms—becision feedback equalizers, error analysis, for the DFE [1]. The mean burst error length also can be de-
error propagation, Markov processes. rived using this theory [8]. Although this approach is accurate,
it becomes computationally burdensome because the number of
Markov states exponentially increases as the number of feed-
back taps increases. Duttweiler, Mazo, and Messerschmitt sim-
T HE DECISION feedback equalizer (DFE) is an imporpiified the analysis by aggregating the Markov states into a re-
tant component in many digital communication receivegced-state model and then bounding the state transition proba-
and is used to suppress intersymbol interference (ISI) caussiities [9]. Bounds on the probability of error [9] and the burst
by dispersive propagation channels [1], [2], as well as rejegfror length [10] are obtained. Tighter bounds are possible by
in-band interference [3], [4]. The DFE incorporates a feedfofefining the definition of the aggregate states [11], [12].
ward filter that operates on the received signal to suppress preyarious techniques for mitigating error propagation also have
cursor ISI, with a feedback filter that operates on previouspeen proposed. Large taps in the feedback filter of an equalizer
detected channel symbols to suppress postcursor ISI. The Diesjigned using the minimum mean-square-error (MSE) crite-
generally outperforms the traditional linear equalizer, partic¢pn cause significant self-generated IS if decision errors are
larly if the channel has deep spectral nulls in its response [1lmade. A potential solution is to jointly optimize the feedfor-
However, degradation in DFE performance occurs when ifard and feedback filters with an additional constraint on the
correctly detected symbols are fed through the feedback filtgsrm of the feedback filter taps. This regularization approach
Then instead of mitigating ISI from the cursor sample, the DRigas applied to the magnetic recording channel in [13], [14].
enhances ISI. Error propagation may result that causes bugsts structures also have been proposed recently that contain
of decision errors and a corresponding increase in the averaggoft decision device in the feedback path to compensate for
probability of bit and symbol error. Moreover, the bursty naturgnreliable decisions [15]-[18].
of DFE errors has implications for error correction coding and Combining these techniques, we present a minimum MSE
interleaver depth that may be incorporated into the receiver ¢geg design thatincorporates both a discrete soft decision device
sign [5], [6]. and a norm constraint on the feedback filter to mitigate error
Error propagation generally does not severely affect DFE pgjropagation. Reliable device inputs that are close with respect
formance if the channel delay spread is on the order of a symigkhe 1.2 norm to a component of the symbol constellation are
duration or less [1], [7]. However, as bandwidths increase to gy pack as hard decisions. Unreliable device inputs that are
commodate high data rates, the associated increase in relaiygclose are fed back as intermediate decisions. Also, feedback
delay spread may resultin error propagation for a given chanr@_ll.in is controlled by the norm constraint.
To capture the bursty nature of the DFE errors, we use both
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Il. SYSTEM DEFINITIONS i ] o o
Fig. 2. DFE structure with soft decision feedback and hard decision output.

We are concerned with coherent demodulation of data trans-
mitted through a discrete multipath environment. The channgldforward filter into the DFE design to provide robustness
symbol modulation is\/-ary phase shift keyingh/-PSK). We  against timing error as well as matched filtering to the trans-

operate on the complex baseband signal using the receiver frgfitied pulsepr(t) and the propagation channel [2].

end shown in Fig. 1. The down-converter is locked to the car-

rier frequencyf. but not the phase. Therefore, any phase com- IIl. DEE DESIGN

pensation is done by the equalizer [19]. The noise at the input ) L o

to the ideal lowpass filter is modeled as a circularly symmetric A Schematic of the DFE design is given in Fig. 2. The sym-
complex white Gaussian process with two-sided power spectf&¢lric fractionally spaced feedforward filterp has2N + 1
density N taps withV taps leading and/ taps lagging the cursor tap. The

The signal at the output of the ideal lowpass filter is modeleyMPol-spaced feedback filters operating on the output of the
soft decision device ha¥p taps. We define the feedforward and

& . feedback data vectors as
a(t) = ;/31@) > stm)pr(t—mT — A —1) x(k) = [2(KT + NT/2) (kT + (N — 1)T/2)
x ¢ 2 fe(AiAT) | n(t) (1) z(kT) - (kT - NT/2)]T
d(k) =[d(k—1) d(k—2) - dk=Np)' (3)
where
L number of discrete multipath components; wheret denotes the matrix transpose. Then the input to the
A; relative path delays; hard decision device used to estimate the cursor sym{ol
s(m) channel symbols; is written as
T symbol duration.
The multiplicative fading termg (¢) incorporate all channel y(k) = wi x(k) + wi d(k) 4

effects and are modeled as mutually independent randorn "
. . “WwhereH denotes the Hermitian transpose.
processes with zero mean and pow%lr. The corresponding

L , . There are many ways to define the soft decision device in

path delaysA,; are deterministic. The symbol pulge-(¢) is . : . . i
. . . : Fig. 2. We propose the discrete implementation shown in Fig. 3

a square-root raised cosine waveform with unit energy. Th o . .

. L . for 4-PSK. Decision regions for higher-ord&f-PSK scale ac-
variable 7 represents symbol timing error and is modeled as__ . . : .
) X . o cordingly. The shaded areas represent the intermediate decision
a continuous random variable uniformly distributed between

—T/2 and T/2. The M-PSK symbolss(m) are mutually regions and are defined by the angleThe intermediate deci-

independent random variables with unit power. The noise 'S are averages O.f the adj_acent complésPSK s_ymbols._
n(t) is a circularly symmetric Gaussian process with powe e intent is to minimize the distance between the intermediate
Jecision and the adjacent symbols. Applying this reasoning to

57 ) ; )
7y, = 2No/T. Usmg these assymptlons anq by averaging ovV5To g modulation results in the erasure scheme presented in
all random quantities, we define the received S|gnal-to—n0|ff6]

ratio (SNR) to be [20] We derive the optimum constrained Wiener weights for the

1 & DFE by assuming error-free past decisions obtained from a
O3NR = A Z 0%, (2) training sequence so thdtk) = s(k). The Wiener realization
09=1 of the DFE is the solution of the regularization problem [21]

The fading on all paths is slow with respecfligo that we can

assume a quasistatic channel with a given delay structure. All min{ E[|s(k) — y(k)|*]}

performance results are based upon the minimum MSE Wiener subjectto |lwg||* = v|lws, || 5)
filter that is optimized with respect to a static realization of the

channel defined by the set of parametgss, 52, ..., B, 7}.  whereE][ ] is the expectation operator taken over the informa-

Also, the bandwidth of the lowpass filter in Fig. 1 accommation and noise processes, gdhatp,, || is the norm of the uncon-
dates sampling:(¢) at the rate2/T to get the discrete samplesstrained feedback weights. The parameteontrols the norm
z(kT/2). This allows us to incorporate a fractionally spacedonstraint wher® < ~ < 1.
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IV. DFE PERFORMANCEANALYSIS

We use the average probability of symbol erfgrand mean
burst error lengthupr, as the two primary measures of perfor-
mance for the DFE. The approach we take to compute these two
values is to separate the decision device ingt into com-
ponents representing the self-generated ISl resulting from de-
cision error feedback, the remaining residual I1SI not spanned
by the feedback filteswy, and noise. We further separate the
error feedback sequence of lendgfh into the actual transmitted
sequence and a multiplicative process that represents potential
M-PSK phase shift errors at the output of the soft decision de-
vice. We then make a simplifying assumption that this multi-
plicative error process, the transmitted symbols, and the noise
process are statistically independent of each other. An approxi-
mate Markov model of the DFE follows in which each Markov
state is defined by a permutation of the multiplicative error se-
Fig. 3. Soft decision regions for 4-PSK with intermediate decisions in shadgclljence' Using this mdepeqdence assumptlor!’.we Calc.u.late com-
regions. ponents of the corresponding Markov probability transition ma-

trix by averaging over the noise and all possible permutations of
) o ) the transmitted\/ -PSK symbols contained within the sample
Using the method of Lagrange multipliers, the optlmurQ&k) using a computational technique presented in [23]. Then

Wiener weights are readily shown to be the solution of the sgtaightforward computations produce the approximate values
of linear equations [2]

Pg and MBL-
The analysis begins by decomposing the feedforward data
{R QH } [WF} { P } ©) vector using (1) and (3) as
Q (1+)\)INB wp N ONB I
x(k) =Y ATs(k) + n(k) (8)
where R = Ex(k)x(k)?], Q = E[d(k)x(k)?], =1
p = E[s*(k)x(k)], and + denotes complex conjugation.

I, is the identity matrix of sizeNg, Oy, is the all-zero Wheres(k) is the infinite-length symbol vector

column vector of lengthVg, and \ is the Lagrange multiplier
A > 0. Equation (6) shows that the norm constraint analytically S(+)=[-- s(k+1) s(k)  s(k—1) " (9
introduces synthetic white noise with powemnto the feedback
path. andn(k) is a(2N + 1) x 1 white complex Gaussian vector
The optimum feedforward and feedback filter weights af@rocess with powes?. Each column of thé2N + 1) x oo
written explicitly as channel matrixI’; is a replica of the fractionally sampled wave-
form pr(t — A; — 7) exp(—i27 f.(A; + 7)), down-shifted by
two samples with respect to the column on the left and truncated
wr =(R—aQ”Q)"'p by the observation window of leng#V + 1. By construction,
wp = —aQwWrF (7) the equalizeris coarse-synchronized to the path with= 0 so
that the center row of eack; is given by

wherea = 1/(1 4+ A) and0 < o < 1. If = 1, the optimum TN +1, )
weights represent the standard unconstrained DFEx As ’
0, the feedback path diminishes and the feedforward fiter
approaches the optimum linear equalizer [13]. pr(=T+A+71) --le
For convenience, we will define the norm constraint in terms
of the parametet in (5). However, there is no closed-form re- Because the computational technique in [23] requires a finite
lationship betweern and~y except at the extreme values wher@umber of ISI symbols, we truncate edEhto get the(2N +
~ = 0andy = 1 correspond tex = 0 and« = 1, respectively. 1) x (2d + 1) matrix T; such that we maintaid columns on
Therefore, when invoking a constraint with arbitrarywe use either side of the column containing the sampigA; + 7)
(7) in a recursive search strategy to find the corresponding corresponding to the cursor symbdk) in (10). Because of the
Although we are not concerned with implementation issues, iast roll-off of the square-root raised cosine pulse, the choice
note that if the DFE weights are adapted with the least meahthe truncation parametet is not critical, although it must
square algorithm (LMS), the constrained equalizer can be itme chosen with respect to the largest multipath delay such that
plemented with only a minor increase in complexity using leaky > max{|A;|}/7 andd > Ng (d = 30 in all numerical
LMS [13], [22, pp. 746-74T]. results presented here).

=[ pr(T+A1+7) pr(di+7)
—iQWfp(Al-i—T). (10)
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Then by defining the composite channel mafibas A 9
L + 1 €7 (L&)
T=> AT (11) X

=t es - a/z,a/éi\ffe (U +a/2,a/2)

the feedforward data vector is well approximated by /lx X
x(k) = Ts(k) + n(k), (12) - -
T R

wheres(k) is the truncated symbol vector given by e <

€2 —a/2,—a/2y €4 (1 +a/2-a/2)

s(k) = [s(k+d) s(k+d—1)

‘%'

s(k)y - s(k—d)]. (13) 1-1 €3 (1,-a)
We next partitiorT' ands(k) such that
Sl(k) Fig. 4. Multiplicative feedback error values for 4-PSK with soft decisions
s( ) (¢ > 0) and a norm constraint( < 1).

TS(/{;) = [El f EQ Eg] k
s2(k) 4-PSK using the soft decision® & 0) givenin Fig. 3. If6 = 0,
s3(k) the intermediate (even) terms in Fig. 4 do not occur. The deci-
=E;s1(k) +fs(k) + Eas2(k) + Essz(k) (14)  sion device input then can be decomposed in terms of the cursor
symbol ISI and noise as

where

y(k) = aos(k) + arsi (k) + az(e(k) © sy(k))
si(k)=[s(k+d) s(k+d—1) - s(k+1)], T
so(k)=[s(k—1) s(k—2) --- s(k—Np), +agss(k) + wpn(k) (19)
s3(k)=[s(k—Ng—1) s(k—Ng—-2) - s(k—d)]". whereay = w £, and the remaining IS coefficient row vectors

are given bya; = wl E;.

The approach taken by Monsen [1] assumes the residual IS
Then the cross-correlation components comprising the optimdfi{0!Ving the termss, (k) andss(k) in (19) is negligible. Then,
Wiener weights in (7) are given R = TTH + 02y, mqklng the .reasonable apprquanon that the noise term is
Q = E¥, andP = f. Also, using (4), (7), (12), and (14), we White Gaussian and therefore independent of th(_afeed_back error
can write the decision device input as process, a Markov model of the DFE results in which each
state is defined by a realization of the feedback error sequence

(15)

y(k) =wi (x(k) — aQ"d(k)) e(k) ® s2(k). By conditioningy (k) on the cursor symbol(%)
— w (Ts(k) — aEad(k)) + win(k) and gach realization ef( k) @ s2(k), a Gaussian variate result.s.
" and is used to compute components of the transition probability
=wr (Eisi (k) +£s(k) + Egsa(k)) matrix P. Although we could take this approach by expanding
+ wi Ez(s2(k) — ad(k)) + win(k). (16) the definition of each state to include realizations of the residual
. ISI, the number of states would b&/2¢—Vs(2A12)Ne for
The feedback soft decisions can be represented as M-PSK with soft decisions, and therefore computationally

unwieldy.

d(k) = r(k) ©ss(k) (17) The approach proposed in [24] accomplishes a significant re-
where® denotes element-wise product ar@) is a random duction in stat_es by assgm_ing th_e residual ISI not spanned by
N x 1 vector in which each term represents the rotation affae feedback filter is statistically independentetk) ® so(k)
scaling of the output of the soft decision device with respect 8'd the noise. The states are defined as in [1] but the transi-
the transmitted-PSK symbol (Fig. 3). If there are no decisior{lon Probabilities are computed by averaging over the residual
errorsr(k) is a vector of ones{k) = 1y, ). From (16) we see ISI using an efficient numencgl technlqu_e._ Adapting this ap-
that if the norm constraint is used (< 1), andr(k) = 1, proximate method td{-PSK with soft decisions would result

the feedback filter does not cancel all of the postcursor symbgl’s(2M2)]\;rB states. o _
within its span. We achieve a further reduction in states (RIS) by making the

The feedback error term in (16) then can be written as ~ following assumptions:
RIS-1. The multiplicative error vectoe(k) is statistically

sa(k) — ad(k) = (1ng — ar(k)) © sa(k) independent of the noise(k).
=e(k) @ sa(k) (18) RIS-2. e(k) is independent ok(k) and the residual ISI
represented by, (k) andsz (k).
wheree(k) is the random multiplicative error vector. The pos- RIS-3. e(k) is independent o$;(%), the symbol compo-
sible values for each elementefk) are displayed in Fig. 4 for nents spanned by the feedback filter.
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Although not defined in terms af(k), RIS-1 was used in [1] TABLE |
and RIS-2 was used in [24]. RIS-3 was used in [4] for 2-PSK, CHANNEL MODEL WITH PATH POWERS ANDNORMALIZED DELAYS
and amounts to lumping together in the same state all feedback Path 07,(dB) AT
error sequences(k) @ sq(k) corresponding to the sanegk) 1 -6.0 -0.8
and assuming they have equal probability of occurring. In ef- 2 0.0 0.0
fect, because the distribution of the error sequences is unknown, 3 -2.0 1.8
we make the approximation that they are uniformly distributed. 4 -4.0 2.7
This is the key assumption in this paper and is a generalization 5 -6.0 3.6
of [4] to M-PSK. An approximate Markov model of the DFE
follows from RIS-3 in which each of the2A/)® states is de- TABLE Il
fined by a realization o&(k). STATIC CHANNEL REALIZATIONS
To compute the state transition probabilities of the Markov
matrix P, we conditiony(k) in (19) one(k) representing each Channel 1 Channel 2
/T 0.3837 -0.4498

state. The transition probabilities from thih state are given by ! ;
o) 0.1916 + i0.3570 0.0346 + 10.3766

0.4836 + i0.2146 0.5033 - i0.2058
pp=Pr(y(k) € Syle,, s(k) = 1),  1<q<2M (20) gﬁ -0.3314 - i0.4589 -0.8192 + i0.4337
Bs -0.1165 - i0.2191 0.4052 + i0.5288
wheree,, is the multiplicative error sequence of thth state, Bs 0.5376 + i0.3074 -0.0024 + i0.1326
and S, is the soft decision region in the complex plane corre-
sponding to the transmitted symbglk) = 1 and the multi- o . . N .
plicative feedback erroe,. We construct the matrix such thatDFE IS given byPve =1 — py, and is the traditional optimum
the transition probabilities from thath state reside in theth Measure of DFE performance. By making the error-free state
row of P. Also, the first row ofP corresponds to the error-free@Psorbing [8], we define the mean burst error length as [25, pp.
state in which each element ef is ¢; (Fig. 4). 43-52]
Once we have constructdd, we compute the steady-state
probability vectorv as

ppr = ahN1 — (Ng — 1) (25)

whereN = (I — G)~!, andw, is the initial error state proba-

Piv=v (21) bility vector that we define as
where the componen{p) represents the probability of being in wy = Ll (26)
the pth state [1]. Then the probability @f/-PSK symbol error L—p1

tth tput of the hard decision device is [16 . .
atthe output of the hard decision device is [16] We include the termVg — 1 in the definition of g, so that

(2M)Vs the minimum mean burst error length is 1. Also, the variance of

_ o N the burst error length is readily computed with this theory and
Pe= D v@Pru(h) ¢ Hilep. s(h) = 1) (22) (S ey s, b, 52]

p=1
and the probability of bit error is By, = (2N — I)N1 — (x{N1)*. (27)
1 @M)VB A Components ofrg represent transition probabilities out of
Pz = Z the error-free state weighted by the probability of an error. This
logy M p=1 m=2 definition of 7o is convenient for high-order modulation and

xv(p)W,,Pr(y(k) € Hyle,, s(k) =1) (23) soft decision feedback because it takes into account that certain
errors are much more likely than others, ecg.andes are more
whereH,,, is the hard decision region in the complex plane colikely thane, ande for 4-PSK in Fig. 4.
responding to the transmitted symbék) = m, andW,, is the We also can further reduce the computational complexity of
Hamming weight of the bits assigned to symboelvith respect this approximate Markov DFE model by combining states con-
to symbolm = 1. We calculate the probabilities in (20), (22)taining unlikely errors using
and (23) by averaging over the noise and all permutations of theRIS-4.  All state probabilitieg? in (20) that transition to er-

symbol vectors, (k), s2(%), andsz (k) in (19) using a compu- rorse, with magnitude that exceed some threshold,
tational technique. Details are in the Appendix. are lumped into the worst-case error represented by
Next we partition the Markov matrix as EM41-

Consequently, Markov states defined dythat differ only in
P {p% PT} elements corresponding to these unlikely errors are incorpo-
Tle @l rated into an aggregate state withy1 in these error loca-
tions. For instance, for 4-PSK we might use only the errors
If we sety = 1 andé = 0 (S; = H;), then the probability {e;, es, e3, e5, e7, es} in Fig. 4 with ¢4 and eg incorporated
of symbol error assuming error-free feedback for the standando ¢, resulting in6”¥s Markov states rather thag¥s. We

(24)
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Fig. 5. peL versusPg for Channel 1 with 4-PSK, and SNR 15 dB. (a) Over soft decision angtewith v = 1.0. (b) Over norm constraint with 6 = 10°.

set the threshold such that the decrease in computational catmannel realizations derived from the channel model given in
plexity is worth the potential loss in accuracy. Table I. The fading parameters are Rayleigh distributed with
given powers. The corresponding normalized path delays are
also shown. The equalizer is coarse-synchronized to the second
To demonstrate the utility of the DFE design and the pepath. The two static channels extracted from this model are
formance analysis approach, we present results for two staieen in Table Il, and present different degrees of challenge to

V. NUMERICAL RESULTS
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the DFE. The normalized timing error is also given. The DFBE. Channel 1: 4-PSK

design consists of a fractionally spaced feedforward fiter We begin by equalizing Channel 1 with 4-PSK modulation
with V = 10 pre- and postcursor taps, and a feedback fitgr ando2y = 15 dB. Fig. 5(a) displays mean burst error length
with Ng = 4 taps. The transmitted square-root raised cosingy. versus probability of symbol errdfy, as the soft decision
pulse has 30% excess bandwidth. angleé varies fromé = 0° to # = 30° in two-degree incre-
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ments. No norm constraint is used € 1). Also shown is the cision device in Fig. 2 and are defined to contain no more than
probability of error of the standard unconstrained DFE given m¥g — 1 consecutive correct decisions. However, the theoretical
feedback errotPyr. Theoretical and simulation results takermefinition of ugr. in (25) is defined with respect to the soft deci-
over2 x 10® transmitted symbols are displayed. In the simulasion device. And because an adjacent soft decision errand
tions, error bursts are determined at the output of the hard dg-in Fig. 4) may not necessarily trigger a hard decision error,
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Fig. 8. Pr versus SNR for Channel 2 with 4-PSK.

theoretical and measuredsy, tend to deviate for large valuesis plotted on the-axis. In each plot, the performance curve over
of 6. 6 with v = 1 is combined with the curve overwith 8 = 10°.

Fig. 5(a) reveals that the traditional DFE using no soft declthese plots reveal that although we can achieve better perfor-
sions @ = 0°), suffers degradation i’ with respect to the mance at the low SNR using a different parameter set, the exact
error-free feedback caséyg. However, as we increagk an choice of and~ is not critical because a range of parameters
“L-curve” [21] develops in which there is a decreasdinthat produces approximately the same performance. However, the
is accompanied by a significant decreasg i, until 8 ~ 10° set(# = 10°, v = 0.70) represents a good compromise be-
when Py, begins to increase. Also shown is the considerable intween the low and high SNRs. These plots also demonstrate the
provement in standard deviation of the burst error length substantial improvement imgy, that can be obtained using the
determined theoretically from (27) fér= 0° andf = 10°. constrained DFE with soft decision feedback, particularly at the

Next, by setting = 10°, we begin at the knee of the L-curvehigh SNRs.
in Fig. 5(a) and plof:rr, versusPr over the norm constraint
in Fig. _5(b). We_ see that _further mprovementﬁﬁ ar_1d UBL _ Channel 2: 4-PSK
is obtained by incorporating the norm constraint with the so
decision device. Again an L-curve develops in which b&th Fig. 7 contains results for the more benign Channel 2 with
andupr. decrease untiy ~ 0.70. After this point, any decreasec2yy = 12 dB. Although the performance gains are more
in upr, comes at the expense of increasifg At the operating modest, we still see the characteristic L-curve in both plots.
pointy = 0.70, we have decreasell; approximately by half Also, it is interesting thaté = 10°, v = 0.70) is close to the
with respect to the standard DFE, and have come closer to t@imum operating region of the DFE for both channels as in-
optimum Pyg. We have also dramatically decreagest, and dicated by Figs. 5(b) and 7(b). This was observed over a variety
ogr. For the purpose of comparison, estimatgg, andog;, of channel realizations for 4-PSK.
derived from the simulations afgs;, = 7.1 andégr, = 6.9 DFE performance is given as a function of SNR for the two
for the parameter sétf = 0°, v = 1.0), andjig;, = 2.4 and operating region§f = 0°, v = 1.0) and(f = 10°, v = 0.70)
gL = 3.2 for (6§ = 10°, v = 0.70). We refer to the knee of in Figs. 8 and 9 for Channel 2 (similar effects are seen for
this L-curve as the “optimum” operating point. Also, we achiev€hannel 1). Increasing SNR from 0 dB has the effect of im-
the same result if we generate the L-curves first evand then proving Pg and gy, for both DFE designs because in this re-
overé. gion noise is the major cause of error bursts rather than decision

The “optimum” set of paramete(#, ~) generally is depen- error feedback. However, after approximately 11 dB, the mean
dent on SNR. To demonstrate, Fig. 6 contains three dimdmirst error length of the standard DFE in Fig. 9 begins to in-
sional plots of theoretical DFE performance for Channel 1 wittrease even aBg, in Fig. 8 decreases. At this point the norm
o3xr = 11 dB andoiyr = 19 dB. The standard deviatians;,  of the feedback filter increases to the extent that decision errors
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TABLE Il
BURSTLENGTH (BL) SIMULATION STATISTICS, CHANNEL 2, 4-PSK, SNR= 15 dB
Number of Bursts Maximum
DFE Type BL=1 BL=2 BL>5 BL > 10 BL > 15 BL
vy=1,0=0 1356 413 517 183 61 36
v=.7,60=10 2945 53 29 3 0 12

begin to dominate. As SNR increases beyond 11 dB, initial dgtates, which is the same number used to generate the perfor-
cision errors tend to cause longer and longer strings of erromsance results for 4-PSK. Comparing Figs. 7 and 10 reveals
However, bursts occur less frequently as the SNR increasedhat we need to increase the SNR for 8-PSK by more than 6
the extent that the longer bursts do not severely degrade the@B-to achieve approximately thEg performance of 4-PSK.
erage probability of error. Converselyp;, of the constrained Also, the burst error statisticagy, and ogr, have degraded
DFE with the soft decision device continues to decrease as SBiBnificantly for the standard equalizer wifh = 0°, v = 1)
increases. To further illustrate, Table 11l contains burst length Fig. 10(a). And yet, by using soft decisions and invoking
simulation statistics for SNR 15 dB, measured ovei0® trans- the norm constraint, we see from Fig. 10(b) that we can get
mitted channel symbols. Although the constrained DFE exhibijtg;;, and oy, values comparable to those given in Fig. 7(b)
about twice as many single errors as the standard equalizer, tHere4-PSK. Also, given the results for 4-PSK, it is intuitively

is a significant decrease in the number of bursts of length 2 asatisfying that the optimum 8-PSK decision anglé is 5°.
greater. Figs. 8 and 9 demonstrate the importance of including

burst error statistics in the analysis of a DFE. D. Channel 2: 4-PSK With Convolutional Coding
Although the increase inPr of the standard DFE with
C. Channel 2: 8-PSK respect taPyg may appear minor in Fig. 8, the associated burst

errors have significant implications for error correction coding
This example demonstrates DFE performance with 8-P3#d interleaving [6]. This is particularly true when operating
modulation for Channel 2. Fig. 10 displayss;, versusPr at high SNR. To demonstrate, we incorporate into the design
in which we varyé and v with o2z = 18 dB. To min- a simple rate 1/2 convolutional code with constraint length 3
imize computations, we use the aggregate-state approacil free distance 5 [26, p. 466] with hard-decision decoding.
described by RIS-4 at the end of Section IV. Adapting th€he channel symbols are 4-PSK with Gray bit mapping. An
sequencing from 4-PSK in Fig. 4 to 8-PSK, we use the errof&/;, N;) convolutional interleaver is included between the
{e1, e2, €3, e, €9, c14, €15, 16} t0 define the Markov states, output of the encoder and the 4-PSK channel symbol mapper,
with the omitted errors lumped integ. We then haves™® incurring an end-to-end delay of;(N; — 1) [27, pp. 347-349].
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Fig. 11 displays the probability of information bit err# at wherej3, = (d — 4)2¢~°, and the path error probabiliti, (d)
the output of the convolutional decoder as a function of SNiR determined using the channel bit error probability of (23) [26,
for Channel 2. The theoretical upper bound on the error of tipp. 463-466]. Also included are simulation results for the stan-
constrained DFEA = 10°, v = 0.70) assuming ideal bit inter- dard DFE and the constrained DFE with convolutional inter-
leaving is plotted. This bound is given 5% < >~ . 84P(d), leaving andV; = 11. Although the constrained DFE mitigates
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burst errors, it does not eliminate them. And because convolu-
tional codes are sensitive to burst errors, an interleaver is still
required to achieve the modest coding gain of this code. How-
ever, forP, = 10~%, approximately 2-dB improvement in SNR
is obtained with the constrained DFE versus the standard D
To achieve this same performanéé, must double for the stan-
dard DFE, resulting approximately in a four-fold increase in 1
end-to-end delay. =72
(o)

VI. CONCLUSION

We have demonstrated that a DFE design that combines digrere
crete soft decision feedback with a norm constraint on the feed-D
back filter is an effective method of controlling error propaga-
tion with minor computational cost. We analyzed this structure f{D(sz, wlq)
using an approximate Markov model that predicts DFE perfor-
mance in terms of probability of symbol error as well as burst
decision error statistics and applied itid-PSK modulation. hist(wlr, wlg)
Other soft decision implementations than the simple onehy(wly, wlg)
proposed here fol/-PSK may offer further improvements

lg=—
X hN(CUlI, le)Ci(u}lIRe{ag}—l—leTm{ag}) +e

APPENDIX

PrROBABILITY COMPUTATIONS

We calculate the probabilities in (20), (22), and (23) using a
Eemputationally efficient technique. It can be shown that [23]

Pr(y(k) € Dley, s(k) = 1)

r

Z Z I?D(UJZI, U—)lQ)hISI(U—)lI; UJZQ)

Pli=-r
(28)

region in the complex plane corresponding
to either hard or soft/-PSK decisions;
Fourier transform of the wedge-shaped re-
gion D truncated afZ, /2 (see Fig. 3 for
D = 5y);

characteristic function of thé/-PSK ISI;
characteristic function of the noise process
win(k), andw = 27/T,.

in performance. For instance, we can quantize the decisiPhe terme is the numerical error associated with this method
space more finely or include an erasure region as in [16]. Thad can be chosen arbitrarily small with the proper choice of
applicability of the analysis approach to quadrature amplitutiee parameters, and P [23].

modulation (QAM) can be explored. Also, we may achieve The characteristic function of the ISI can be decomposed ac-
better performance by using more complicated DFE desigosrding to the symbol vectors (k), so(k), s3(k), and the as-
that incorporate interleaving and error correction coding inbciated coefficients from (19) as

the feedback path [28], [29]. Finally, we have considered only

Np

d
individual static channel realizations drawn from a fading ¢ (wi;, wig) = th,j(wh, wlg) th(wh’ wlg)

propagation environment. Implementation issues related to an
adaptive DFE operating in a time-varying environment and

the effect of feedback errors on tracking performance warrant
further analysis.

=1

j=1
d—Ng
x [T ba.iwl, wlg). (29)

j=1
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Each component of the ISI corresponding6k) andss (k) is
given by

hmj(wll, le)
M/2

= % E:ICOSQU(RG{%,j}lIJrIm{an,j}lQ)COS(ZMW (m — 1))

m=

+ w(Re{an ;Yo — Imfan ; Ho) sin <2M”(m - 1)))
(30)

whereRe{a,, ,;}andlm{a,, ;} are the real and imaginary parts
of the jth element ofa,, for n = 1, 3. The remaining error

feedback terms are given by

h27 j(wll, UJZQ)
M/2

2
=1 Z Cos <w(Re{a27jep7j}lI + Im{as jep i Ha)

m=1

X cos <2M7r(m - 1))

+w(Re{az, je, jHo — Im{az e, ;i)

X sin <2M”(m - 1))) (31)

wheree,, ; is thejth element of the multiplicative error vector
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where ¢, is the angle of rotation of the soft decision region
S, with respect to the real axis. For the 4-PSK soft decisions
defined in Fig. 3, we use the wedge angleg {6/2, v/4 —
6/2} in (33).
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