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Abstract—We  investigate the performance of frequency- cell are reserved for pilot transmission. Each mobile olstai
hopped OFDMA (FH-OFDMA), where subcarriers are assigned channel estimates on the data patterns that it is assigyed, b

to users according to predetermined hopping pattems. Some |inearly combining the noisy channel estimates available o
of the patterns carry pilot symbols, which the users track . ‘
the surrounding pilot patterns.

to estimate their channel and perform coherent detection. We . .
develop a simple theoretical framework in order to evaluate the ~ We develop a simple theoretical framework to evaluate the

bit error probability (BEP) over each data pattern, when trellis- BEP of TCM in a FH-OFDMA system, taking into account
coded modulation (TCM) is employed for error protection. Our  the effect of imperfect CSI. The analysis is possible due to
analytical results illustrate that appropriately constructing the  ha fact that, by construction, the pilot patterns in a Latin

patterns, given the channel parameters, can have a significant - . . .
effect on the performance experienced by different users of square are time-shifted versions of the data patterns. \tégob

this OFDMA system. An intuitively pleasing trade-off between the performance over each data pattern, for a given Latin
channel estimation quality and performance enhancement due square, number of pilot patterns and set of channel parasete
to frequency diversity is also revealed, as the channel becomesQur analysis addresses the practical issue of how many pilot
more frequency selective. patterns are required to ensure acceptable performance on
all the data patterns. This number varies according to the
structure of the patterns, i.e. the selected Latin squanelet)
Orthogonal Frequency Division Multiple Access (OFDMAXertain circumstances, it is also demonstrated that aeaser
is a multiple access technique that is becoming increasinghg frequency selectivity does not necessarily imply bette
popular in the area of broadband wireless applications, dperformance; the additional frequency diversity is olgdin
to its robustness against multi-path fading and its cajpgbilat the expense of channel estimation quality. Our analytica
to provide intra-cell orthogonal access. In FH-OFDMA, theesults are verified via simulation.
subcarriers of each OFDM symbol are assigned to differentThe rest of this paper is organized as follows. Section Il
users according to deterministic hopping patterns, whieh autlines the system model and section Ill describes how-chan
preferably orthogonal within a cell and interfere minirgall nel estimation is performed. In section 1V, the performaate
from cell to cell [1], [2]. Frequency hopping provides theTCM is evaluated. Our results are discussed in section V and
additional benefits of frequency diversity and inter-catler- section VI concludes the paper.
ference averaging, making FH-OFDMA an attractive physical
layer architecture. )
The authors in [1] outline the main features of a mobil6- Transmitter
broadband wireless network, that relies on FH-OFDMA and Fig.1 shows the downlink transmission system for TCM. A
LDPC codes at the air interface. In [3], a FH-OFDMA systerhinary message, corresponding to one of the users, is the inp
is developed from structured long-code DS-CDMA and ® a TCM encoder, which produces a codewerd X1 ::: X
number of blind channel estimation algorithms are propose?f complex symbols. The coded symbols are consecutively
Other related work includes [4], [5]. transmitted on the subcarriers, which are specified by the
Motivated by the overview in [1], in [2] we evaluatedhopping pattern assigned to the user. For simplicity, weshav
analytically the performance of different coded modulatioassumed that, if a user is assigned multiple patterns, theim e
schemes, for a FH-OFDMA system that employs patter@$ them carries a separate coded stream.
constructed from Latin squares [6]. As explained in [2]sthig cphannel
simple hopping scheme not only has nice practical projgrtie . ) .
but also lends itself to theoretical analysis. An important The channgl impulse respopsle(t, ) is modell_ed as a
assumption in that work was that the user decoders had penze%ro-mea_n, mrcularly syrr?me_trlc cqmplex Ga_ussmn rgndom
: X . .. process, i.eh(t; ) [CIN(0;ce °"), with correlation function
channel state information (CSI). In this paper, a more séeli
scenario is considered, where some of the patterns in the [h"t; )h(t+ t; + )]=ce " ( )Jo@fp 1)

I. INTRODUCTION

Il. SYSTEM MODEL



where c is the constant of the exponential power delay sginary Message —| Eﬁgg’(‘mr
profile andf p is the Doppler frequency. We define as = Mi;j:fmi
In(100)=c, the path delay up to which 99% of the impulse Hopping Pattern | Other — To channel
response power is contained; is thus a measure of the Generator | coded streams
frequency selectivity of the channel. The correlation fiorc \ |
of the frequency responskl (t;f ), is found to be

(6 )= Jo@f o t)m% @
We regardH (t;f ) as constant during each OFDM sym-simply counting how many times it occurs withikh + S — 1
bol/time slot, a reasonable assumption for the range of Roppconsecutive points of the pattern. As an example, fig.3 shows
spreads that are considered. With this observation, oatinat all the span-3 HPEs ofA?. The set of spai$ HPEs - denoted
for the channel at time slot; [—Z and subcarrien, = by HZ - hints at the diversity benefit we can expect by using

Fig. 1. Downlink transmission for TCM.

number of subcarrierd]s is the OFDM symbol duration and provide less frequency diversity than larger hops. In [Bis t
1=T is the subcarrier separation. Note that any vectois simple concept was used to obtain analytical performance
written as(ny;nz) or [n; ny]T interchangeably throughoutresults, for perfect CSI. We now extend our analysis to the

the paper. widely used pilot-assisted channel estimation [7]-[9].
C. Patterns [1l. CHANNEL ESTIMATION
Let N be a prime number. The set bfxN matricesA = . . .
(A% = p N — 1}, given by As described in [1], we reserve some of the patterns in the
’ ’ cell for pilot transmission. The indices of the pilot and alat
[A%lij =(i +j)modN; i;j =0;:::;N =1 (2) patterns arek, [T, k [T, respectively, withl, [T} =

constitutes a family oN —1 orthogonal Latin squares [2], [6]. 10:-:-:N =1} andlp n Iq = L. Note that, due to the Latin

As shown in fig.2, if the rows of the Latin square corresponglquares construction, the pil_ot paFterr)s are orthogonéthdo

to subcarriers and its columns, to consecutive time shits, ata pat'terns. In a sense, using this pilot arrangemenhemic
hopping patterns can be constructed, one for each of the ik multiple access scheme well; some other arrangement, e.
GF(N) elements. Assuming that each square is assigned tBegtangular, would interfere, possibly irregularly, witte data
cell in a multi-cellular system, the patterns within a cek a patterns. . ,
orthogonal and the ones that belong to different cells setetr For the purpose of our analysis, we assume that the pilot
only at one point. We denote patteknof squareA® by HZ patterns extend infinitely to form pilot lattices. At the qil

K=0: " N —1 ' Iocations,&ﬁ‘p; kp [, the noisy channel estimates
If A% is infinitely replicated across both dimensions, eadff(n) =  SNRpH (n) + w(n) are available, wher&NR,
patternH® becomes dattice LY. We can show that is the pilot-SNR andv(n) [CN(0;1) is the AWGN noise.

With a slight abuse of notation, denote the channel at point

L = tn=Vptug p LAxZ}=Lg Yk on patternH?, asHy(n). Its estimate is obtained by linear
Ug = Iil_;l(k - 1)mo|%l —( “*=1modN ; kE0 filtering of the channel estimates, at the pilot locationthisi
1 1 0, - aN; x N, observation window drawn around (see fig.3)
V = _ON=- D ) —( )modN (3) 1
hich means that the latti ; k810, are translates df§ fn) = s = )
which means that the latticds; , R ey —

(by definition,ug = 0). This is a result of the fact that, by
constructionHy is a shifted version oH§ by k slots. Using Wik
this lattice formulationH is formally defined as a “ribbon”

of points inLY, i.e.

l:n—1 O ; |I1|5£EII||I2|SIJ_§‘52D

OFDM SYMBOLS
HY = {n:n=(npn5modN);n“CLL}; or [
HY = {n:n=(ny;(k—n3) YmodN); n, CZ} 0 @123 4 0 2 3 4
, : : 4211 2 3 4 [@ 2 3 4 0 [&
In fig.3, latticeL? and patterrH% are depicted, wheN =5. &
We define as a spaB-(1< S <N ) hopping pattern event § 23401 40 2 3
(HPE), h, a path that spanS points in HZ 13 40 1 2 2 3 40
h = mymy:imey 4 0 1 2 3 3 4 0 2
mi = (1;— Yor(@;N— H;i=1;:::;8—-1 cell1 -Al cell 2 -A2

As we described in [2], there are oni8 unique spanS Fig. 2. Two members of the family of Latin squares fr= 5. The patterns
HPEs in Hg_ The probability ofh, P(h), can be found, by Hé and H% are circled and their only collision point marked.



where{ck (1)} are the filter coefficients. Note thel,, depends l—> OFDM SYMBOLS

on k, since the number/positions of the pilots within the 2 0 12 3 44
window depend on the position dfl with respect to the R 2 3 4 (0 1:
pilot lattices. g, 401 2|3
We define the following correlation functions, which will é
be used in the performance analysis of section IV 2 5} 1 é [z] © 3 N2
mo 3 1] 2
r m) = E[H Hie(n + m)] = ru(mTgs; — :
Hi (M) [Hith)Hik( = rr(miTs =) ) © 12 3@
A}
I',qk(m) = E[ﬁl%)ﬁk(n"'m)] 4 2 3 0 1
rﬁka(m) = E[Hl%)ﬁk(n + m)] %) 1 @ 0 1 2 3
From (4) and (5), we obtain 3 1 2 3 4 (0
rg (m) = C K Rk(m)C TN, -
ra o (m) = CHre(m) . N
HicHic k Fig. 3. The pilot lattice_3 and the data patteiriZ of A2. The three span-3
[Rk(m)]ij = SNRpru(m + 1(j) —I(i)) HPEs areh; = (1,2), (1, —3) (solid line), h, = (1,—3), (1,2) (dashed
’ . . line) and hs = (1,2),(1,2) (dotted line) with probabilitiesP (hy) =
+ F_'Lﬂl ) — (i) P (h2) = 2/5 andP (hs) = 1/5.
(M) = SNRpru(m —1(i)) (6)
wherei;j = 0;:::; |Wk| — 1 Ck(i) = c(I(i)) andI(i) :  anddiag(x) stands for a matrix which has the elementscof
coefficient and the position of the corresponding pilot. o )
For a MMSE channel estimator, it is well known tf@g = A Characteristic function approach
Rk(0)r k(0). The MMSE on patterrH? is The characteristic function of= z"Qz is [10]
MSE{ =114, (0)=1 = r(0)"R(0)*r(0)  (7) NEPE T B ©)
a — L1 a ||+S¢2Q| 1+SI
The average MMSEMSE 15lg] g MSE( is an I
indicator of the channel estimation quality A®. where{ |} are the eigenvalues @,Q. From (8), we obtain
]
IV. PERFORMANCEANALYSIS 1 [| H 4+ H
o, = E zoH2 XOpXH+1 X (10)

The received coded symbol sequence dgris D®;, X"  D®s,D"
_ . o ~ ~
y(n) = Hi(mx(n)+ win)i n EH with ®y = E[HH " ®5 = E[FH '] and gy, =
and|x(n)|?> = SNRs for M -PSK modulation. Note that this E[HH "]. These matrices can be computed, using our def-
model does not account for the inter-cell interference. Thitions in (5). For example,
focus of this work is to compute the performance otf,

{k
if the receiver employs ML decoding, with channel estimates [Dalii = ra v (sgn( _j)max I*ﬁjlm ) (11)
obtained as described in the previous section. Our perfucema HHLE ™ T HicH —mingk k3 ’
metric is the pairwise error probability. . a R
Consider the spa8, lengthL (L < S) error eventx = for i;j = 1;:::L; ®y, Py are computed in exactly the
(Xiy 500Xk, ) —» x0= (Xk ;;;--Xk ), which occurs over a Same manner. Note that all matrices dependhgnwhich
HPE h of HY (by def.k; = 1; k_ = S). Define the vector determines the distances between the error positions. Vowe
of the channel responses at the error positions @ and®,, also depend ok, which determines the quality
| S of channel estimation.
H =[Hk(n) He(n + ’ mi) ::: He(n + m]" For givenh andk, a(s) is computed following the above
i=1 =1 procedure, then (8) is evaluated by the integral
andH , as the vector of the respective estimated channels. The 1 offis A(S)
probablllty ofx - x%can be written in comrl)%ct foomas P(x - x%h;k) = > ds; [ROC{ a(s)}
P(x - x%h;k) = P I%‘*Qz =0lh;k (8) o—ieo
z = [yT (Dl_T)T]T which can be computed numerically, as proposed in [11].
y = XH +w B. TCM
D = diag(x —x9; X = diag(x) The probability thatx — x° occursanywhere on HY is
- . obtained by averaging over all HPEs
w - [%1 . &fL]T y g g I 1
o = 0 1 P(x - x9k) = P(h)P(x - x9h:k)  (12)
) h CHE
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Fig. 4. MSE® in increasing order (points are simulation results). Fig. 5. P in increasing order, foo = 1, 34.
Whenx - xYis the dominant error event of the TCM schemesymmetric [2], so we only plot for = 1;:::; (N —1)=2 = 56.

we simply writeP (x - x9k) = PZ. If the data patterns are We can see that, when there is only one pilot pattern, there is
used equiprobably, the average performance in sgédfe a large variation of the channel estimation quality across
in terms of the—pyobability of the dominant error event, isvhich depends on the structure of the patterns of each square

Pe=15l4] yP For example, consider the patterhy (MSE! = —2:3dB)
The BEP overHg can be approximated by the followingand H3* (MSE3* = —157dB). With minimum hopping
union bound distance 10, the latter covers the time frequency plane more

a Ill'l | N | I o uniformly than the former (minimum hopping distance 1),

Pk L w(x - xYP(x - xk)  (13) pilot symbols are more likely to be located within the
S x-xHEd coherence bandwidth of any data point. Naturally, as thet pil

whereEs is the set of spas error eventsw(x — x9 is patterns are increased to twé, (= {0;56}) and then to
the number of bit errors correspondingxo— x° andm is four (I, = {0; 28,56, 84}), the variation ofMSE © becomes
the number of information bits per trellis branch. It is welsmaller across the squares.
known that the union bound should be used with caution; it In fig.5, we confirm our previous observations, in terms of
can become loose, especially for highly correlated channéhe performance over different data patternsAlh there is a
and low SNRs, so its accuracy should be tested via simulatidarge variance oP;! acrossk, which is notably reduced, when
there are four pilot patterns. On the other haR@} does not
vary much, even for one pilot pattern. Using plots like the®n

In this section we provide numerical results for a systeim fig.4-5, we can choose squares such2&$, which ensure
with N = 113, T = 100 s and 1=T = 11:25KHz. The performance fairness for a small number of pilot patterss, a
TCM scheme employs Ungerboeck’s rate 2/3, 8-state, 8-P3¥€ll as provide desirable frequency diversity.
code with shortest error event = SNRs(1;1) - x° = The BEP is plotted VsSNRy, in fig.6, fork = 1; 57in A34
SNRs(ei™?; —1) . Error events of span up 8 =4 (see [2]) The floor of the curves is the result of the channel estimation
are included in (13). Also note that, since two informatioerror and its level depends @NR andN;. IncreasingN,
bits are transmitted per symb@NRy = SNRs — 3. Unless from 10 to 40 slots expectably improves the performance.
otherwise statedfpTs = 0:05, | = 10 s; SNRs = However, the improvement is smaller for data pattetif,
23dB; SNR, = 15dB; I, = 0; N; = 40 andN; = 224. which lies right next to the pilot patterhi3*.
We impose a constraint on the length;, of Wy, due to a  The BEP as a function of the_ is plotted in fig.7, for
possible delay consideration. The extent to which, varjNng k =57. As | is increased, the additional frequency diversity
or N3, influences the quality of channel estimation depends aritially reduces the BEP. However, one pilot pattern canno
the coherence time/bandwidth of the channel, as expregsedsbmple the channel adequately, as it becomes more frequency
foTs and |, respectively. Finally, in our simulation resultsselective. Thus, the BEP starts to increase again aftertaircer
edge effects are taken into account; only the pilot symbolg, due to the deterioration of the channel estimation quality
within the system bandwidth are used for channel estimaticrhis trade-off is not observed wheky, = {0; 56}, since the

In fig.4, MSE ¢ is plotted inincreasing order - the horizon- data patternH24 lies right next to pilot patterrH3. Note
tal axis stands for the index of, whenMSE ¢ is sorted from that, in both cases, doubling the Doppler spread incredses t
smallest to largest. Note that the squars® and AN~ are BEP due to the channel estimation error, an effect that is not

V. RESULTS
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We verified that, even for a simple coding scheme, selecting
the Latin square appropriately can have a large impact on
the performance experienced by different users. The sguare
with patterns that scan the time/frequency domain in a more
“uniform” manner, achieve performance fairness, even for a
small number of pilot patterns. The effect of the window
length, the coherence bandwidth and the pilot-to-data-SNR
ratio on performance was also quantified through our aralysi

Note that the approach described in this paper relies on
the fact that the pilot patterns are time-shifted versiofs o
the data patterns. It can thus be generalized to any subrcarri

Perfect CSI

T, (ks)
[1]
[2]

Fig. 7. Pg‘é7 vs. T, for one and two pilot patterns (points are simulation
results).

(3]
observed under perfect CSI.

Finally, in fig.8, P34 is plotted vs. the pilot-to-data-SNR (4]
ratio, when thetotal SNR, SNR¢ = 10log(]14|10°NRs/10 +
[15]105NRe710) is kept constant a#0dB. Expectably, there -
is an optimal distribution of energy between pilot and dati
symbols. It is interesting to see that, under this total gyper
constraint, there is not really any performance improveme
using four instead of two pilot patterns.

el
(7]
VI. CONCLUSIONS ANDDISCUSSION 8]
We presented a theoretical framework to analyze the coded
performance in a FH-OFDMA system, that employs pilot-g
assisted channel estimation. The objective of this armlysis
to obtain the channel estimation qualipd the performance 10!
over each data pattern, for a given arrangement of pilgt;
patterns. Our analytical results are useful in providingtem-
design guidelines, without relying on simulations.

assignment scheme, where the pilot lattices are transtdtes
the data lattices.
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