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ABSTRACT

We address the problem of analyzing the effect of channel es-
timation errors on the average block error probability (BLEP)
of transmit beamforming multiple input single output (MISO)
system in a slowly varying Rayleigh fading wireless channel.
For this purpose, we develop an accurate model of estimation
errors in a block fading context and derive an analytical ex-
pression quantifying the impact of channel estimation errors
on feedback MISO systems. In particular, the block fading
model implies that the channel estimate and its error compo-
nent are fixed for the entire block and an appropriate perfor-
mance criteria is the average BLEP, a more complex metric
to analyze. The derived closed form analytical expression for
the average BLEP is validated by simulations.

Index Terms: MISO systems, transmit beamforming, channel esti-

mation errors, average block error probability

1. INTRODUCTION

The performance of feedback based multiple input single out-
put systems suffer from many forms of imperfections. The
most common sources of imperfection are channel estimation
errors, feedback delay and finite-rate channel quantization.
An information theoretic approach to transmit beamforming
with imperfect feedback is presented in [1] and [2].

In our previous work we studied the effect of all three
forms of imperfection on the average symbol and bit error
probabilities of various constellations [3]- [5]. In this paper,
we take a closer look at the imperfections and modeling as-
sumptions. For feedback systems to be practically viable, the
coherence time of the channel variations has to be compa-
rable to the feedback delay. An important consequence of
the slow channel variation assumption is that averaging over
the channel variations within a single block is no longer ap-
propriate leading to the consideration of block error proba-
bilities (BLEP). To the best of our knowledge, the effect of
feedback imperfections on the average block error probabil-
ity, an important and a meaningful system metric, has not re-
ceived much attention. Due to space limitations, in this paper
we only consider the effects of channel estimation errors on
the average BLEP. As will be evident from the results in the
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paper, conceptually and analytically, handling the estimation
errors for block fading channel model is quite involved and
is not a simple extension of the results from average symbol
and bit error probabilities.

Due to the presence of thermal noise, channel estima-
tion errors are inevitable in any practical system. It is now
a common practice to model the channel and its estimate as
a jointly Gaussian random process, with an error term that
is orthogonal to the channel estimate [2]- [6] (and the refer-
ences therein). The error term associated with a particular
channel estimate is unknown to the receiver and hence it be-
comes part of noise when the performance analysis is carried
out. In a block fading model, the channel (and the estimation
error) is assumed to remain constant for the entire block. In
this paper, we also follow the standard model of joint Gaus-
sianity between the channel and its estimate but adapt it to
the block fading model.

If the channel under consideration is varying at symbol
level, or if the performance criteria is average symbol/bit er-
ror probability, then the variance of the error term will be
simply added (along with the symbol dependency) to the vari-
ance of the receiver noise resulting in an effective noise term
with variance equaling the sum of variance of receiver noise
and the variance of the estimation error term [2]- [6]. In a
block fading model, the average BLEP analysis has to con-
sider the fact that error term is constant for the entire block
while each symbol experiences a different noise sample.

In summary, the contributions of this paper are twofold;
one is accurate modeling of estimation errors in a block fad-
ing context and the other is deriving an analytical expression
quantifying the impact of estimation errors on average block
error probability. Both these contributions have much gen-
eral applicability and are of general interest. The rest of this
paper is organized as follows. In Section 2, we present the
system model. Analytical expression for the average BELP
with BPSK constellation is derived in Section 3. Numerical
and simulation results are presented in Section 4. We con-
clude this paper in Section 5.

Notation: Small and upper case bold letters indicate vec-
tor and matrix respectively. E(.), (.)T, ()%, ||, (.), and
[I.|| denote expectation, transpose, Hermitian, absolute value,
complex conjugate, and norm respectively. x ~ NC (u, )
indicates a circularly symmetric complex Gaussian (CSCG)

random variable x with mean p and covariance X.
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2. SYSTEM MODEL

We consider a MISO system with ¢ antennas at the base sta-
tion (BS) and one antenna at the mobile station (MS). Let h,
be the channel between the BS and the MS for the /** block.
h, is modeled as a spatially i.i.d frequency-flat Rayleigh fad-
ing channel which is constant for all the N number of un-
coded symbols in block ¢. The vector valued channel h, ~
NC (0,T). The transmitted k" symbol in the block ¢ is de-
noted by s, ¢[k] and E[|s,, ¢[k]|?] = Es. Let w, be the unit
norm beamforming vector (BV) at the BS for the block /.
Then, the k*" received signal in the block / is given by

yelk] =y wism o[k] + ne[k],
where n,[k] ~ NC (0,02).

k:1727"'aN (1)

2.1. Channel Estimation Errors - Block Fading Model

Let ﬂg be the imperfectly estimated version of h,. We as-
sume that h, and ﬂg are jointly Gaussian, this assumption
is well justified for many practical estimation techniques [2]
and [6]. h, and ﬂg can be related as follows:

%heJr\/l*PgEZ
where &, ~ NC (0,1), hy ~ NC (0, A), and . = p, e7%ve
is the complex correlation coefficient that determines the de-
gree of accuracy in channel estimation. With the help of
training symbols p. can be assumed to be known at the re-
ceiver. Assuming instantaneous feedback and no channel
quantization, the beamforming vector is given by

h, =

2)

h,
Wy = —.
[[h||

The k" received signal of block ¢ with the BV given in (3)
and h, given in (2) is

yelk] = (f;%

3)

:Q%m@+ﬁ—@ﬂawm+mm

In the above equation £, is unknown to the receiver. For
M-PSK constellation the signal information is in the phase.
Since &, ~ NC (0,1) is a CSCG random variable the phase
can be absorbed into €, without effecting its distribution.

In our previous work [3]- [5], our performance metric
was symbol/bit error probability, as a consequence the es-
timation error term simply became part of receiver noise in-
creasing its effective variance. This however is not appropri-
ate in the block fading context (with average BLEP being the
performance metric), an assumption necessary for feedback
systems to be practically viable. In the block fading model
the estimation error related term £, is constant for the en-
tire block (while each symbol experiences a different noise
sample). The impact of this assumption on performance is
different leading to different conclusions and the analysis is

H
b+ /T 720 ) (Rl o 1]+ el

4)

also further complicated. Note that (4) can be modified to in-
clude the effects of feedback delay and channel quantization.
Due to page limitations in this paper we restrict our attention
to estimation errors only.

3. AVERAGE BLOCK ERROR PROBABILITY

In this section we derive the average block error probability
of an un-coded block of N BPSK symbols. The k*" received
signal of the ¢*" block is given by (4). Since the receiver
knows pe, it can compensate for the phase rotation of the
received signal and then uses the real part (because of BPSK)
of the received signal to decode the transmitted symbol as

gelk] = Real (ej¢ﬂﬁ yg[k]) = 2 Sm.e[k] + e[ K],

Pe 11 1—p2,
= h
z \/KH ell + 14/ 5 e

g ~ N(0,1) and 7g[k] ~ N (0,02/2), &, and n[k] are
both real random variables. Note that £, is a fixed constant
for a particular block, over a number of blocks it is a statisti-
cal quantity, where as the noise sample 7j,[k] is different for
each symbol in a particular block. The pdf of ‘z’, central
to the performance analysis, is derived in Appendix-I and is
given in (15). Conditioned on z, the block error probabil-
ity (the probability that at least one symbol in the block is
received incorrectly) is given by

PB,IZ('Ybapevt7N) = 1_{]—_pb,£}N7

1- XN: < Jn\; > (=)™ (Po,e)™,

m=0

—00 < z <00, (5)

where py ¢ is the error probability of a symbol in the ¢*"
block. Similar to [7], the above equation can be easily mod-
ified to the scenario of a block channel coded system. Note
that since z is fixed for the entire block, all the symbols have
the same error probability. The average block error probabil-
ity is given by

pB(’vape»tvN) = E, [PB,L/(')/b?p&t,Nﬂ )

N

-y

m=0

Accounting for the fact that ‘2’ can be negative, with BPSK
constellation, Ey [(pp¢)™] can be written as (6) (shown at
the top of next page), where () is the standard Gaussian tail
function, 7, is the signal-to-noise ratio (SNR) per symbol,
and A, is the area of p(z), z > 0. Closed-form expression
for A, is derived in Appendix-II. Note that in the evaluation
of E;[(ps,¢)™], one can integrate w.r.t z directly, however,
for clarity in presentation we chose to express E¢ [(pp.¢)™]
as shown in (6). In (6),

2

zZ1 = Z, 2

0<z< oo, Zo =2, —00<z<O0.

We now have to carry out the expectation with respect to the
random variables z; and zo, which we do next. Using trans-
formation of random variables, the pdfs of z; and z, can be
shown to be given by
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Eol(po.e)™ =

A, B, [ (Ve )| + (1= 4) S (-1 B {@ (Vouz ) )
w=0

a5 Q@ (Vown )|+ 1 -4 Ef1- (Vawn )}

m

(6)

2— g B
1—pz

R -1 —22277‘)% V222 pe
2) =T —— < % (& 20-r8) D_ — 8
p(22) =A™ 2t NET ®)

(1—p2)'T(2t)

Ri= )
2 T(t)/n(1 = p2)

and D, (1) is the parabolic cylinder function. The Parabolic
cylinder function has many representations. Because of an-
alytical simplicity we chose to work with the representation
given in (9) (shown at top of next page), where | F} (-, ;) is
the confluent hypergeometric function of the first kind. Us-
ing the representation in (9) for the parabolic cylinder func-
tion, (7) and (8) can be written as

p(21) p1(21) + p2(21), 21 >0,
p(z2) = pi(z2) —p2(22), 22>0,
(2) = La—de T By (8 - pe x>0, (10)
P1 - 141 727 l_pg 9 )
—= 1 3 p2:1:
D = 1*9% F t . e 11
pa(x)= Lie 1 1(+2,271_pg>7m>07( )

(1—p2)' "2 T(20)

_ pe(1—p2)' "I T(2t)
T (t+3) D()22-1’ B '

PO 2

We now evaluate F,, [Qm (\/2% 21)] ,m=1,2...,N,
required to compute (6).

E., [Qm (\/2%21)] = /Qm (\/2%21)1)(21)6521,
2=0

. fo(vr)] - a(3)ve ()

where Gy () and Gs (¢) are derived in Appendix-III. For
m = 1 and 2, in Appendix-IIl we exploit the fact that the
first and second powers of Gaussian Q-function are param-
eterized by ¢ = 7 and ¢ = 7 respectively in the function
Q(x) given below [9].

12)

2

e(—m)da, x> 0. (13)

Following the above steps and Appendix-III it is easy to show
that

r. {0 (i)
o fa(vm)) = 0 (3)-o.(5)
b {0 (vim)) = 0 (5) -4 ()

For m > 3, exact expressions are difficult to derive. We use
the following approximation [8] for Q™ (x) to derive expres-
sions for E [Q™(z)] when m > 3.

6 (3)+5:(5)

BIE

77}’1,@2
Z Ky Cuzfme ™ (14)
k1,k2,..km

QHL (:C) ~

a

where the summation is taken over all sequences of nonnega-
tive integer indices k1, ..., k,,, suchthatky + - + k,,, =

m. In (14),
m!
K = ,
M (k) (k2)! .. (K, )!
fm k2+2k3+"'+(ma*1)kmaa
Cy = (Cl)kl (CZ)k2 cee (Cma)kmav
o (_1)r'h+1 (A)r'h

By (V2)" il

where A = 1.98, m, = &, and B = 1.135 [8]. The ex-
pectations of the () approximation with respect to z; and z
are carried out in Appendix-IV and the final expressions are
given by (27) and (29).

4. SIMULATION RESULTS

In this section we present a sample simulation to verify the
derived analytical expression for the average block error prob-
ability. Fig. 1 shows the accuracy of derived analytical ex-
pression for average block error probability of transmit beam-
forming with imperfect channel estimate of a block of N €
{30,50} BPSK symbols with ¢t € {2,3} antennas and p, €
{0.98,0.95}. As pointed out earlier, the first two powers of
@-function are evaluated exactly (in the form of infinite se-
ries). For higher powers (m > 3 in (6)), we calculate the ex-
pectation w.r.t to the tractable approximation of Q-function
given in (14) (a finite series). Fig. 1 further validates the
tightness of the approximation of Gaussian Q)-function (14).

5. CONCLUSION

For the block fading channel model, we considered the prob-
lem of analyzing the performance of transmit beamforming
MISO systems under a realistic scenario of feedback based
on an imperfectly estimated channel. The block fading model
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Fig. 1. Effect of channel estimation errors on the average
block error probability.

implies that the channel estimate and its error component are
fixed for the entire block, while the symbols in the block ex-
perience different noise samples. The performance criteria
considered is the average BLEP of a block of un-coded BPSK
symbols. The derived closed form analytical expression is
validated by simulations.

Appendix-I

The signal sca]ing term z in (5) is

el + /(1= p2)/26,, —00 < z < o0,

z

f

in the above equation, p, ||f15|| and &, are distributed as

— 22

2t—1
2z =5
Z

2T

Ihy||, the conditional pdf of  is given by

h| g~ N(0,1).

\/>

Conditioned on \"}:

(2]) S =

plzlr) = —F————me ‘'7re.
T(1-p2)

o0 o0

pz) = / plz, z)dz = / p(|2)p(z)d,
— 00 — 00
p(z)= xzt*leﬁdig) 12‘%23

2tF \/ 1_pe

With the help of (3.462-1) from [10], p(z) can now be written

as
2 2—p2
—z £ —\/2 e
p(z)=He <2<1fpe>>D_2t (\/{L’i) , —00 < z < oo, (15)
— Pe

and D, (1) is the parabolic cylinder function [10].

Appendix-I1 .
A p(z)dz =1 —/0 p(—z)dz,

IOH /OOO ! >D_2t<

Letz = \/z,dz = % ~%dx, the area A, is

a=1-2 [ )b, (

P

2—p2
2(1—p2)

V2 pe 2
V1-=p2

) -
) &

2-p2
2(1—p2)

\[pef
N

T(2t)(1 - p2)* 1 2
=1—-——— 2 oF (t, =5t + 11— 18
4’T(t)r(t+1)2 1 727 + ) Pe 9 ( )
where 2 F7 (-, +;+; ) is the hypergeometric function. To eval-

uate the above integral we used (7.725-6) from [10].

Appendix-III
Derivation of G, (¢):

G = [ Q(VEni) m@ads,

=0

19)

where Q(z) is defined in (13), andp, (z) is defined in (10).
G1(¢) can now be written as (16) (shown in the next page).
With § = & (1 — p?) /pZ, (16) becomes

L+/1 1
Gi(p) = pe/d@/x 3% | F < ,2;:Z:> dx,
0=0 z=0
1—p? 1
where S — .’7127 ( 2l)e) + = (20)
sin” 6 Pe P2

Notice that S > 1 for p. < 1. To evaluate the above equa-
tion, we use the identity given in (17) (shown in the next
page). In the present context, in (17), ¢ = % d =&, and
q= —t.

]
LT (3)/1—p2 ‘
g1(4p) = (2) Pe / d° (1—d_1)qd9,
T Pe

6=0

where d~1 = S‘;E;Lnii ,and
c = w(l-pl) @D

By using the generalized binomial series expansion,
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c Y (e N TAY
Gi(p) = ;/d@/y 2e y<m29 17’%) 1Fy <t72§1p_i2> dy. (16)
=0 =0

/ rle " Fy (a,¢r)dr = T(c)d™° (d) =T(c)d° (1- d™1)?, Rec >0, Red > 1. (17)
2o
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