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Abstract— In this paper, we analyze the effect of interference
diversity on the capacity of a cellular system that employs
frequency hopping, power control and bit-interleaved coded
modulation. Interference is created when the hopping patterns
of adjacent cells intersect with the patterns of the cell of interest,
with a probability that depends on the occupancy of each cell.
However, due to frequency hopping and power control, the power
of the interference varies randomly across the received symbols
creating what is usually named in the literature asinterference
diversity. We explicitly take into account this randomness and,
under a channel model that accounts for fading and path loss,
analyze the performance of two receivers; a receiver that tracks
the variations of the interference power across the received
symbols and a receiver that remains oblivious to these variations.
Our results demonstrate under what circumstances the additional
complexity of tracking the interference power variations is
justified.

I. I NTRODUCTION

Frequency hopping (FH) combined with coding is a widely
used technique at the physical layer of cellular systems. Fre-
quency diversity is attained, if the channel frequency response
varies over the hopping distance. More importantly, the inter-
cell interference is “spread over” different users and no user
is subject to worst case interference conditions. This effect is
usually calledinterference averaging (IA) and the variation
of the interference power across the received coded symbols,
interference diversity (ID).

ID is the result of FH, since some time/frequency slots
are interfered and some are not, depending on the system
load. However, even in a fully loaded system, ID is present if
the interfering users are power controlled. Knowledge of the
interference power at each received symbol can improve the
reliability of the respective decoder metric and thus the overall
error performance. This is similar to exploiting channel state
information in a single-user fading channel (coherent vs. non-
coherent detection) or the knowledge of unreliable symbols
in errors-and-erasures decoding of Reed-Solomon codes [1].
The effect of ID is qualitatively analyzed in [2]. A specific
construction of patterns that achieves perfect IA is described
in [3] and more recently in [4]. Other related work on the
topic includes [5], [6].
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In this paper, we analyze the effect of ID on the capacity of a
cellular system that employs FH, PC and bit-interleaved coded
modulation (BICM). A channel model that includes the effects
of fading and path-loss is assumed. The performance of two
receivers is analytically evaluated; a receiver that tracks the
interference power variations and one that doesn’t. Our main
conclusion is that, under small long-term signal-to-interference
(SIR) ratios, which correspond to the user being situated close
to the boundary of its cell, increasing the decoding complexity
albeit ignoring the interference variations results in a small
performance improvement. In other words, trading decoding
complexity with an interference tracking capability can be
more beneficial in terms of the error rate performance. A
variety of numerical results are presented which illustrate this
point.

The rest of the paper is structured as follows. In section II
our system model is described. We proceed with the analysis
in section III. Section IV includes the numerical results and
section V concludes the paper.

II. SYSTEM DESCRIPTION

Consider the downlink of a synchronous cellular system
which is slotted in time and frequency. For simplicity, assume
there are only two circular cells with radiusR0, a base-station
Bi, i = 0, 1, at their center and uniformly distributed users. A
user in the cell ofB0 is taken as a reference (user of interest,
UI), thus the signals transmitted byB1 generate interference
to the linkB0-UI. The selection of the downlink direction for
the evaluation of the performance is arbitrary. The analysis can
also be carried out in the uplink, with the proper modifications
in the distributions of the random variables involved.

The bandwidth is divided intoN flat-fading frequency bands
or subcarriers (the term subcarriers is more appropriate inthe
context of a FH-OFDMA system, see [4], [7].) Each user
is assigned a hopping pattern, which chooses a subcarrier in
each time slot. We assume that the patterns within a cell are
orthogonal, so that there is no intra-cell interference. However,
if N1 users are present in cell1, then there is a probability of
interference of any hopping pattern in that cell with the pattern
assigned to UI, equal top = N1/N . It is also assumed that,
within the span of the error events in the decoder of UI, the
interference is due to different users. In other words, we are
studying a scenario of complete interference randomization. A



construction of hopping patterns that fits this statisticalmodel
can be achieved with the help of Latin squares, as described
in [3].

According to the basic BICM setup [8], the binary infor-
mation stream to be transmitted byB0 to UI is encoded by a
convolutional encoder. The binary codewordc is interleaved
and Gray-mapped to symbols from aM -QAM constellation,
M = 2m, yielding the symbol codewordx. At time k,
each symbol,x0,k (normalized, such thatE[|x0,k|2] = 1) is
transmitted on the subcarrier selected by the hopping pattern
of UI. Under perfect PC, the received symbol,yk, is given by

yk =
√

γH0,kx0,k +
√

γR−brb
kαkeiφkH1,kx1,k + nk

=
√

γH0,kx0,k + n′
k (1)

The different terms in (1) are as follows:γ denotes the received
SNR, Hi,k ∼ CN (0, 1) the fading coefficient fromBi to UI,
xi,k the transmitted symbol fromBi andnk ∼ CN (0, 1) the
additive noise. The power transmitted byB1 is attenuated
by the factor R−b, where R is the distance betweenB1

and UI andb > 0 is the path loss exponent. IfD is the
reuse distance, i.e. the distance between two base-stations in
the cellular system using the same set of frequencies, then
R2 = D2 + r2

0 − 2Dr0cosθ (see fig. 1). The distance between
B1 and its user whose pattern may be scanning the same
subcarrier as UI at timek is denoted with the lowercaserk.
The event of interference is modelled by the variableαk,
which is one (zero) with probabilityp = N1/N (1 − p).
The random phase componenteiφk is present since there is
no carrier synchronization between UI andB1; it does not
affect our analysis and can be absorbed inH1,k. Finally, it is
assumed that all random variables are independent acrossk.

Note that, with respect to a performance measure such as
the bit-error-probability (BER),R is considered a “long-term”
random variable, i.e. it is assumed constant within the interval
that the performance is evaluated. This is due to the fact that its
variation rate, which depends on how often the position of the
user changes, is much smaller compared to the transmission
rate. On the contrary,rk, αk are perceived as “fast” random
variables by the decoder, since they change independently
acrossk. This randomization is reflected on the instantaneous
SINR, which is given by

SINRk =
1

βrb
kαk + γ−1

=
1

ξk + γ−1
(2)

whereξk is the total interference power at timek andβ , R−b

can be regarded as the inverse of thelong-term SIR.
This section is closed with a few words about the distribu-

tions of distance variables. Since the users are uniformly dis-
tributed, the probability density function (pdf) of the distance
r of a user from its base-station isf(r) = 2r/R2

0, r ∈ (0, R0],
so the pdf ofr′ = rb is

f(r′) =
2

bR2
0

r′2/b−1, r′ ∈ (0, Rb
0] (3)

For convenience, we can make the normalizationR0 = 1,
which reveals thatr′ is a Beta random variable with parameters
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Fig. 1. Downlink scenario.

(2/b, 1) [9]. The empirical pdf of−10logr′ is shown in
fig.2. The plot demonstrates the wide range of values that the
interference power or, equivalently,SIRk = 1/(βrb

k) can take,
at any given timek.

III. PERFORMANCEANALYSIS

A. Bit error probability of BICM

We consider two receivers, one that takes into account the
variation of ξk across the received symbols (receiver 1 - R1)
and one that doesn’t (R2). Both R1 and R2 have perfect
knowledge of the fading coefficientsHk (for an analysis of
the performance with pilot-assisted channel estimation, see
[7]) and, in addition, R1 has perfect knowledge ofSINRk.
The criterion for deciding that the binary codewordc was
transmitted is [8]

ĉ = argmin
c∈C

{

∑

k

min
x∈X

ik
ck

{ |yk − Hkx|2
wk

}

}

where the weighting factorwk is wk = SINR−1
k = ξk + γ−1

for R1 andwk = 1 for R2.X ik

ck
denotes the set of constellation

symbols that have bitck at position ik = 1, . . . ,m. The
position ik within xk, in which the bit ck was transmitted,
i.e. the interleaving strategy, is known at the receiver. For the
purpose of our analysis, we assume random interleaving.

The BER of both receivers can be approximated by

Pb ≃
1

kc

dmin+K
∑

L=dmin

e(L)P (L) (4)

wherekc is the number of information bits per trellis branch,
dmin is the minimum Hamming distance,K is a positive
integer of our choice,e(L) is the total information-bit weight
of error events at distanceL and P (L) is the pairwise error
probability (PEP). Following [8], the PEP is upper-bounded
by

P (L) ≤ 1

2πi

σ+i∞
∫

σ−i∞

1

s
[Φ(s)]L ds (5)

where

Φ(s) =
1

m2m

m
∑

i=1

1
∑

c=0

∑

x∈X i
c

Φ∆(x,x′)(s) (6)
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Fig. 2. Empirical pdf of−10logr′. The pdf was computed over 5000
realizations.

with Φ∆(x,x′)(s) denoting the characteristic function of the
random variable∆(x, x′) = z

HQz, z = 1
w [H(x − x′) n′]T

and x′ being the closest neighbor ofx that has the comple-
mentary bitc̄ in position i (note that, due to the assumption
of independence across time, the subscriptk has vanished.)
The integral in (5) can be evaluated numerically by Gauss-
Chebychev quadrature [10] and we obtain

P (L) ≤ 1

N

N/2
∑

n=1

Re{[Φ(ǫ + jǫτn)]L} + τnIm{[Φ(ǫ + jǫτn)]L}

whereτn = tan( (2n−1)π
2N ), N is the number of nodes andǫ

must belong to the region of convergence ofΦ(s).

B. Evaluation of Φ∆(x,x′)(s)

From the rule of conditional expectation we have that

Φ∆(x,x′)(s) = Eα

[

Φ∆(x,x′)|α(s)
]

= Eα

[

Eξ|α[Φ∆(x,x′)|ξ(s)]
]

or, sinceα is a Bernoulli random variable with probabilityp

Φ∆(x,x′)(s) = (1 − p) Φ∆(x,x′)|ξ=0(s) + p Φ∆(x,x′)|α=1(s)

with Φ∆(x,x′)|α=1(s) = Eξ|α=1[Φ∆(x,x′)|ξ(s)]. For analytical
tractability, we assume that the interference and noise term n′

in (1) is Gaussian. Therefore, givenξ, ∆(x, x′) is a quadratic
form of the circularly symmetric complex Gaussian random
vectorz. Using the standard result of [11], we find that

Φ∆(x,x′)|ξ(s) =
1

1 + d2

w

(

s − ξ+γ−1

w s2
)

therefore

R1 : Φ∆(x,x′)|ξ(s) =
1

1 + d2

ξ+γ−1 (s − s2)
(7)

R2 : Φ∆(x,x′)|ξ(s) =
1

1 + d2 (s − (ξ + γ−1)s2)
(8)

whered = |x − x′|.

Given α = 1, we haveξ = βrb, so the pdf ofξ is

f(ξ|α = 1) =
1

βB(2/b, 1)
(
ξ

β
)2/b−1 (9)

whereB(2/b, 1) = b/2 is the Beta function. In the case of R1

Φ∆(x,x′)|α=1(s) =

∫ β

0

f(ξ|α = 1)
1

1 + d2

ξ+γ−1 (s − s2)
dξ

which, substituting (9), can be manipulated into the form

Φ∆(x,x′)|α=1(s) =
1

1 + d2

β+γ−1 (s − s2)
×

1

B(2/b, 1)

∫ 1

0

(1 − ξ)2/b−1

(

1 − β

β + γ−1
ξ

)

×
(

1 − β

β + γ−1

1

1 + d2

β+γ−1 (s − s2)
ξ

)−1

dξ (10)

Invoking the identity (p.287 [12])
∫ 1

0

xλ−1(1 − x)µ−1(1 − ux)−ρ(1 − vx)−σdx =

B(µ, λ)F1(λ, ρ, σ, λ + µ;u, v)

with Reλ > 0, Reµ > 0, (10) becomes

Φ∆(x,x′)|α=1(s) =
1

1 + d2

β+γ−1 (s − s2)
× (11)

F1

(

1,−1, 1,
2

b
+ 1;

β

β + γ−1
,

β

β + γ−1 + d2(s − s2)

)

where

F1(λ, ρ, σ, λ + µ;u, v) =

+∞
∑

m=0

+∞
∑

n=0

(λ)m+n(ρ)m(σ)n

(λ + µ)m+nm!n!
umvn

with |u| < 1, |v| < 1, is the first hypergeometric function of
two variables and(λ)m , λ(λ + 1) . . . (λ + m − 1), m > 0,
(λ)0 , 1. Note that the first term in (11) is (7), withβ in
place ofξ. The second term introduces the effect of the PC
adjustments on the interfering users.

Whenγ → ∞, then, using the identity (p.286 [12])
∫ 1

0

xλ−1(1 − x)µ−1(1 − ux)−ρdx =

B(µ, λ) 2F1(ρ, λ;λ + µ;u)

with Reλ > 0, Reµ > 0, it can easily be shown that

Φγ→∞
∆(x,x′)|α=1(s) =

2

2 + b

1

1 + d2

β (s − s2)
×

2F1

(

1, 1;
2

b
+ 2;

1

1 + d2

β (s − s2)

)

(12)

where

2F1(ρ, λ;λ + µ;u) =

+∞
∑

m=0

(ρ)m(λ)m

(λ + µ)mm!
um, |u| < 1

is the Gauss hypergeometric function.



In the case of R2, taking the expectation of (8) overξ gives

Φ∆(x,x′)|α=1(s) =
1

1 + d2(s − (β + γ−1)s2)
×

1

B(2/b, 1)

∫ 1

0

(1 − ξ)2/b−1 ×
(

1 +
d2βs2

1 + d2(s − (β + γ−1)s2)
ξ

)−1

dξ

Employing the previous identity, we obtain

Φ∆(x,x′)|α=1(s) =
1

1 + d2(s − (β + γ−1)s2)
×

2F1

(

1, 1;
2

b
+ 1;− d2βs2

1 + d2(s − (β + γ−1)s2)

)

(13)

Similarly to R1, the first term is (8), withξ replaced byβ,
and the second term introduces the effect of the interference
power variations.

IV. N UMERICAL RESULTS

Let UI be situated on the line segment betweenB0 andB1.
Unless otherwise stated, UI is at the border of the cell, i.e.
r0 = 1, the reuse distance is set toD = 2 and b = 4. We
assume operation in the high SNR regime, settingγ = 30dB,
so that the system is completely interference limited.

The optimum rate 1/2 convolutional codes shown in table
I and obtained from p.540 of [13], are combined with QPSK
using Gray mapping. Error events with length up todmin +
2 are taken into account in (4) and the respective weights
are obtained from [14]. For QPSK there is only one closest
neighbor symbol error eventx → x′, |x − x′| = dmin =

√
2,

so Φ(s) = Φ∆(dmin)(s). For the simulations, codewords of
800 bits were used, with random bit interleaving within each
codeword.

In fig.3, the BER is plotted vs. the system load. We observe
that the performance gain of R1 over R2 increases asp is
decreased. This is primarily because R1 makes use of the in-
formation of whether a slot is interfered or not (diversity due to
hopping.) However, even at high system load (p ≥ 0.8), where
most of the slots are interfered, the gain remains substantial.
This implies that the variation of the interference power due
to the PC of the users ofB1 is significant enough for R1 to
maintain its advantage. The simulation results reveal thatthe
analysis is accurate; any discrepancy is due to the fact thatthe
truncated union bound in (4) is simply an approximation to
the true BER.

Another obvious observation on fig.3 is that, increasing the
decoding complexity (in terms of the memory of the encoder),
yields a larger performance gain for R1 than for R2. This

TABLE I

OPTIMUM RATE 1/2 CONVOLUTIONAL CODES

Encoder Memory g(0) g(1) dmin

1 3 13 17 6
2 5 53 75 8
3 6 117 155 10
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Fig. 3. Performance vs. load (analytical.) Consecutive curves of the same
group correspond to Enc1, Enc2 and Enc3 in this order. Markers are simulation
results.
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motivates the plot in fig.4, where the PEP,P (dmin), is plotted
vs. dmin for r0 = 0.5, 1. A PEP value of approximately
2×10−4 is achieved by both a system employing a code with
dmin = 5 and R1 and a system withdmin = 7 and R2, when
r0 = 1. In other words, interference can be mitigated either by
increasing the decoder complexity or by adding an interference
tracking capability to the receiver. The difference between
the two strategies is less apparent as UI is moved closer to
B0, whereby the long-term SIR is increased, rendering the
interference power variations less important.

In fig.5, the BER is plotted vs.r0. Note the cross-over
between the curves Enc1-R1 and Enc2-R2, Enc3-R2 atr ≃
0.5, 0.75 respectively. At distancesr > 0.5(0.75), it is better
to employ Enc1 with R1 than Enc2 (Enc3) with R2. The same
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observations can be made ifr0 is held constant and the reuse
distanceD becomes variable.

Finally, in fig.6 the BER is plotted vs. the path loss exponent
b. As b is increased, the performance improves for both
receivers. This is due to the fact that, forR = 1, the total
interference powerξ takes smaller values, as can also be seen
in fig.2. It is evident that the BER decreases faster for R1
compared to R2.

V. CONCLUSIONS

Interference diversity is inherently present in systems
that utilize FH and PC. In this paper, we examined the
advantages of tracking vs. ignoring the interference power
variations in a downlink setting, considering a channel
model with fading and path loss. We verified that providing
interference information to the decoder is beneficial for the
performance, even at a high load. For small long-term SIRs,
which correspond to the user being situated close to the
boundary of its cell and thus to other base-stations, it was
found preferable to trade decoding complexity (in terms of
the encoder memory) with an interference tracking capability.
Concluding, we would like to point out that our analysis
enables the evaluation of the BER for any combination of
long-term random variables, such asr0 or R, or parameters
such asb, D andL. The operating mode of the receiver (R1
or R2) can then be selected accordingly.
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