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Abstract—This paper studies the comparative tracking per- input to the adaptive filter. The first case occurs in system
formance of the recursive least squares (RLS) and least mean jdentification applications and is analyzed in [1], [2], and [4].
square (LMS) algorithms for time-varying inputs, specifically 4 |atter case occurs in adaptive equalization, signal recovery,

for linearly chirped narrowband input signals in additive white L .
Gaussian noise. It is shown that the structural differences in the a1d other applications and has been analyzed in [3], [5], and

implementation of the LMS and RLS weight updates produce [6] for the least mean square (LMS) and the recursive least
regions where the LMS performance exceeds that of the RLS and squares (RLS) adaptive algorithms for the specific case of a

other regions where the converse occurs. These regions are showrjeterministic chirped signal input to an adaptive prediction
to be a function of the signal bandwidth and signal-to-noise ratio fjiter. This signal model provides a constant nonstationarity that

(SNR). LMS is shown to place a notch in the signal band of the . . . . .
mean lag filter, thus reducing the lag error and improving the 'S useful in separating the convergence and tracking behavior.

tracking performance. For the chirped signal, it is shown that this The results show that LMS usually provides better tracking
produces smaller tracking error for small SNR. For high SNR, behavior than exponentially weighted RLS for linearly chirped

there is a region of signal bandwidth for which RLS will provide  sinusoids in additive white Gaussian noise (AWGN). This
lower error than LMS, but even for these high SNR inputs, LMS - apayior is because LMS is model independent, whereas RLS
always provides superior performance for very narrowband . .
signals. must employ a model of thg data correlation matrix (such as an
exponential weighting), which may not match the characteris-
tics of the input signals. It is further shown in [7] that superior
tracking performance is obtained by RLS if the extended RLS
(ERLS) algorithm with a time-varying state transition matrix is
I. INTRODUCTION used. For chirped inputs, the ERLS implementation estimates
a{he chirp rate from the data and uses it thereafter in the adaptive
pdate equations [7]. Nevertheless the exponentially weighted

tionary operating environments. It has been established [1]— S algonthm IS fr_equen_tly e_njployed n prac_t|cal systems
Je to its computational simplicity compared with ERLS and

that adaptive algorithms that exhibit good convergence prop ) .
cause, in many scenarios, an accurate state-space model

ties in stationary environments do not necessarily provide go . . .
y yp g not available. Consequently, a comparison of the tracking

tracking performance in a nonstationary environment becal3é ) .
gp y rformance of the LMS and the exponentially weighted RLS

the convergence behavior of an adaptive filter is a transient pﬁ’?— ith . ) tant i
nomenon, whereas the tracking behavior is a steady-state pryg~ ' 'emains an important Issue. - - -
erty he tracking behavior of the RLS adaptive filter was extended
There are two fundamentally different nonstationary sc c_)inclu.de s.tochastic narrowb_and input signals in [8.]'Th§ si_g_nal
narios that have been previously analyzed. The first involv gndmdth is shown to be an |mpo_rtant parameter in opt|m|zmg
a time-varying system where the cross-correlation vect e RLS filter performance. [8]. This paper extends the analysis
between the input signal to the adaptive filter and the desir (31, [5], [6_3], and [8_] to define the tracking perfor_m_ance O.f the
response is time varying: the second involves a nonstation S adaptive algorithm for narrowband stochastic input signals
’ using the same signal model used in [8]. This will allow the
comparative performance of the LMS and RLS algorithms to be
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performance. The optimal adaptation constant for both LMS aadd V is the chirp matrix,D is the signal direction vector as
RLS with chirped narrowband inputs is shown to yield a ladefined in [8]

misadjustment error that is half the noise misadjustment error,

which is identical to previous results for deterministic inputs V =diag(¥, ¥%,..., ¥) (9)
[3], [5]. This is in contrast to the result obtained for systems
with time-varying coefficients [4], where optimal tracking oc-
curs when the lag and noise misadjustment are equal.

D= [Q\If‘l/Q, QU272 QM\I/_MZ/Qr (10)

where¥ = ¢/¥ 4 is the chirp rate, anf = ¢/“0, wy defines
II. LMS ALGORITHM the initial center frequency of the spectrum. The predictor error

- _ when using the optimum weights is
In order to facilitate the steady-state tracking performance

comparison be_tweer_l the LMS and RLS algorlfchms for a chirped e (W’S)T 1. (11)
narrowband signal in AWGN, the problem introduction, the

chirped narrowband signal model, the optimum predictor, andEmponing the same assumptions utilized in [5] thatis a

notations used in this paper will be the same as describedsity ence of independent vectors, it follows that the optimum
[8], where the steady-state tracking performance of the Rlgagiction error?, is uncorrelated with the input, i.e.,

algorithm is studied and contrasted with the results in [3]. To

complete the comparisons, we adopt the notational conventions B2 3% A S

in the previous studies [3], [5], [6], and [8]. E { [x" (W) x"} x"} =0
The LMS adaptive one-step forward predictor is summarized

by the following filter output and weight update equations. Th hd thgs, the noise and lag wgght errors are independent. Since
filter output is given by the weight error update equation is linear, it can be decomposed

into the constituent terms

(12)

=W 7 1 _ ~ ~
Yk k—14k 1) Ag = Z‘"Ai (13)

and the weight update equation is . . ) .
consisting of a noise weight error vector and a lag weight error

Wi = Wi_1 + p@t (de — ur) - (2) Vector with the following update equations:
The LMS algorithm uses the instantaneous estimate of the input Ap = [T — pziz | ARy + pEie; (14)
correlation ¢}z1) and cross correlationzfdy) to update the Al = [I — ,ﬂw{] AL_I -1y (15)

filter weights [2].

The LMS weight update equation is used to decompose tB#nilar to the analysis for the RLS algorithm [8], the lag weight
weight error into a mean and a fluctuation component. The diétror can be further decomposed into a mean compadiigki |
ference between the LMS weights and the optimum Wiengand a fluctuation componemt! = Al — E[Al]. It will be
weights is [5] shown that under the “slow adaptation” condition employed

B B B in [3] and [5], the misadjustment from the lag fluctuati&i
Ap_y = Wiy — W, (3) is small compared with the mean lag component. Thus, the
o o . i filter can be viewed as three independent filters, consisting of a
The adaptive filter output misadjustment is defined as Wiener filter, noise filter, and lag filter component. The output
T2 misadjustment therefore consists of the noise, mean lag, and
My =E |Ak—1xk| . (4) lag fluctuation misadjustment

The LMS filter weight update equation can be rewritten as My = E [(Ak_l)H ‘I’i’fﬁkq} _ Z+(M§c n Mi) (16)

W, = [I — pzi 2t Wit + pzia 5
b= (L= g Wiy + s ®) where &3, is the input autocorrelation matrix, which can be

where the desired signal, in this case is equal te,. Sub- written as [8]
tractingWy,, from both sides yields

®; = E [z}71] = P,V'DV** (17)
Ap = (T = pZiz; ) A1 — Ta + pZiey, (6)
and
whereT}, is the change in the optimum weight vector at succes- _
sive iteration D= [I+pR o (DD")] (18)
T =Wi, — WY = VAW ® D) (7) wherep = P;/P, is the input SNR. To make further compar-
isons, we will now define a normalized adaptation constant for
A is a diagonal matrix given by the LMS to remove the units of power

A=I-V~ ®) v = P14+ p)p. (19)
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In the following derivation of the misadjustment, we will asAt steady statel{ — ), for ¢ < pP,(1 + p)
sume the same “slow chirping” and “slow adaptation” assump-

tion as used in [3] and [5], i.e., M ~P, (W° D) A* (uP, D) D (uP,D)!
70 =\ KLMS 2
SC: My <pi 20) AW 0D)=="70 (29)
SA: My 2. (21) where

(AWe) " (@)t (AT)

: . P2
Since the noise and lag components are uncorrelated, they can _ o .
be evaluated separately. The noise weight error update in (14ighe normalized lag misadjustmentf LMS for a chirped

the same as the stationary results [2]. The steady-dtate (o) Process. In (30)p* is the autocorrelation matrix of the corre-
noise misadjustment is sponding stationary input process [8]. Note that;s has the

units of power and isndependenbf the chirp rate under the
M = Mv ¢ 22) slow chirp condition since the diagonal matAxis linear with
2— Mp™° respect tay with elementsA;; ~ jil, [ € [1,2,... M].

A. Noise Misadjustment rims = [Po(1+ p)]°

(30)

when C. Lag Fluctuation Misadjustment

(23) In this section, it is shown that the misadjustment caused by
Amax the lag fluctuation is small compared with the mean lag misad-
to assure the convergence in the mean squared sense, wittgent. The lag fluctuation misadjustment is given by

Amax 1S the largest of all the eigenvalues of the input correla- ~1 -

tion matrix®%, A;,i = 1,2,..., M. By noting thaty" | ), = My, =Tr (B Zk) (31)
Tr(®3) = MP,(1 + p), it can be seen that this condition is,nere

easily satisfied through the slow adaptation assumption, i.e.,

z ~ ~ H
pTr(®7) = uMP, (14 p) = My <« 2. Zw=FE |:AL_1 (Ai—l) :| (32)

B. Mean Lag Misadjustment

0O<p<

~ ] is the lag fluctuation weight correlation matrix, and the lag fluc-
The lag misadjustment is composed of two parts: the megption weight is given by

lag and the lag fluctuation. The mean lag weightis\}] are o B
given by the recursion AL =A, — B [A}]
=(I- pzjat) ALy +p (®F — 23l ) E [AL_] .

E[A}] =[M-u®f]E[AL_] - Th (33)

=V*(I-pP, D)V E [A}_]
- VKV -I) (Wo ® D) . (24) Forthelinear chirp model defined above, we can assum&ghat
takes the fornZ; = V*B,V*¥. This allows the lag fluctuation
Letting @, = V~*+Y E[Al], the dependence df[A}] on misadjustment to be simplified to

time k& can be removed, and the above simplifies to -
M;, = P, Tr{DB;}. (34)

Qu=V" (I~ pPaD) Quor = (I V") (WO D). (25) Using (33) and the identity in the Appendix, the lag fluctuation

This is a first-order difference equation with constant coefftv€ight correlatiorZ; follows the update equation
. L D
cients. Wher(_I — uP, D)~ exists, (), converges to a steady- Zooss =Zi — 1 (BTZ, + Zn®)
state value given by 9 . B N
+ p { PRZi Py + BT [P Zi]}
_ 1k e = v -
Q=—(A+uP, D) AW eD). (26) +2E[AL_ " ®7E[AL ] ®;.  (35)
Using the solution fof), and solving forE[A} ] gives the mean Substituting the forn%; = V*B, V**, then (35) becomes

lag weight vector in the steady state as

E[A}] == VM (A+pP,D) " A (W° @ D) 2P DB, D + DTr [DB]} + 12 PuMLD.  (36)
1 k — T70 D
~ - P VEHIDTIA (W @D) - (8O @7 At steady state — o), B, — B. A bound of T{DPB) can

Hin . . .
be obtained by taking the trace and then applying the two-norm
The lag misadjustment error is given by properties of the correlation matrices to give

ML =Tr (E (AL 1" @rE [52_1]) = POl DGy._,. {2pP, — p*PITH[D]} Tr[DB] =1 Py Tr[DBD)
(28) + 2P, Tr[D|AML. (37)
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TABLE |
SUMMARY OF OPTIMUM NORMALIZED ADAPTATION CONSTANT AND MISADJUSTMENT

Parameter RLS Algorithm LMS Algorithm
Normalized adaptation
constant ( 5,v) pB=1-4 v=P(l+p)u
Kris> Kims AW O (AW)/y* | [P+ T (AW (@) (AW,) /¢’
Misadjustment M 2 My
M %‘ﬂ"'%‘{’fkm §°2_V+_VTKLMS
Optimal normalized 2 13 2 173
adaptation constant B = [4LKR—LS] Vo = (%MJ
(ﬂopt * vopt) M 50 M fo
Optimal misadjustment 3 3
'A/tmin Zé:oM ﬂopt Zgonop!
and The optimum misadjustment is
{2 — uP,T([D]} TI[DB] =p P, Tt[DBD] + pu ML Tr[D] Moypin = % ME,Vopt.- (42)
<P, ||D||TIBD]
+ pTrDIME. (38) This has the same form as the RLS result derived in [8]. In both
cases, the lag misadjustment is equal to half the noise misad-
Thus justment. The main results obtained for the optimal normalized
adaptation constants and misadjustment noise for the LMS al-
- - uP, Tr[D|M? gorithm obtained above and the RLS algorithm in [8] are sum-
M =M, =F,TIDB| < 2 — JBo(Tr[D] + D) marized in Table I. Itis evident from Table | that the main differ-
j B, DM ence in performance between the LMS and RLS algorithms will

be defined by the differences ity \is andxgrs. These terms

define the properties of the weight update structure of each algo-

rithm. The performance differences that result will be evaluated
Stiter for the chirped AR1 signal model.

=2 - 2,P,Tr[D]’

The ratio of steady-state lag fluctuation misadjustment ver
mean lag fluctuation is thus

~ I1l. COMPARATIVE TRACKING PERFORMANCE OF THELMS
M < m (39) AND RLS ALGORITHMS FOR ACHIRPEDAR1 SGNAL IN NOISE
ML= 2 2uP,Tr[D] . ,
To illustrate the performance differences between the LMS
By the “slow adaptation” assumption (21), i.2, Tr[D] < 2 and RLS algorithms for a chirped nonzero bandwidth signal in
the above ratio is much smaller than unity. Thus, the lag flu€YWGN. the results obtained previously are applied to a chirped
tuation can be neglected. This is similar in form to the solutighR1 Process embedded in AWGN [8]. The AR1 process can be
for the chirped sinusoid problem [5] used to model many narrowband signals such as binary phase-
' shift keying (BPSK), as discussed in [8] and [9].
As shown in [8] for RLS and (6) for LMS, in the ALE config-

) ) ) ~_ uration, the weight error vector of the LMS and RLS algorithms
Using the previous results for the noise and lag m'sadlu%given by

ment, the normalized adaptation constantefined in (19) can

D. Optimum Normalized Adaptation Constant

be optimized to minimize the filter misadjustment. The total _ _ L =#=TY A 0 _
misadjustment is given by Ay = { (L Ealat )fAk_l * lfalj"_iko Ti,  LMS (43)
)‘Rk kalAkfl + Rk T1.Cp — Tk, RLS
My 1?2

(40) whereR,, is the RLS estimate of the input correlation matrix
using an exponentially weighted estimate with weighting pa-
o rameter\ = 1 — (3. The first term summarizes the form of the
Wher_w <1, _the n_nsadjustm_ent has the same form_ as the RL3qate of the algorithm. The second term gives the adaptation
algorithm defined in [8]. Solving for the minimum with respect,qise error. The last term gives the lag error. The major differ-
tov, the optimum normalized adaptation constant is ence is that the RLS algorithm decorrelates the input ugipb.
For the LMS algorithm, however, the weight error update uses
dp? k1 vs 1/3 successive updates to subtract components of the signal from the
Vopt = < Mé, ) (41) weight error. In the RLS algorithm, assuming tiat ~ Ry._1,

M §o + —5 KLMS-
1

:2—M1/
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the previous weight is merely scaled. The weight error upde
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LMS Filter Response

(43) is general and not specific to a particular signal model. p=2 Wiener Filter
The fundamental difference between the LMS and RL =09 . "rooeeee LMs K=Hy,
algorithms with respect to their tracking performance can | 1 ©=%2¢ T LMS “ﬁﬁ
described by evaluating the mean weight error vectors of t “h;:sfo_os" Mean LMS Filter T

two algorithms. This is obtained by examining the expecte =0 M=(20,10.05)p, 110000

0.8

value of (43). Using the definition of the predictor error irm
(11), the mean okj is zero. For the LMS algorithm, the £
steady-state solution to the first-order stochastic differen §os
equation is[Ag] &~ —(1/p) B[z 72+ ]~ 1. The RLS solution
was obtained in [8], where it was shown that for the slow chit
assumptionR,lek_l ~ I, and the weight difference of the
RLS algorithm is thusE[Ax] =~ —(1/8)T;. The optimum

filter

0.4

Mean Lag Filter
p=(2.0,10,05) Hop

weight difference vectof}, is defined by (7); thus, the mean oz 1
weight error vectors for the LMS and RLS algorithms are give N S I .
by e P S rat e - =TT ._—_“‘ = “ "”T—_ _‘l—’ iy
00 B >0‘1' 02 0.3 04 05 06 0.7 0.8 0.9 1
BA] ~ — LV (P, D) A (W°© D), LMS ol
g - évk—HA (WO © D) ) RLS(- ) Fig. 1. LMS filter transfer function over time for a chirped AR1 process.
44

The only major difference is the multiplication B! in the

LMS mean lag weight. The effect of this on the lag misadjus Prediction Error vs. Adaptation Constant

1.3 T
ment is illustrated by decomposifig as Theory =2
Chirped =09
— 1.25} : 0=02%
D —I—‘rpr (45) y=5e-05m
o : M=10
whereR,, = R ® (DD"). Under the slow chirp condition 12k :
(M < v), Ry, is essentially the normalized correlation matri EMW <y
of a stationary signal with initial frequency. o2 i Simulation
To illustrate the effects aP—* on the filter performance, we & "15[% - Sty

can expand using its eigencomponents
11F

M
2- —H
D:I—i—pZaiuiui (46)
i=1 1.0}
where {o?,1;}i = 1...M are eigenvalues and associate
eigenvectors of the signal correlation matiik,. Since the 13‘ v .
; = 107 10 10
eigenvectorqw; } are orthonormal viv, (Vo = 158-3)
M 2
Dl—_1— P wal (47) Fig. 2. Theoretical and experimental output misadjustment of the LMS
— 1+ ng? et algorithms for a chirped and a stationary AR1 input, plotted as a ratio to the
=

Wiener MSE.

From (47), it is easy to see that tl&! essentially subtracts

components of the signal from the output. This has the effectagjorithms results from the effects B! shown in (47). This
putting a notch in the signal band of the mean lag filter, as wifiroduces a notching effect around the signal spectrum for the
be illustrated later. LMS algorithm that is not present in the RLS algorithm.

The differences exhibited by the mean lag in the LMS and Fig. 2 and [8, Fig. 9], respectively, plot the output misad-
RLS algorithm defined in (44) are best illustrated by a plot gfistment of the LMS and RLS algorithms above their respec-
the adaptive filter transfer function. Fig. 1 and [8, Fig. 8], retive optimum adaptation constant with parameter vahies2,
spectively, plot the components of the filter transfer function = 0.9, w = 0.27, ¢ = 5 x 10~°7, andM = 10 for both
at three normalized adaptation constants for the LMS and Rkfationary and chirped input signals. The vertical lines indicate
algorithms. The normalized adaptation constants are choserthi® standard deviationHz) about the simulated results. It can
compare the effect of the notch at the optimal normalized addge seen that near the optimum, the experimental results agree
tation constant., defined by (41) and normalized adaptatiorlosely with the analytical results. When > 1, the filter
constant oRx,,,; andr,,,: /2. Both the mean filter transfer func- tracks the chirped signal with negligible lag error, and the error
tion and the lag filter transfer function are shown. Note that trautput is predominately noise misadjustment. Consequently, the
difference in the lag filter transfer function of the LMS and RL®utput misadjustments for chirped and stationary AR1 inputs
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p=30
g p=10
g =
O.c ~
-~ @
g 3
ol s p=5
B
2
w
i3
p=1
0.4r
-8 L n L I 1 A
10-20 -15 -10 -5 0 5 10 15 20 W
SNR (dB) 0.3 1 ' t L 0
0.2 0.4 0.6 0.8 1
Fig. 3. Normalized asymptotic lag misadjustmetitn s o £Lus/Pe «
versus SNR for a chirped AR1 signal with correlatierembedded in white . L o
noise. Results are shown farbetween 0.1 and 0.99. Fig. 4. Ratio ofthe LMS excess misadjustmentvs. RLS excess misadjustment.

| identical. When < h Sd Kth the signal and noise have the same bandwidth, both algo-
are almostidentical. When< v, the LMS does not track the rithms have the same performance.

chirped signal well, and the output error caused by the lag mis—2) For small SNR (approximately < 10), the LMS al-
adjustment dominates the performance. As a consequence, the gorithm always has a lower misadjustment. As the input
difference between output error for the chirped and stationary  gnRincreases. however. the RLS algorithm has less error
AR1 inputs increases exponentially @/op, — 0. The ana- for a wide range of signal bandwidths. In all cases, how-
Iytical results for the region where the slow chirp assumption ever, there is a range of signal bandwidth where LMS
is not valid are obtained numerically. Note that the simulation outp'erforms RLS as — 1. Note also that the range of
results indicate less misadjustment than the analysis predicts. \bore| Ms outperformé RLS. becomes smaller as the
These trends were also observed for the RLS algorithm in [8]. SNR is increased. This property is explained by the dif-
Additional comparisons between the analytical and simula- ferences in the ratios @ andD ! in (46) and (47) as a
tion results are provided in [9]. The comparative misadjustment function of p anda. This behavior is confirmed through
of the two algorithms can be plotted by substituting the optimum i 1ations in [9]
normalized adaptation constants from Table | into the EXPres-gy The improvemen'ts for LMS become significantcas—
sion for M, and defining the ratio of the optimal output mis- 1. There is a discontinuity in the analysis for= 1, and

adjustment for the LMS and RLS algorithms the results obtained for a deterministic analysis under this
. condition are indicated by the bars at the= 1 axis for
(Mmin)tms <Iﬁ,Ms> /% p =30, 10, 5, and 1 for the casesif = 2 andM = 10.

(Mmin)RLS

KRLS
IV. CONCLUSIONS

The results show that the comparative tracking performance
of the RLS and LMS algorithms for time-varying inputs such
as the linear chirp in AWGN is highly dependent on the input
Fig. 3 and [8, Fig. 3], respectively, plot the asymptotic normasignal bandwidth and signal-to-noise raticAlthough both al-
ized lag misadjustment parameteof the LMS and RLS algo- gorithms converge to the Wiener solution for stationary inputs,
rithms normalized by the noise poweF,() as the filter length their performance in a nonstationary input environment can be
M — oco. The normalized lag misadjustment for the two algaraced back to their update structures. In this paper, the update
rithms is equivalent fore between 0.1 and 0.7, but farbetween - structures of the LMS and RLS algorithms are examined. It is
0.9 and 0.999, the differences in performance become appargRbwn that the update of the LMS algorithm inherently subtracts
Note from [8, Fig. 3] thatirrs increases monotonically as asignal components from the lag misadjustment. For the chirped
function of SNR, whereas from Fig. 3,.s exhibits a non- signal, it is shown that this produces smaller tracking error for
monotonic SNR response for narrowband signals with 0.9.  small SNR. In the chirped AR1 signal case, the LMS always

Fig. 4 plots the ratio of the LMS misadjustment versus thgas smaller tracking error when< 10 dB. Forp > 10 dB,

RLS misadjustment for an AR1 process with = 2 and 10 at jt was shown that there is a region of signal bandwidths where
various values od andp, Ieading to the following observations.RLS has Superior performance' but even for these h|gh SNR in-

1) As the signal bandwidth increases  0), the ratio of puts, LMS has superior performance for very narrowband sig-

the misadjustment approaches 1, i.e., in the limit wherals ¢+ — 1). The range of bandwidths for which LMS out-

_ <(AW")H91 (A7) ) 1/3. (48)
(AWe) T D (AW?)
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performs RLS was shown to be a functionsofit was further Applying the above identity, the required quantities are

shown that the optimal performance for both the LMS and RLS
algorithms was achieved by the use of an adaptation constant
that provided a lag misadjustment of half the noise misadjust-
ment for a stationary signal of the same properties. For adapta-
tion constants greater than this optimal value, the output misag
justment error has a negligible component due to lag error and
is dominated by the noise misadjustment term. Consequently,
the performance of the adaptive filter for an adaptation constant
greater than the optimum is the same for stationary and chirped
inputs for both the LMS and RLS algorithms. For an adaptation
constant less than the optimum, the lag misadjustment begins to
dominate, and there is a significant difference in performance
for the stationary and chirped inputs.

(1]
(2]
(3]

APPENDIX

In this Appendix, the quantitiest[z;zr AL (AL )
ziz¥), E{zizF E[AL_|E[AL_|#z;z]} are evaluated for
the derivation from (33) to (35).

The following identity is used in the evaluation: For
zero-mean Gaussian random vectaand vectory, which can  [5)
be either deterministic or random but, in general, uncorrelated
with z (6]

[4]

*TH*T]

E[z*ztyy" #*2"] = R,R, R, + R, Tr(R.R,) (7]

whereR, = E[z*zT], R,
gy for deterministicy.

= E[yy] for randomy, R, = 8]

[9]

A. Proof

. H
= BVZp DY + BITr [B1Z]
H
B{aaf B AL B [A])]
VE[Av 1] E
+ E [Akfl] "

[Ai—l ﬁfk}

(A 1]" @7
E[Ay] 82
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