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ABSTRACT

In this paper, we analyze the performance of transmit beamforming
on multiple input single output (MISO) Rayleigh fading channels
with imperfect channel feedback. We characterize the feedback im-
perfections in terms of noisy channel estimation, feedback delay, and
finite rate channel quantization. We develop a novel model that cap-
tures the above mentioned three forms of channel imperfections with
particular emphasis on modeling the impact of delay more precisely.
As opposed to some previous attempts at combining the three forms
of imperfection, this modeling approach shows that feedback delay
is of a different nature than channel estimation errors. The perfor-
mance criteria considered is the average symbol error probability of
M1 x M2 rectangular QAM constellation. We also present simula-
tion results in support of the derived analytical expressions.

Index Terms: MISO systems, transmit beamforming, channel estima-
tion errors, feedback delay, channel quantization, symbol error probability

1. INTRODUCTION

The performance of practical multiple input single output (MISO)
systems suffer from many forms of channel imperfections. The most
common sources of imperfection are channel estimation errors, feed-
back delay and finite rate channel quantization. Quantifying the ef-
fects of imperfect channel knowledge for MISO systems is an active
area of research. We briefly summarize some published work dealing
with various forms of channel imperfections. An information theo-
retic approach to transmit beamforming with imperfect feedback is
presented in [1] and [2]. In [3], the authors consider efficient use
of CSIT for transmit beamforming. [4]-[7] considered the perfor-
mance analysis of BPSK {or QPSK) with imperfect channel estima-
tion {ICE) and perfect quantization and [8]-[10] considered perfect
channel estimation (PCE) with finite-rate quantization. Combined
effects of various channel imperfections for general modulations are
studied in [11].

In [11] we modeled the behavior of feedback delay to be sim-
ilar to estimation errors. Assuming un-quantized feedback, in this
paper we take a closer look at the modeling of delay and develop
an improved model. The new model shows that the impact of feed-
back delay on feedback system performance is quite different from
estimation errors. We later quantize the delayed version of channel
estimate. Using the new model, we analyze average symbol error
probability (SEP) of M1 x M 2-ary rectangular QAM constellation.

The rest of this paper is organized as follows. In Section 2, we
present the system model. In Section 3 we develop a model that cap-
tures the three forms of channel imperfection and derive the decision
variable (DV) at the receiver. The average SEP of M1 x M 2-QAM
is derived in Section 4. Numerical and simulation results are pre-
sented in Section 5. We conclude this paper in Section 6.
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Notation: Small and upper case bold letters indicate vector and
matrix respectively. E(.), ()T, ()F, |.|, and ||.|| denote expecta-
tion, transpose, Hermitian, absolute value, and norm respectively.
x ~ NC{y,X) indicates a circularly symmetric complex Gaus-
sian (CSCG) random variable x with mean g and covariance 3.

2. SYSTEM MODEL

We consider a MISO system with ¢ antennas at the base station (BS)
and one antenna at the mobile station (MS). The channel between the
BS and the MS is modeled as a spatially 1.1.d frequency-flat Rayleigh
fading channel. The vector valued channel h ~ A/C (0, I€2). The
transmitted two-dimensional modulation symbol at time % is denoted
by 8..[k] and E[|s,.[k]|*] = E.. Let w[k] be the unit norm beam-
forming vector (BV) at the BS at time k. Then, the received signal
atthe MS at time % is given by

ylk] = w [k]h[k]s.. k] 4 k], (D
where nlk] ~ NC (0,02).

3. A GENERAL FRAMEWORK FOR CHANNEL
IMPERFECTIONS

In this section, we dwell in detail on the three forms of channel im-
perfections and develop a general model that captures nonideal feed-
back for MISO systems. We also derive the DV at the input of the
demodulator, which will be the basis for parformance analysis.

3.1. Feedback Delay with Perfect Channel Estimation

In the pilot based channel estimation in a MISO system, a pilot se-
quernce is sent based on which channel is estimated. Assuming per-
fect channel estimation, let h[k— D] be the channel knowledge avail-
able at the transmitter for the data transmission at time k. The BV is
given by

wlk] = h[k — D]/|hk — D]||. 2)
Since there is a time lag of 1D between forming the BV and its actual

use, h[k] will be different from h[k— D]. Assuming that the channel
and its delayed version are jointly Gaussian, we can write

hik| = pihlk — D] + /(1 = |pa*)2 v[E], (3)

where pg = F [R:[k|hi [k — D]] /Q, v ~ NT(0,T) and is uncorre-
lated with h. With this formulation, the received signal (1) is

ylk] = {pallblke — DIl + /(1= |pa )UK} 5o k] + mik],
4
where (k] ~ NC(0,1). The role of /{1 — |pa|®)Q¢[k] will de-
pend on the modeling assumptions made. If the receiver is only

aware of h[k — D), it can not compensate for /{1 — |pa|* )L [k]
and subsequently to carry out performance analysis, this term has to
become part of noise. This was the assumption made in [11].
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In this paper, we propose an improved model that we believe
more accurately captures the impact of delay on feedback system
performance. We assume there is a pilot sequence before every
block of data and that the BV vector is based on the channel esti-
mate from the previous block., Under this assumption, the receiver
will be knowing both h[k] and h[k — D] and hence it knows the er-

ror term +/ {1 — | pa|?)02C[%|. As shown later, this simple change in
the approach improves the performance of the system considerably

and indicates more clearly the distinction between the imperfections
resulting from delay and estimation. However, this modeling also
makes the problem of performance analysis more complicated.

3.2. Feedback Delay - Channel Estimation Errors
Let h[k], with variance A, be the imperfectly estimated version of

h[k]. We assume that ﬁ[k] and h[k| are jointly Gaussian, This as-
sumption is well justified for many practical estimation techniques
such as additive channel estimation, MMSE channel estimation, and
channel estimation based on pilot-symbol assisted modulation [12].
The joint Gauvssian assumption allows us to write

hik] = pev/Q/ABK 4/ (U= )2k, ()
where £ ~ NC (0,1) and p. is the complex correlation coefficient,
pe = F {hz [k]/f{;"[k]] /A, Joint Gavssian assumption between
h[k] and h[k — D], the imperfectly estimated versions, allows us to
write N N

hik] = pahlk — D] + /(1 — [pa|*) A 7[K], (6)
where 7 ~ AC(0,I). So effectively the actual channel, h[k], in
terms of its delayed version of estimate h[k — D] can be written as

h{k] = p./Q/A { pahalk — D]+ /(L= [oaP)A [k | +
N (PG I

3.3. Quantization of Delayed Version of Channel Estimate

The MS estimates the channel, and quantizes it into one of N = 2%
code words. The index, which is represented by B bits, of the code
word corresponding to the channel estimate is fed back to the BS. In
this section, we assume that the feedback channel is error free [8]-
[10]. The beamforming vector is given by

wlk] = Q [hlk — DI/|lh[k — D], it

where Q is the quantization function. Using (7), the received signal
with the BV in (8) is given by

ylk] = pevplk)s . [k] + ofk], ©)
where, conditioned on |s,,[k]| and w[k], the noise term w[k] ~
NC (o + lsm KL — e[ )02),
-~ -~ H -~
22 @ [hlk — D/ Ik — DI|| (hlk — DI/|lhlk — DI,
and
lk] = pa |h[k — DI|I/VA + /T [paly W kl[R]. (10)

The statistical characterization of A £ |¢|? will be important for the

performance analysis. Since finding the exact pdf of A is rather dif-
ficult, [10] upper bounded A (i.e., lower bounded the average error
performance) by ar.v A, whose pdfis given by

fa@ =28 -1 -2)"" 1-¢<az<l, (11)

where ¢ = 275/C~ 1 In what follows, we use A in place of A,
Sinee the receiver knows @ [&] (note that knowing w[k] is possi-
ble because of the modeling assumptions discussed earlier) we form
the DV as
i 2 Y i)+ e 1 i, (D)
lk] lk] ’

where, conditioned on |s..[k]| and z, ©[k] is a zero-mean CSCG

rv with variance Zatlem(Al |:(1—|pg|2)ﬂ . Here z = |plk]|>. In
Appendix-1, a closed form expression (33) is derived for the pdf of
z. The analytical pdf has been verified to accurately agree with sim-
ulations. Apart from modeling the imperfect feedback, deriving this
pdf is one of the important contributions of this paper. We are also
able to simplify the pdf such that we can get closed form analytical
expressions for the average symbol error probability for rectangular
M-QAM constellation.

4. AVERAGE SYMBOL ERROR PROBABILITY OF
My % My QAM CONSTELLATION

In this section, we analyze the average SEP of rectangular M, x
M3-QAM. The DV at the demodulation input can be expressed in a
parametric form as

rlk] = ram[k] + E[k] = ri[k] + jrolk], (13)

where k = g0 2 p; + jug, and £[k], conditioned on |s., k]|
and z, is a CSCG r.v with variance F(|s [k]|) /2, where F(z) =
(o2 + (1 — |p-|)z* ). Key steps in the derivation of average SEP
are given below.

Let 8m[k] = 8m,=[k] + §8mykl,m=0,1,...,M — 1,2 =
0,1,...,M1—1,y=0,1,..., Ma—1,where 8m,»[k] = Gm,»[k]d,
and 8m,y[k] = am,y[k]d, where am »[k] = — (M1 — 1) + 2z and
am,y k] = —(Mz —1) 4+ 2y. For simplicity, let us define the param-
eter

.28 2d”
T F(lam K)ok 4 QL — [pel) s K]

Let P, ( z) be the probability of correctly receiving sem,w [k]+j $m. v %],

conditioned on z. Fore =1,2..., M1 — 2,y =1,2,...,Ms —
2, Pa,y(z) can be expressed as P y(2) = Prob{sm.[k] —d <
ri[k] < Sm.w k] +d|2) < Prob(smy[k] —d < rqlk] < sm,y[k] +
d|z),

Poylz) ={QUt1{z, ¥)v/z) — Qlta{z, 4)v/z) | x

{Qsle,)vE) ~ Quulz,yva)}, (9

where Q(z) = \/% jf)ta}(p(ft.',2 /2)du and
ti(@,y) = (@melf] = 1 — @nolflir + am o [k]0g) v Fou
(@ y) = (@melf] + 1 — nolflir + am o [kl0g) v Fou
ta(7, 1) = (@mulb] =1 — omolbliig — tmy[klpr Yoy
ta(@,y) = (Cmylk]l T 1 — omolkltig — Gmy[Elir) Yo

We can similarly define the probability of correctly receiving for all
z=0,1,...,M,—landy =0,1,..., M;—1. Notice that, cach of
the P., () can be expressed as linear combinations of Q(a/z) x
Qb2 ) for real values of @ and b Let Po, y = E[P.y{z)]. To
derive Py, we must determine E[Q(av/z) x Q(b\/z)]. To this
end, we define H(a, b, ¢, B, pa) and R(a,%, B, pa) shown at the top
of next page. Closed form expression for 7{(a,b,¢, B, pa) given
in (29) is derived in Appendix-II. Sample expressions for P, are
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