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ABSTRACT

We analyze the performance of transmit beamforming on
multiple-antenna Rayleigh fading channels with imperfect chan-
nel feedback. The feedback imperfections are characterized by
noisy channel estimation, feedback delay, and finite rate chan-
nel quantization. We develop a general framework, valid for
an arbitrary two-dimensional linear modulation, that captures
the aforementioned imperfections, and derive the average sym-
bol and bit error probability expressions for M- PSK constella-
tion. We show that the proposed analytical formulation is valid
for frequency-domain duplexing system with/without finite rate
channel quantization and time-domain duplexing system. The
simulation results show accurate agreement with the analytical
expressions.

keywords: Multi-antenna systems, transmit beamforming, imperfect channel
knowledge, feedback delay, channel quantization.

I INTRODUCTION

In a multiple-input and single-output (MISQ) system, if the
channel state information (CSI) is available at the transmit-
ter (i.e., CSIT), one can achieve both the diversity and array
gains with transmit beamforming via maximal ratio transmis-
sion (MRT) [1], whereas only diversity gain can be realized with
space-time coding. In [2], the authors consider efficient use of
CSIT for transmit beamforming. An information theoretic ap-
proach to transmit beamforming with imperfect feedback is pre-
sented in [3]. With MRT and BPSK modulation, the effect of
feedback delay with perfect channel estimation (PCE) at the re-
ceiver is investigated in [4], whereas [5] studies the effect of im-
perfect channel estimation (ICE) without feedback delay. In [6],
the authors extend the analysis of [4] accounting for the effects of
channel estimation errors. The effect of feedback delay and feed-
back errors on the receiver signal-to-noise ratio (SNR) perfor-
mance is investigated in [7] for phase-only feedback, whereas [8]
analyzes the bit error probability (BEP) degradation with BPSK
due to feedback errors with selection and co-phasing feedback
schemes. The effects of finite-rate channel quantization and feed-
back delay are considered for BPSK in [9]. Finally, approaches
for the design and analysis of transmit beamforming schemes
with PCE, without delay and under finite-rate constraints are pre-
sented in [10]-[15].

While the aforementioned works considered either BPSK {or
QPSK) with estimation errors and perfect quantization [4]-[9], or
ideal channel estimation with finite-rate quantization for general
modulations [ 10]-[15], combined effects of various channel im-
perfections for general modulations is not yet investigated. Fur-
thermore, compared to BPSK or QPSK the error probability anal-
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vsis for general modulations is an involved analytical problem,
particularly for M-QAM even with perfect feedback. The pres-
ence of feedback imperfections further complicates the problem.
This contribution is targeted to fill in this important void. In this
work, we present a general framework for the performance anal-
ysis of transmit beamforming for MISO systems on independent
and identically distributed Rayleigh fading channels with imper-
fect channel feedback. The feedback imperfections are charac-
terized in terms of ICE, quantization of CSI, and feedback de-
lay. Our analytical framework encompasses three popular mod-
els, namely, frequency-domain duplexing (FDD), FDD with fi-
nite rate quantization of CSI (FDIDXY), and time-domain duplex-
ing (TDD). Using this framework, we analyze average symbol
error probability (SEP) and BEP with gray code-mapping of A -
PSK constellation.

The rest of this paper is organized as follows. In Section II, we
present a model for imperfect channel feedback, and show that
it captures the essential features of FDD systems with/without
feedback and TDD systems. The decision variable (DV) at the
receiver with imperfect feedback is given in Section II. The av-
erage SEP and BEP expressions for M-PSK are derived in Sec-
tion IIT. Numerical and simulation results are presented in Sec-
tion I'V. We conclude this paper in Section V.

Notation: Small case bold letters indicate vector, upper case
bold letters indicate matrix. £(.) denotes expectation, z* de-
notes complex conjugation of z, x” is the transpose of x, ||
denotes the norm of x, and X denotes Hermitian transpose of
X z ~ NC(p,o) indicates a circularly symmetric complex
Gaussian random variable (r.v) z with mean p and variance &.

II MODELING OF IMPERFECT FEEDBACK

We consider a MISO system with NV antennas at the base sta-
tion (BS) and one antenna at the mobile station (MS). The chan-
nel between the BS and the MS is modeled as a frequency-flat,
slowly varving Rayleigh fading channel that is assumed to be
constant over a block of symbols. The vector valued channel
at time k is denoted by h[k] = [k1[k], h2[k], ..., An[K]]%, and
h ~ NC (0,Q0). The transmitted two-dimensional modulation
symbol at time k& is denoted by s, [k] which belongs to the M-
PSK constellation. The average energy of s, [k] is F,. Let
wlk] = [wilk], welk],..., wN[kHT be the unit norm beamform-
ing vector (b.v) at the BS at time k. Then, the received signal at
the MS at time k is

ylk] = w [k]h[k]sp K] + (K], @

where n[k] ~ NC (0,52).
We now discuss in detail three popular channel feedback ap-
proaches along with a general framework for modeling non-ideal
feedback for MISO systems in these contexts. We also derive the

DV at the input of the demodulator which is central to the anal-
ysis. These systems are: ) FDD with channel estimation errors
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and delayed feedback, #) FDD with channel estimation errors,
finite-rate quantization, and delayed feedback, and ¢:7) TDD with
channel estimation errors.

A FDD System
Let us denote by hlk] = |A1[k], halk],. .., hn[k]

estimate at the MS at time k, and h ~ A/C (0, AT). The MS feeds
back the estimate h[k] to the BS. Assuming a feedback delay of

D, the channel observed at the BS is h[k — D]. The normalized
delayed estimate forms the b.v at the transmitter

T
the channel

wlk] = h[k — D]/|[h[k — D]]. (2)

Note that based on (3), the optimality of the above b.v is well
justified from the arguments made in [3]. Assuming that h[k]

and H[k — D] are jointly Gaussian [18],
h(k] = po/Q/ANk — D]+ /(1 = [p?)Qelb— D],  3)

where & ~ N'C (0,1) and p is the complex correlation coefficient

p= B[k - D] VAN, i =1, ,N. @&

Then, using (3), the received signal (1) can be written as
ulk] = pn/Q/ AWk — D] s k] + ¢ [K], 5)

Conditioned on |sp[k]l, ¢ ~ MNC (O,Efﬁm[k”), where
5 k)] = Tt s [k][2Q(1 — |o[?). The MS obtains the DV by

dividing y[k] by ||h[k — D]||, provided that the feedback delay
D isknown. We remark that for constant amplitude signals (i.e.,
M-PSK) such a normalization is not needed as the decision re-
gions are unchanged due to a positive scale factor. The DV at the
MS is given by

rk] £ y[k]/ Rk — DI| = po/Q/A sl] +CH,  6)
where conditioned on |s,, [k]| and [h[k— D]||, ¢ ~ NC (O, ag),
here o2 = Elgsm[k”/Hﬂ[k — D]||?. For simplicity, let us define

<
3 2 |hlk — D]||*/A. Clearly, 3 is gamma distributed with the

probability density function (pdf)
fa(@) = e 2N T(N) = >0, (7

and the cumulative distribution function (cdf)

N-1 L

Fg(z) =Prob(8 <z)=1—-¢e"* _r
5(z) ( ) ;F(k+1)

r >0, (8

O
where T'(n) = [ e~ “u"~1du is the standard Gamma function.
0

With this, O’?, conditioned on |s;,;[k]| and 3, can be written as
O’? = Elgsm )/ BA- From (6), we notice that the effect of im-
perfect channel estimation and feedback delay on the DV at the
MS is that of scaling the transmitted symbol s, [k] by an un-
known complex number p+/}/A and introducing symbol de-
pendent non-Gaussian noise C[k] (note that ¢[k] is conditionally
Gaussian).

We now express the dependence of the correlation coefficient p
on the delay and estimation, i.e. show how it relates to delay-only

correlation coefficient, py, and estimation-error-only correlation
coefficient, p.. With delay and no estimation errors, we have [4]

halk] = pahslk — D)+ /0~ [paPQlk], )

where p; = E [hs[klhi[k — D]] /Q, & ~ NC(0,1) and is un-
correlated with h; . HEstimation errors and no delay scenario al-
lows us to write [16],[17]

halk] = por/SQU N R[] + /(1 = | e[ B) 00 R],

where, g, = F {hz[k}/h\:[k]} /VQA, vy ~ NC(0,1) and is un-

correlated with R . Using (9) and (10) in the definition of p given
in (4), we arrive at

(10)

p = pel [RalKRi b — DI /A = pepa. (1)
That is, the combined correlation coefficient is equal to the prod-
uct of the individual correlation coefficients.

B FDD with Finite Rate Feedback (FDDQ) Svstem
In FDDA(Q, the MS estimates the channel, and quantizes it into
one of C = 28 code words. The index (B bits) of the code
word corresponding to the channel estimate is fed back to the
BS. In this section, we assume T;I\lat the feecy\:)ack channel is error
free [10]-[15]. Let ¥[k — D] = h[k — D]/ ||h[k — D]|, and %[k —
D) = w[k]. Then,

¥k — D] =QFk- D], {12

where @[] is the quantization operator. Using (12} and (3), the
received signal can be written as
ylk] = p/Q/AF [k — DIk — Dspa[k] + o[k],  (13)

where, conditioned on |sp[k]| and the quantized b.v ¥[k —
D), v o~ NC0,0+[snlk]]?(1—[p*)Q). Let ¢ =
[k — D],¥[k — D]}, where {x,y) = x”y. This allows us to
write y[k| as

ylk] = p7/Q/A [k — D]|[Osw[k] + o[K].
Since the MS knows ||h[k — D] and 9, we form the DV as

NP L) BN rcyy W A1)
2 gy = /AR sl + ol

(14)

(15)

Conditioned on s, [k]|, 8 and A, & ~ NC (D, Efsm[k”/ﬂi\z‘x).

Here, A £ |9|2. Since finding the exact pdf of A is rather diffi-
cult, [13] upper bounded A (i.e., lower bounded the average error
performance) by a r.v A, whose pdf is given by

falz) =28(N —1)(1 — )2,

l—yp<z<l1, (16

where ¢ = 2-B/(N-1) Independently, in [15] the authors
showed that (16) is a very accurate approximation to the true pdf
of A. Note that when B — oo, we have ¢ — 0 and (16) reduces
to fa(z) = d(x — 1) [10, 13, 15], where, 4 is the dirac delta
function. In what follows, we use A in place of A. More details
on the construction of the codebook and the proof for derivation
of fa(z) canbe found in [15].
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C TDD System

In a TDD system, the BS can estimate the channel using chan-
nel reciprocity. Accounting for a delay ) between the time of
channel estimation and the time of its actual use, the transmit b.v
is given by (2). Similar to an FDD system, we assume that the
actual channel is jointly Gaussian with the delayed version of the
estimated channel. The received signal y[%] for this system is ex-
actly the same as (5) of the previous FDD approach. However,
for the demodulation of s, [k], the receiver needs the knowledge
of |h[k — D]|, which has to come from a feedback channel be-
tween the BS and the MS. This feedback requirement in TDD
system is counterintuitive to the traditional argument that feed-
back is not required for TDD systems. Assuming ideal knowl-
edge of |[h[k — D]| at the receiver, the DV is again given by (6).

III ERROR PROBABILITY ANALYSIS
In this section, we analyze the average SEP and BEP perfor-
mances of M-PSK with Gray code symbol mapping. Upon ob-
serving (6) and (15), the DV at the demodulation input can be
expressed in a parametric form as

rlk] = fsm k] + £[k] = r1[k] + jrolkl,

where s = /Q/A £ j1 + §p0, and conditioned on [, K],
Band A, £ ~ NC (0, 7(|sm[k]))/ (BA)), where '(z) = (o7, +
(1 —|p|*)z22)/ A. Note that for FDD and TDD schemes, we set
A =1{e., fa(z) = d(z — 1)). On the other hand, for FDDQ
the pdf of A is given by (16).

It is important to note that, due to the presence of signal de-
pendant noise together with the unknown constant s, it is not
possible to borrow the existing error probability expressions that
are available in the literature [20] for PSK, and extend them to the
present case of ICE, delay and finite-rate quantization. This mo-
tivates us to derive the error probability expressions ab initic us-
ing the DV given by (15). We note that the framework developed
here can also be used to derive the average SEP and BEP expres-
sions for rectangular M-QAM constellation. However, as shown
in [23], compared to M-PSK, the analysis is quite involved for
M-QAM as the noise variance changes for each constellation
point (unlike M-PSK) and the decision regions are rotated. The
decision regions are rotated for M-PSK also.

A Average SEP of M-ary PSK Constellation

Since for M-PSK, |s,,[k]| is not a function of the index m, we
then define 3 £ F(|sp[k]]) = (62 + (1 — |p]?) E:S2)/A. For
M-PSK, the DV of interest is the phase angle, ©, of r[k]. Us-
ing the results presented by Pawula et al. in [21], The cdf of
©, conditioned on 4 and A, when 8, = 2mw /M is the trans-
mitted phase, can be expressed as (17) where wy < ws, ¢, is the

21)

phase angle of p, and A = |2 E, /U = [p*/(1 + (1 —[#]*)7),
where v = QF, /o2, is the average received SNR per symbol
with ICE. In (17), Fg|5a (8 A), Pawula’s I function [20] is given
by (18). In (18), sgn(z) = 1 for > 0 and is equal to —1 oth-
erwise. Due to the discontinuity of Fig ga (#; ) of (18) at & = 0,
for evaluating (17) either at wy = 0 or we = 0 we have to use
F(I>|6A(wl = O; ) = —1/2 and F@‘BA(W? = O; ) = 1/2 For
details please refer to [21].

We now derive the average SEP. Upon using the conditional
cdf (17) of © with wy = 8, — /M and wy = 8, + 7/M
and subtracting the result from unity, we can obtain the aver-
age SEP of M-PSK, conditioned on & and A, as (19), which
is valid for |¢,| < #/M' In (19), 4= = 7/M — ¢, and
¢t = 7/M + ¢,. To arrive at the average SEP performance,
we need to average (19) over 2 and A. To reduce the analytical
complications, we note that it is important to take the average
of (19) first over 5 then over A. By averaging (19) over the pdf
of 3 (7), we arrive at (20). For FDD and TDD schemes, the av-
erage SEP is given by ?S,FDD/TDD = F, (1). With FDDQ, the
average SEP can be obtained by averaging (20) over the pdf of
A which is given (16). Consider the following random variable
with parameters that capture the different parameters in (20),

. N
gin? 4

¢
Q(Aacﬁ,b,N):/ (m) dd

(28)

The average of (28) over A, with the pdf defined in (16), can be
performed as shown in (26) and (27). In 27) o1 (-, ;) is
the hypergeometric function [19] and the simplification of (27)
is due to [22]. The final closed form expression for average SEP

P, rppg coincides with the expression in [13].

B Average BEP of M-ary PSK Constellation

We now proceed to derive the average BEP. Our approach to
average BEP analysis is essentially motivated by [24]. Similar
to [24], we define P(k; 3A) as the probability of the received
signal phase, ©, falling in a wedge of width 27 /M centered
around the kth symbol point & = 1,..., M — 1, conditioned
on 8 and A, when Sy = +/E, is the transmitted signal. With the
help of {17y and &,, = 0, P(k; BA) can be expressed as (29)

P(k; BA) = Prob (ek —~ % <O <O+ %;AMM) - (29

To proceed further, let |¢, — 8| > w/A. This allows us to
simplify (29}, using (17) and (18), as (23). Note that when

YWhen |¢p,| > /M. the result of (19) with |¢,| < w/M should be sub-
tracted from unity.
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