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An Analytically Tractable Approximation for the Gaussian ()-Function
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Abstract—In this letter we propose an approximation for
the Gaussian (-function that enables simpler evaluation of
important communication system performance metrics. The
approximation enables derivation of closed-form expressions for
metrics such as average symbol, bit and block error probabilities
which are known to be analytically involved as they require
computation of the expectation of (Q-function and its integer
powers, for any m of Nakagami-m fading. The tightness of the
approximation is verified by simulations. The usefulness of the
approximation is demonstrated by obtaining a simple closed-
form expression for the average symbol error probability of
differentially encoded QPSK in Nakagami-m fading.

Index Terms—Gaussian ()-function, Nakagami-m fading,
Gaussian approximation.

I. INTRODUCTION

HE Gaussian @Q-function plays an important role in

the performance analysis of many communication prob-
lems [1]. Obtaining closed form expressions for a number
of wireless communication performance metrics, particularly
average symbol, bit and block error probabilities of various
digital communication schemes typically involve taking the
expectation of the Gaussian ()-function and its integer powers
w.r.t a random variable that captures the fading environment
and is quite involved [2]. The analytical problems associ-
ated with evaluating expectation of the (Q-function spurred
the interest in finding alternate representations, as well as
approximations that are both tight and analytically simple in
form [2]- [7] (and the references therein).

The appeal of the alternate representation of the ()-function,
presented in detail in [2], is limited to the first two powers of
the (Q-function and it requires a double integration to get the
expectation of the (-function w.r.t a standard Nakagami-m
distribution, m being the Nakagami fading parameter (m = 1
represents the popular Rayleigh fading environment). Among
the approximations, to the best of our knowledge, the one
presented in [7] performs well in terms of how accurately it
resembles the actual (Q-function combined with its relatively
simple form. As pointed out in [8], there are better approxi-
mations for -function compared to that in [7]. However, the
approximation in [7] is sufficient for the purposes of this work.
Our interest in approximating the @)-function is two fold, one
is the accuracy and the second is the simplicity of the form
that lets further performance analysis of fading communication

Manuscript received May 27, 2008. The associate editor coordinating the
review of this letter and approving it for publication was R. Nabar. This
research was supported in part by the U. S. Army Research Office under the
Multi-University Research Initiative (MURI) grant-W911NF-04-1-0224.

The authors are with the the Department of Electrical and Computer
Engineering, University of California, San Diego, La Jolla, CA 92092 (e-
mail: yoga@ucsd.edu, brao@ece.ucsd.edu).

Digital Object Identifier 10.1109/LCOMM.2008.080815.

systems possible in an easy manner. The form of approxima-
tion given in [7] is still not easy to integrate and is limited
to a restricted m of Nakagami-m distributions. In this letter,
building upon the approximation in [7], we suggest a modified
approximation which is simple and is easily integrable w.r.t
any m of a Nakagami-m fading distribution in closed-form
while preserving the tightness of the approximation.

II. APPROXIMATION FOR THE GAUSSIAN (Q-FUNCTION

The approximation for @-function given in [7] is

(1 — e;f;) 67;2
Qz) = Bvaes ;

where A = 1.98 and B = 1.135'. The accuracy with which (1)
represents the actual (Q-function is quite remarkable. However,
the presence of x in the denominator of (1) makes it difficult
to evaluate E [QN (:z:)] in many scenarios. Higher integer
powers of the Q)-function appear in the evaluation of average
block error probabilities. It is straightforward to show that if
the maximum integer power of the Gaussian ()-function in
the performance metric’ is N, then with (1) replacing the
actual Q-function, closed-form expression for E[QY (x)] in
Nakagami-m fading is possible only for m > % For the
performance metric of average SEP (ASEP) for a differentially
encoded QPSK in Nakagami-m studied in [7], the maximum
integer power of ()-function is 4 and so the analytical results
are limited to m > 2. Unfortunately this limitation implies that
important cases such as the popular Rayleigh fading (m = 1)
are not covered.

Building on the approximation given in [7], we develop a
slightly modified version of (1) that will avoid the presence
of x in the denominator and is easily integrika)cle for any m.
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We begin with Taylor series expansion of ¢ vz
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Substituting (2) in (1) and truncating the series we arrive at

n=0
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In (3) we truncated the infinite series by taking the first n,

+1 . .
terms. The presence of (/2 " n!) in the denominator of (3)
ensures that as n increases c,, approaches zero quickly. So we

Please refer to [7] for a discussion on the selection of A and B
2with z appearing inside the square root of the Q-function’s argu-

ment (Q(v/wz)) as is the case in [7].
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can approximate the complete infinite series with a relatively
small n,. Obtaining (3) requires only a minor modification
to (1) but is very important from a performance metric
evaluation point of view. The analytical simplicity of (3) is
significant, (3) doesn’t have x in the denominator, and the
expression is a simpzle finite weighted summation of the terms
of the form % e~ , & > 0, which are easily integrable for
any m of a Nakagami-m distribution. This simplicity also
extends to powers of the Q-function. Let N be the maximum
integer power of Q)-function in the performance metric, then
using multinomial expansion, we can write Q@ () as

_Ne?
QN(z) =~ e 7 (cl—|—62x—|—~-~—|—cnax”“_1)N,
N2
= Z KMC’fome 3 s (@)

k1,k2,.. . kng

the summation is over all sequences of nonnegative integers
ki,...,kn, such that ky +--- 4+ k,, = N.In (4)

N
Ev = Gy et ®)
Cu = ()" (e)™ .. (cn,)fre, (6)
fm = ka+2ks+-- 4+ (ng — 1)ky,. (7)

Notice that the final form for the approximation of QV(x),
given in (4), is still a simple finite linear combination of
terms of the form xo‘e*%rz, a > 0. So it is relatively
easy to evaluate E[Q™(x)] for any m of a Nakagami-m
distribution. Also we believe that due to the nature of the
N .2 . oqe

term z%e~ 27" and the availability of a vast number of
integration tables [9], E[Q” ()] can be evaluated for a wide
range of other distributions as well. Note that with the help of
generalized binomial expansion, it is also possible to express
the tighter (Q-approximations given in [3] (eq. 9 and 13) in
a form that is suitable for integration w.r.t a Nakagami-m
distribution. However from the perspective of understanding
the performance of communication systems we find (4) to be
both simple and close enough to the results obtained by the
actual Q-function.

We now examine how accurately (4) represents the actual
Q-function. For N € {3,4,5}, where N is the exponent of
the Gaussian @-function, Fig. 1 shows that the approximation
to the Gaussian @-function given in (4) can be seen to be
quite tight. The approximation in (4) obviously depends on
ng. With N = 4, Fig. 2 plots the additional loss incurred as
we further approximated (1) to arrive at (3). From Fig. 2 we
observe that n, = 8 is a reasonable choice as the additional
loss is almost zero.

III. AVERAGE SEP OF DIFFERENTIALLY ENCODED QPSK

To demonstrate the usefulness of the approximation devel-
oped, we determine the expression for the Average SEP of Dif-
ferentially Encoded QPSK. Conditioned on the fading related
parameter -y, the SEP of differentially encoded QPSK (DE-
QPSK) is given by [2]

Py(vs,m,7) = 4Q (v7)-8Q% (v7)+8Q° (v7)—4Q* (V) -
(8)
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Fig. 1. Verification of the accuracy of the Gaussian Q-function approximation
given in (4).
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Fig. 2. Additional loss due to further approximation of (1) to arrive at (3),

N=4.

The pdf of ~ is given by

mm ,_me 1 mey

py(7) = e ©
") = ST

where 7, is the SNR per symbol. Averaging over fading, with
the help of (4) and (9), the average SEP is given by

Ps(vs,m) = Ey [Ps(vs,m, 7))
= B,[4Q(v7) —8Q*(v7) +8Q° (v7) —4Q" (v7)]
=4F (ys,m, 1) = 8F (vs,m, 2) + 8.F (7s,m, 3)

—4 F (vs,m,4) (10)

where
.7:(’}/5,1’)1,]\7) = E’Y [QN (ﬁ)]

o0
m
m™ Ky C fmA2m—2 _ (N, m
mw AMYM m== (2+75)7d%
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Fig. 3. Comparison of simulated and analytical (10) average SEP of DE-
QPSK, m is the Nakagami-m fading parameter.

Im
m"m Ky Cy I (me + m) 2me+m,ysz
= Y - (11)
Im 4y
k1,k2,..kng F(m) (N Vs + Qm) 2
where Kjp;, Cpr and f,, are defined in (5), (6), and (7)
respectively and T'(.) is the standard Gamma function. To
simplify the above expression we used the identity [9]

/ e % dr =T(p+1Dw P w>0, p>-1.
0

12)
Without approximating the (-function, the single integral
based expression given for ASEP of DE-QPSK in [2] is only
valid for integer values of m. With the Q-approximation of
[7], as pointed out earlier, the complicated ASEP expression
for DE-QPSK given in [7] is valid for m > 2, and it involves
the confluent hypergeometric function ;F;. The final ASEP
expression derived in this paper (10) is valid for any m of
Nakagami-m fading and is a simple finite series. In Fig. 3 it

can be seen that the analytical form of average SEP given
in (10) matches well with the simulated average SEP for
different values of m.

IV. CONCLUSION

A principal reason for approximating the Gaussian Q-
function is to have a simple form for the (Q-function that facili-
tates further mathematical analysis of communication system’s
performance. Through a modification to the approximation
given in [7], the new approximation (4) proposed in this paper
preserves the tightness of the approximation in [7] yet allowing
the closed-form analytical expression for E[Q™ (z)] for any
m of a Nakagami-m fading distribution. Average SEP of DE-
QPSK in Nakagami-m fading is evaluated using the proposed
approximation and its accuracy is validated by simulations.
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