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Analysis of Vector Quantizers Using Transformed

Codebooks with Application to Feedback-Based Multiple

Antenna Systems

Jun Zheng, Student Member, IEEE,and Bhaskar D. Rao,Fellow, IEEE

Department of Electrical and Computer Engineering

University of California, San Diego, La Jolla, CA 92093-0407

E-mail: juzheng@ucsd.edu, brao@ece.ucsd.edu

Abstract

Transformed codebooks are often obtained by a transformation of a given codebook, potentially

optimum for a particular set of statistical conditions, to best match the statistical environment at hand.

The procedure, though suboptimal, has recently been suggested for CSI feedback-based multiple antenna

systems with correlated channels because of their simplicity and effectiveness. In this paper, we first

consider the general distortion analysis of vector quantizers with transformed codebooks. Bounds on

the average system distortion of this class of quantizers are provided. It exposes the effects of two

kinds of sub-optimality introduced by the transformed codebook on system performance, which include

the sub-optimal point density loss and the mismatched Voronoi shape. We then focus our attention on

the application of the proposed general framework to providing capacity analysis of a feedback-based

MISO system over spatially correlated fading channels. In particular, with capacity loss as an objective

function, upper and lower bounds on the average distortion of MISO systems with transformed codebooks

are provided and compared to that of the optimal channel quantizers. The expressions are examined to

provide interesting insights in the high and low SNR regime. Numerical and simulation results are

presented which confirm the tightness of the distortion bounds.

Index Terms

MIMO Channel Quantization, Finite-Rate Feedback, Transformed Codebook, Partial CSIT,

Capacity Analysis, Vector Quantization, High-Resolution Distortion Analysis

This research was supported in part by CoRe grant No.02-10109 sponsored by Ericsson and in part by the U. S. Army

Research Office under the Multi-University Research Initiative (MURI) grant # W911NF-04-1-0224.



2

I. I NTRODUCTION

This paper considers MIMO systems with partial channel state information (CSI) available at the

transmitter, where CSI is conveyed from the receiver through a finite-rate feedback link. Recently, several

interesting papers have appeared, proposing design algorithms as well as analytically quantifying the

performance of finite-rate feedback multiple antenna systems [1] - [17]. We briefly discuss some of them

below to provide context to this work.

Mukkavilli et. al. in [1] approximated the channel quantization region corresponding to each code point

based on the channel geometric property and derived a universal lower bound on the outage probability of

quantized MISO beamforming systems with arbitrary number of transmit antennast over i.i.d. Rayleigh

fading channels. Love and Heath in [2] and [3] related the problem to that of Grassmannian line packing

[4]. Results on the density of Grassmannian line packings were derived and used to develop bounds on

the codebook size given a capacity or SNR loss. Xia et. al. in [5] [6], Zhou et. al. in [7] and Roh and Rao

et. al. in [8] [9] approximated the statistical distribution of the key random variable that characterizes

the system performance. The distribution was used to analyze the performance of MISO systems with

limited-rate feedback in the case of i.i.d. Rayleigh fading channels, and closed-form expressions of the

capacity loss (or SNR loss) in terms of feedback rateB and the number of antennast were obtained.

Moreover, Roh et. al. [11] [12] extended the results from MISO channels to the case of MIMO systems

with quantized feedback. Narula et. al. in [13] related the quantization problem to rate distortion theory,

and obtained an approximation to the expected loss of the received SNR due to finite-rate quantization

of the beamforming vectors in an MISO system with a large number of antennast.

The analysis of finite-rate feedback systems has proven to be difficult and all the aforementioned

approaches are case specific, limited to i.i.d. channels, mainly MISO channels, and are hard to extend

to more complicated schemes. Recently, in [18] [19] we developed a general framework for the analysis

of quantized feedback multiple antenna systems using a source coding perspective. The MIMO channel

quantization was formulated as a general finite-rate vector quantization problem with attributes tailored to

meet the general issues that arise in feedback-based communication systems, which include encoder side

information, source vectors with constrained parameterizations, and general non-mean-squared distortion

functions. Asymptotic distortion analysis of the proposed general quantization problem was provided

by extending Bennett’s classic analysis [20] as well as its corresponding vector extensions [21] [22].

By utilizing the proposed general framework, performance analysis of a finite-rate feedback MISO

beamforming system transmitting over spatially correlated Rayleigh flat fading channels using both
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optimal and sub-optimal mismatched channel quantizers was provided in [23] [24].

The general framework developed in [18] [19] is versatile and has the potential for being adapted to deal

with a variety of problems. The methodology, with suitable modifications, is used in this paper to enable

the distortion analysis of a wide class of vector quantizers with transformed codebooks.Transformed

codebooksare often obtained by a transformation of a given codebook, potentially optimum for a particular

set of statistical conditions, to best match the statistical environment at hand. The procedure, though

suboptimal, has recently been suggested for CSI feedback-based multiple antenna systems because of

their simplicity and effectiveness. Love et. al. in [14] and Xia et. al. in [6] proposed a beamforming

codebook design algorithm for correlated MIMO fading channels using a rotation-based transformation

on the codebooks of the beamforming vectors, originally designed for i.i.d. fading channels. The rotation

is derived from the channel correlation matrix. However, to the authors’ knowledge, limited analytical

results are available characterizing the performance of transformed channel quantizers for multiple antenna

systems with finite-rate feedback.

In this paper, we focus our attention on investigating the effects of codebook transformation on the

performance of multiple antenna systems with finite-rate CSI feedback. The contributions of this paper are

twofold. We first consider the general problem of analyzing a vector quantizer with transformed codebook.

Bounds on the average system distortion of this class of quantizers are provided. It exposes the effects

of two kinds of sub-optimality introduced by the transformed codebook on system performance, which

include the sub-optimal point density loss and the mismatched Voronoi shape. We then focus our attention

on the application of the proposed general framework to providing capacity analysis of a feedback-

based MISO system with spatially correlated fading channels using channel quantizers with transformed

codebooks. In particular, using system capacity as the objective function, upper and lower bounds on

the average distortion of MISO systems with transformed codebooks are provided and compared to

that of the optimal channel quantizers. It is shown that the average distortion of CSI quantizers with

transformed codebooks can be upper and lower bounded by a scaling of the distortion of optimal

quantizers. Furthermore, based on numerical and simulation results, the scaling factors are shown to

be close to one for fading channels whose channel covariance matrix has small to moderate condition

numbers.

II. BACKGROUND INFORMATION ON THE GENERALIZED VECTORQUANTIZER

Multiple antenna system with finite-rate CSI feedback was formulated as a generalized fixed-rate vector

quantization problem in [18] [19] and analyzed by adapting tools from high resolution quantization
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theory. In this section, we briefly summarize the asymptotic distortion analysis of the generalized vector

quantizer to facilitate understanding of the extension. Extension of the distortion analysis to quantizers

with transformed codebook and its application to CSI-quantized MISO systems are provided in Section III

- Section V.

A. General Vector Quantization Framework

It is assumed that the source variablex = (y, z) is a two-vector tuple withy ∈ Q representing the

actual quantization variable of dimensionkq andz ∈ Z being the additional side information of dimension

kz. Theencoder side informationz is available at the encoder but not at the decoder. Quantization variable

y and side informationz have joint probability density function given byp (y, z). This paper considers

a fixed-rate (B bits) quantizer withN = 2B quantization levels. Based on a particular source realization

x, the encoder (or the quantizer) represents vectory by one of theN vectorsŷ1, ŷ2, · · · , ŷN , which

form the codebook. The encoding or the quantization process is denoted asŷ = Q(y, z). The distortion

of a finite-rate quantizer is defined asD = Ex

[
DQ

(
y, ŷ ; z

)]
, whereDQ

(
y, ŷ ; z

)
is a generalnon-

mean-squared distortionfunction betweeny and ŷ that is parameterized byz. It is further assumed that

function DQ has a continuous second order derivative (or Hessian matrix w.r.t. toy) Wz(ŷ) with the

(i, j)th element given by

wi,j =
1
2
· ∂2

∂ yi∂ yj
DQ

(
y , ŷ ; z

) ∣∣∣∣
y=ŷ

. (1)

B. Asymptotic Distortion Integral of the General Vector Quantizer

Under high resolution assumptions (largeN ), the asymptotic distortion of a finite-rate feedback system

has been shown to have the following form, which is similar to Bennett’s integral provided in [20] and

its vector extension provided in [21],

D = E
[
DQ

(
y , Q(y, z) ; z

)]
= 2−

2B

kq

∫

Z

∫

Q
I
(
y ; z ; Ez(y)

)
p
(
y, z

)
λ
(
y
)− 2

kq dy d z. (2)

Ez(y) denotes the asymptotic (asN approaches infinity) projected Voronoi cell that containsy with

side informationz and captures the shape attribute of the quantization cell. In equation (2),λ(y), the

point density, is a function representing the relative density of the codepoints such thatλ(y) dy is

approximately the fraction of quantization points in a small neighborhood ofy. FunctionI
(
y ; z ; E

)
is

the normalized inertial profile that represents the asymptotic normalized distortion or the relative distortion

of the quantizerQ at positiony conditioned on side informationz with Voronoi shapeE. It is given by

I
(
y ; z ; E

) 4
=

(∫

y′∈E
dy′

)− 2+kq
kq ·

(∫

y′∈E

(
y′ − y

)T ·Wz(y) · (y′ − y
)

dy′
)

. (3)
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The point density functionλ(y) and the normalized inertial profileI
(
y ; z ; E

)
are the key characteristics

that can be used to describe the behavior of a specific quantizer. Alternately, given a vector quantizer,

one has to find these two functions, as indicated in [19], and the average system distortion can then be

obtained using (3).

C. Minimization of the Distortion Integral

The distortion integral given by equation (2) allows the minimization of the overall distortion by

optimizing the choice of the Voronoi shapeEz(y) and the point density functionλ(y). Firstly, the

normalized inertial profile of an optimal quantizer can be defined as the minimum inertia of all admissible

Voronoi regions (or shapes)Ez(y), i.e.

Iopt
(
y ; z

) 4
= min
Ez(y)∈HQ

I
(
y ; z ; Ez(y)

)
, (4)

whereHQ representing the set of all admissible tessellating polytopes that can tile spaceQz. It is known

that finding the optimal Voronoi region as well as characterizing the exact optimal inertial profile is hard.

However, the inertial profile of any Voronoi shape, including the optimal inertial profile, can be tightly

lower bounded by that of an “M-shaped” hyper-ellipsoid with closed form expression given by

I
(
y ; z ; E

) ≥ Iopt
(
y ; z

)
' Ĩopt

(
y ; z

)
=

kq

kq + 2
·
(∣∣Wz(y)

∣∣
κ2

kq

) 1
kq

, κn =
πn/2

Γ(n/2 + 1)
. (5)

Secondly, by substituting the inertial profile lower bound (5) into the system distortion integral as well

as utilizing the Holder’s inequality to select the optimal point density, the asymptotic distortion of the

generalized finite-rate quantization system can be lower bounded byD̃Low given by

D̃Low = 2−
2B

kq ·
(∫

Q

(
Ĩw

opt(y) · p(
y
)) kq

2+kq dy

) 2+kq
kq

, (6)

where Ĩw
opt

(
y
)

is the average optimal inertial profile defined as

Ĩw
opt

(
y
)

=
∫

Z
Ĩopt

(
y ; z

) · p(
z
∣∣y)

d z . (7)

The optimal point density that minimizes the asymptotic system distortion is given by

λ∗
(
y
)

=
(
Ĩw

opt

(
y
) · p(

y
)) kq

2+kq ·
( ∫

Q

(
Ĩw

opt

(
y
) · p(

y
)) kq

2+kq dy
)−1

. (8)
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D. Distortion Analysis of Constrained Source

The analysis discussed above is for the case that the input sourcey is a free random vector of dimension

kq. In some situations, it is required to quantize thekq-dimensional source vectory ∈ Q subject to a

multi-dimensional constraint functiong(y) = 0 of size kc × 1. In this case, the proposed asymptotic

distortion analysis has been shown to be still valid with some simple modifications. First, the degrees of

freedom iny reduce fromkq to k′q = kq−kc. Second, the sensitivity matrix is replaced by its constrained

versionWc, z(y) given by

Wc, z
(
y
)

= VT
2 ·Wz

(
y
) ·V2 , (9)

whereV2 ∈ Rkq×k′q is an orthonormal matrix with its columns constituting an orthonormal basis for

the null spaceN (
∂

∂ y g(y)
)
. Lastly, the multi-dimensional integrations used in evaluating the average

distortions are over the constrained spaceg(y) = 0.

III. A SYMPTOTIC DISTORTION ANALYSIS OF QUANTIZERS WITH TRANSFORMEDCODEBOOK

In certain situations, the underlying source distributionp(y, z) or the distortion functionDQ of the

source variable varies during the quantization process. It is practically infeasible to design separate

codebooks optimized for every different source distribution and distortion function, or the encoder and

the decoder may not have the ability to store a large number of codebooks. In these situations, it is

convenient to use a quantizer whose codebook is constructed by a transformation of a fixed codebook

based on the current statistical distribution of the source variable. This type of quantizers are generally

called transformed quantizers [25] [26], and have been used in conventional source coding area with a

linear orthogonal transformation followed by a product quantizer. We provide in this subsection an analysis

of the generalized vector quantizer, which is described in Section II, when a transformed codebook is

used. Detailed applications to finite-rate feedback MISO systems with transformed codebook over spatially

correlated fading channels are provided in Section V.

A. Problem Formulation

It is first assumed that all the codebooks are generated from one fixed codebookC0 which is designed

to match source distributionp 0(y, z), and distortion functionD0, Q with sensitivity matrixW0, z(y).

CodebookC0 has a point density given byλ0(y), and a normalized inertial profileI0

(
y; z;E0,z(y)

)
that

is optimized to match the distortion functionD0, Q, with E0,z(y) representing the asymptotic Voronoi cell

that containsy with side informationz. Let the source distribution change top(y, z) from p 0(y, z) and
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the distortion function becomeDQ instead ofD0, Q with sensitivity matrixWz(y) instead ofW0, z(y).

The encoder and decoder are assumed to adopt a transformed codebookC obtained fromC0 by using a

general one-to-one mappingF(·) with both of its domain and codomain in spaceQ, i.e.

C =
{
F(ŷ)

∣∣ ŷ ∈ C0

}
. (10)

B. Sub-optimal Point Density & Sub-optimal Voronoi Shape

Assuming the codebook transformation functionF(·) has continuous first order derivative, two types

of sub-optimality arise when the transformed quantizer is used. One comes from the sub-optimal point

densityλtr(y), which can be derived fromλ0(y) as

λtr(y) =
λ0

(
F−1(y)

)
∣∣Fd

(
F−1(y)

)∣∣ , Fd(y) =
∂ F(y)

∂ y
. (11)

If the source variable is subject tokc constraints given by the vector equationg(y) = 0, the transformed

point density is given by

λc-tr(y) =
λ0

(
F−1(y)

)
∣∣∣V2(y)T · Fd

(
F−1(y)

) ·V2

(
F−1(y)

)∣∣∣
, (12)

whereV2(y) is an orthonormal matrix with its columns constituting an orthonormal basis of the null space

N
(

∂
∂ y g(y)

)
. Compared to the optimal point densityλ∗(y) given by equation (8) which corresponds

the optimally designed codebook,λtr(y) given by equation (11) is always sub-optimal and hence leads

to performance degradation. The other sub-optimality arises from the fixed location of the code points in

the transformed codebookC, in the sense that the Voronoi shape of the transformed code is not matched

to the distortion functionDQ and hence is not optimized to minimize the inertial profile. Note that these

two sub-optimalities, named as point density loss and cell shape loss, were also discussed in [25] in the

setting of the conventional product quantizers and further applied to study the distortion performance of

conventional quantizers with transformed codebooks.

C. Characterizing the Inertial Profile of the Transformed Codebook

Unfortunately, the Voronoi regionEtr,z
(
ŷ′i

)
of the transformed codebook, which is defined to be

Etr,z
(
ŷ′i

) 4
=

{
y

∣∣∣ DQ
(
y, ŷ′i ; z

) ≤ DQ
(
y, ŷ′j ; z

)
, ∀ ŷ′j ∈ C & ŷ′j 6= ŷ′i

}
, ŷ′i ∈ C , (13)

is hard to characterize and depends both on the transformationF as well as the distortion functionDQ.

In order to characterize the effects of the transformed Voronoi shape on the system distortion, lower

and upper bounds of the normalized inertial profile of the transformed code are provided. First, let us
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consider a sub-optimal quantizerQsub(·) with transformed codebookC that uses a sub-optimal encoding

process, given by

ŷ = Qsub
(
y, z

)
= F

(
Q

(
F−1(y) , z

))
, (14)

whereQ(·) is the optimal encoder that matches to distortion functionD0, Q. This sub-optimal encoder

can be viewed as an extension of the “companding” model introduced by Bennett in [20] to the general

vector quantization problem. It was originally used in conventional scalar quantizers, where the encoder

is a combination of a monotonically increasing nonlinear mappingE(x), the compressor, followed by

a uniform quantizer; and the corresponding decoder is composed of a uniform decoder followed by an

inverse mappingE−1, the expander. In the case of the generalized vector quantizer discussed here, the

Voronoi shape of the sub-optimal transformed encoderQsub can be analytically characterized as

Esub,z
(
F(y)

)
=

{
F(y′)

∣∣∣ y′ ∈ E0,z(y)
}

, (15)

whereE0,z(y) is the optimal Voronoi shape of the original codebookC0 corresponding to distortion

functionD0, Q. Due to the sub-optimality of encoderQsub, the normalized inertial profile of the transformed

Voronoi shapeEtr,z(y) is upper bounded by the inertial profile ofEsub,z(y) given by (15), but lower

bounded the inertial profile of the optimal Voronoi shapeEz(y) corresponding to distortion functionDQ.

Proposition 1: Under high resolution assumptions, the approximated inertial profileĨtr
(
F(ŷ) ; z

)
of

a quantizer with transformed codebook can be upper and lower bounded by the following form,

kq

kq + 2
·
(∣∣Wz

(
F(y)

)∣∣
κ2

kq

) 1
kq

= Ĩopt
(
F(y) ; z

) a≤ Ĩtr
(
F(y) ; z

) b≤ Ĩsub
(
F(y) ; z

)

=

∣∣Fd(y)
∣∣− 2

kq

kq + 2
·
(∣∣W0, z

(
y)

∣∣
κ2

kq

) 1
kq· tr

(
W0, z(y)−1 · Fd(y)T ·Wz

(
F(y)

) · Fd(y)
)

. (16)

Furthermore, if the source variable is subject tokc constraints given by the vector equationg(y) = 0,

the constrained inertial profilẽIc-tr
(
F(ŷ) ; z

)
can be similarly bounded by

k′q
k′q + 2

·



∣∣∣V2

(
F(y)

)T ·Wz

(
F(y)

) ·V2

(
F(y)

)∣∣∣
κ2

kq′




1
kq′

= Ĩc-opt
(
F(y) ; z

) a≤ Ĩc-tr
(
F(y) ; z

)

b≤ Ĩc-sub
(
F(y) ; z

)
=

∣∣∣V2

(
F(y)

)T · Fd(y) ·V2(y)
∣∣∣
− 2

k′q

k′q + 2




∣∣∣V2(y)T ·W0, z

(
y) ·V2(y)

∣∣∣
κ2

k′q




1
k′q

·tr
((

V2(y)T ·W0, z(y) ·V2(y)
)−1

·V2(y)T · Fd(y)T ·Wz

(
F(y)

) · Fd(y) ·V2(y)
)

, (17)

whereV2(y) is an orthonormal matrix with its columns constituting an orthonormal basis for the null

spaceN
(

∂
∂ y g(y)

)
.
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Proof: See Appendix A.

D. Distortion Integral of the Transformed Codebook

By substituting the transformed point density (11) and the bounds of the transformed inertial profile

given by (16) into the distortion integration (2), we can upper and lower bound the asymptotic system

distortion of a transformed quantizer by the following form

D̃tr-Low = 2−
2B

kq ·
(∫

Z

∫

Q
Ĩopt

(
y ; z

) · p(
y, z

) · λ tr
(
y
)− 2

kq dy d z
)

≤ D̃tr = 2−
2B

kq ·
(∫

Z

∫

Q
Ĩtr

(
y ; z

) · p(
y, z

) · λ tr
(
y
)− 2

kq dy d z
)

≤ D̃tr-Upp = 2−
2B

kq ·
(∫

Z

∫

Q
Ĩsub

(
y ; z

) · p(
y, z

) · λ tr
(
y
)− 2

kq dy d z
)

. (18)

Similarly, by substituting (12) and (17) into (2), the asymptotic distortion of a constrained quantizer with

transformed codebook is bounded by

D̃c-tr-Low = 2
− 2B

kq′ ·
(∫

Z

∫

Q
Ĩc-opt

(
y ; z

) · p(
y, z

) · λc-tr
(
y
)− 2

k′q dy d z
)

≤ D̃c-tr = 2
− 2B

kq′ ·
(∫

Z

∫

Q
Ĩc-tr

(
y ; z

) · p(
y, z

) · λc-tr
(
y
)− 2

k′q dy d z
)

≤ D̃c-tr-Upp = 2
− 2B

k′q ·
(∫

Z

∫

Q
Ĩc-sub

(
y ; z

) · p(
y, z

) · λc-tr
(
y
)− 2

k′q dy d z
)

. (19)

Similar to conventional product transformed code [25], there exist trade-offs between the two sub-

optimalities: point density loss and Voronoi shape loss. To be specific, it is always possible to find a

transformationF(·) such that the transformed point densityλtr(y) matches exactly the optimal point

densityλ∗(y). However, by doing so, the transformation may cause severe “oblongitis” of the Voronoi

shape in some cases, which will lead to significant increase in the normalized inertial profile. Therefore,

a transformation that optimally balances two types of losses should be employed. This tradeoff is

directly reflected in the distortion bound̃Dtr, Upp where bothĨsub(y ; z) andλ tr(y) in (18) depend on the

transformationF(·). So is distortion bound̃Dc-tr, Upp given by (19).

IV. A NALYSIS OF OPTIMAL MISO CSI QUANTIZERS

By utilizing the high-resolution distortion analysis described in Section II (provided in detail in [18]

and [27]), this section provides a detailed investigation of the capacity loss of a finite-rate CSI-quantized

MISO beamforming system over correlated fading channels.
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A. System Model of MISO Systems with Finite-Rate Feedback

We consider a MISO system, witht transmit antennas and one receive antenna, signaling through a

frequency flat fading channel. The channel model can be represented as

y = hH · x + n , (20)

wherey is the received signal (scalar),n is the additive complex Gaussian noise with zero mean and

unit variance, andhH ∈ C1×t is the correlated1 MISO channel response with distribution given byh ∼
Nc

(
Σh

)
. The transmitted signal vectorx is normalized to have a power constraint given byE

[‖x‖2
]

= ρ,

with ρ representing the average signal to noise ratio at each receive antenna.

In this paper, the channel state informationh is assumed to be perfectly known at the receiver but

only partially available at the transmitter through a finite-rate feedback link ofB bits per channel update

between the transmitter and receiver. To be specific, a quantization codebookC =
{
v̂1, · · · , v̂N

}
, which

is composed of unit-norm transmit beamforming vectors, is assumed known to both the receiver and

the transmitter. Based on the channel realizationh, the receiver selects the best code pointv̂ from the

codebook and sends the corresponding index back to the transmitter. At the transmitter, the unit-norm

vector v̂ is employed as the beamforming vector, i.e.

y = 〈h, v̂〉 · s + n = ‖h‖ · 〈v, v̂〉 · s + n , E
[ |s|2] = ρ . (21)

wherev is the channel directional vector given byv = h/‖h‖. The corresponding ergodic capacity or

the maximum system mutual information rate of the quantized MISO beamforming system is given by

CQ = E
[
log2

(
1 + ρ · ‖h‖2 · |〈v, v̂|2

)]
. (22)

With perfect channel state information available at the transmitter, which corresponds to the case of

infinite rate feedbackB = ∞, it is optimal to choosev = h/‖h‖ as the transmit beamforming vector,

and the corresponding system ergodic capacity is given by

Cp = E
[
log2

(
1 + ρ · ‖h‖2

)]
. (23)

Therefore, the performance of a CSI-feedback-based MISO system can be characterized by the capacity

loss CLoss due to the finite-rate quantization of the transmit beamforming vectors, which is defined as

the expectation of the instantaneous mutual information rate lossCL(h, v̂), i.e.

CLoss = Cp−CQ = E
[
CL(h, v̂)

]
, CL(h, v̂) = − log2

(
1− ρ · ‖h‖2

1 + ρ · ‖h‖2
·
(
1− |〈v, v̂〉|2

))
. (24)

1For the sake of fair comparisons, we normalize the channel covariance matrix such that the mean of the eigen values equals

to one (equal to the i.i.d. channel caseΣ h = It).
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This performance metric was also used in [12] and [19].

B. Distortion Analysis of Optimal MISO Channel Quantizers

By employing the general framework described in Section II, the finite-rate quantized MISO beamform-

ing system can be formulated as a general fixed-rate vector quantization problem [18] [28]. Specifically,

the source variable to be quantized is denoted asv =
[
vT

R , vT
I

]T
of 2t real dimensions withvR andvI

representing the real and imaginary parts of the complex channel directional vectorv. The encoder side

information is denoted asα = ‖h‖2 of dimensionkα = 1 representing the squared norm of the vector

channel. For vectors in the vicinity of̂v (with v̂R andv̂I representing its real and imaginary parts), source

variablev is restricted under the constraint function given by

g
(
v
)

=


 vT

RvR + vT
I vI − 1

vT
Rv̂I − vT

I v̂R


 = 0 , (25)

where the first element represents the norm constraint‖v‖ = 1, and the second element represents the

phase constraint]〈v, v̂〉 = 0. Functiong(v) has sizekc = 2, which leads to the actual degrees of

freedom of the quantization variablev to bek′q = 2t− 2. The instantaneous capacity loss due to effects

of finite-rate CSI quantization is taken to be the system distortion functionDQ(v, v̂ ; α), which is given

by the following form according to the definition given by (24)

DQ(v, v̂ ; α) = CL(h, v̂)
4
= − log2

(
1− ρα

1 + ρα
·
(
1− ∣∣〈v, v̂〉∣∣2

))
. (26)

whereα is the instantaneous channel power given byα = ‖h‖2.

By further utilizing the distortion analysis described in Section II, the optimal normalized inertial

profile of a MISO system is tightly lower bounded by

Ĩc, opt

(
v̂ ; α

)
=

(t− 1) · γ−
1

t−1
t · ρ α

ln 2 · t · (1 + ρ α)
, γt =

πt−1

(t− 1)!
. (27)

And the average system distortion (or capacity loss) of a CSI-quantized MISO system can be lower

bounded by

D̃c-Low (Σh) =


(t− 1) γ

− t

t−1
t · ρ · β1 (ρ, t, Σh)

ln 2 · |Σh|


 · 2− B

t−1 , (28)

whereβ1 (ρ, t, Σh) is a constant coefficient that only depends on the number of antennast, channel

correlation matrixΣh and system SNRρ, and is given by

β1 (ρ, t, Σh) =




∫

v:g(v)=0

((
vHΣ−1

h v
)−(t+1)

· 2F0

(
t + 1, 1; ; − ρ

vHΣ−1
h v

)) t−1
t

dv




t

t−1

,

(29)
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with 2F0( ; ; ) representing the generalized hypergeometric function. The optimal point densityλ∗ (v)

that achieves the minimal distortion is given by

λ∗ (v) = β1 (ρ, t, Σh)
− t−1

t ·
((

vHΣ−1
h v

)−(t+1)
· 2F0

(
t + 1, 1; ; − ρ

vHΣ−1
h v

) ) t−1
t

. (30)

As a special case, when the fading channel responses are spatially uncorrelated, i.e.Σh = It, the

average system distortion has the following form

D̃c-Low =
(

t− 1
ln 2

· 2F0

(
t + 1, 1; ; −ρ

) · ρ
)
· 2− B

t−1 , (31)

with the optimal point densityλ∗ (v) being a uniform distribution given by

λ∗ (v) = γ−1
t , v ∈

{
v

∣∣∣g (v) = 0
}

. (32)

Note that the derivations of the distortion (or capacity loss) analysis for the finite-rate CSI-quantized

MISO beamforming systems provided in this section is brief due to the space limit. Please refer to [19]

and [27] for more details.

V. A NALYSIS OF MISO CSI QUANTIZERS WITH TRANSFORMEDCODEBOOK

In practical situations, the spatial correlation conditions of the fading channel responses may change

during the transmission process. However, for a real system, it is impossible to design different codebooks

optimized for every instantiation of the channel covariance matrix and it might also be infeasible for the

transmitter and receiver to store a large amount of codebooks and use them adaptively. In these cases, it is

convenient to use a channel quantizer whose codebook is generated from a fixed pre-designed codebook

through a transformation parameterized by the channel covariance matrix. By utilizing the distortion

analysis of the transformed codebooks provided in Section III, this section provides an investigation

of the capacity loss of a finite-rate CSI-quantized MISO beamforming system over spatially correlated

fading channels that uses transformed CSI quantizers.

A. Problem of MISO Channel Quantizers with Transformed Codebook

To be specific, supposeC0 is the optimal codebook designed for the i.i.d. MISO fading channels.

When the elements of the fading channel responseh are correlated, i.e.h ∼ Nc(Σh), it is evident that

codebookC0 is no longer optimal. In order to compensate the mismatch betweenC0 and the current

channel statistics, a transformed codebookC can be generated by the following manner,

C =
{

F
(
v̂
) ∣∣∣∣ v̂ ∈ C0

}
, (33)
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whereF(·) is a general non-linear transformation that depends on the channel statistics. Optimization of

the transformationF(·) turns out to be difficult, and hence a simple sub-optimal transformation,

F(v̂) =
Gv̂
‖Gv̂‖ , (34)

was proposed in [6] [14] whereG ∈ Ct×t is a fixed matrix which depends on the channel covariance

matrix Σh. In the next subsection, distortion analysis of CSI-quantizers with transformed codebooks is

provided.

B. Distortion Analysis of Quantizers with Transformed Codebook

First, according to the codebook transformation given by (34), the transformed point density function

λc-tr(v), from equation (12), has the following form

λc-tr(v) = γ−1
t · |Σ|−1 ·

(
vHΣ−1 v

)−t
, Σ = G ·GH . (35)

which is equivalent to the PDF of a unit-norm complex vectorx/‖x‖ with x having complex Gaussian

distributionx ∼ Nc(0, Σ). It is evident that the transformed point density given by (35) does not match

the optimal point density functionλ∗(v) given by (30) in the general case. However, for MISO systems

with a large number of antennas and in high-SNR and low-SNR regimes, it can be shown that the optimal

point densityλ∗(v) reduces to be the source distributionpv(x) given by the following form

lim
t→∞ λ∗(x) = pv (x) = γ−1

t · |Σh|−1 ·
(
xHΣ−1

h x
)−t

. (36)

In this case, by choosing matrixG asG = UΛ
1
2 with matricesU andΛ obtained from the eigen-value

decomposition of the channel covariance matrix, i.e.Σh = UΛUH, one can generate a transformed

codebookC whose point densityλc-tr(v) is equal to the optimal point density functionλ∗(v). Under

this codebook transformation (whent is large), there is no distortion loss caused by the point density

mismatch, though the system suffers from the oblongitis of the Voronoi shape.

By substituting the transformation given by (34) into equation (17), the inertial profile of the trans-

formed codebook with sub-optimal encoderQsub (or encoding process) is given by

Ĩc-sub
(
v ; α

)
=

γ
− 1

t−1
t · ρα · (vH Σ−1 v

)

t · ln 2 · (1 + ρα)
· tr

( (
I − vvH

)
·Σ

)
≥ Ĩc-opt

(
v ; α

)
. (37)

whereĨc-opt
(
v ; α

)
is the optimal inertia profile given by equation (27). It is evident from (37) that except

for unitary rotations of the i.i.d. codebook, any non-trivial transformation of codebookC0 will lead to

mismatched Voronoi shapes and hence causes inertial profile loss. Therefore, a codebook transformation

that makes the best compromise between the point density loss and the inertial profile loss is favored.
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Finding the optimal codebook transformationF that minimizes the system distortion turns out to be a

difficult problem. In this paper, instead of optimizing the overall distortion w.r.t. matrixG, we provide

a distortion analysis of MISO systems with transformed CSI-quantizers using codebooks generated by

the heuristic choiceΣh = G · GH (or2 G = UΛ
1
2 ). To be specific, by substituting the transformed

point density (35) and the transformed inertia profile (37) into the distortion integral given by (19), the

corresponding upper and lower bounds of the average system distortion of a MISO CSI-quantizer with

transformed codebook has the following forms

D̃c-tr-Low =
(t− 1) · |Σh|

1
t−1

ln 2 · t · E




ρ ·
(
hHΣ−1

h h
) t

t−1

(
1 + ρ · ‖h‖2

) · ‖h‖ 2
t−1


 · 2−

B

t−1 , (38)

D̃c-tr-Upp =
|Σh|

1
t−1

ln 2 · t · E




ρ ·
(
hHΣ−1

h h
) 2t−1

t−1 ·
(
t · ‖h‖2 − hHΣh h

)

(
1 + ρ · ‖h‖2

) · ‖h‖ 4t−2
t−1


 · 2−

B

t−1 . (39)

Some numerical experiments were conducted to get a better feel for the utility of the bounds. Fig. 1

shows the system capacity loss due to the finite-rate quantization of the CSI versus feedback rateB for

a 3× 1 MISO system over correlated Rayleigh fading channels under different system SNRs atρ = −10

and20 dB, respectively. The spatially correlated channel is simulated by the correlation model in [29]: A

linear antenna array with antenna spacing of half wavelength, i.e.D/λ = 0.5, uniform angular-spread in

[−30◦, 30◦] and angle of arrivalφ = 0◦. Simulation results of both the optimal designed codebook using

the minimal mean-squared weighted inner product (MSwIP) criterion proposed in [11] as well as the

sub-optimal transformed codebook are plotted. For comparison purpose, distortion lower boundD̃c-tr-Low

given by (38) and the distortion upper bound̃Dc-tr-Upp given by (39) are also included in the plot. It can

be observed from Fig. 1 that the distortion lower boundD̃c-tr-Low is tight and the performance of the CSI

quantizer with transformed codebook is close to that of the optimal codebooks.

C. Performance Comparison with Optimal MISO CSI-Quantizers

In order to assess the sub-optimality caused by codebook transformation, one would like to compare

the system performance in terms of the average distortion of quantizers using transformed codebooks

with that of the optimally designed codebooks. Interestingly, in high-SNR and low-SNR regimes with

a large number transmit antennast, the average system distortion of CSI quantizers with transformed

2Note that the codebook transformation is not unique. Any right unitary rotationG ·P on matrixG, with P ·PH = I, can

generate another codebook transformation (or codebook) with the same performance.
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codebook can be upper and lower bounded by some multiplicative factors of the distortion of optimal

quantizers.

Proposition 2: For MISO systems with a large number of transmit antennas, i.e.t →∞, the following

inequalities are satisfied

D̃ H-dim, H-SNR
c-Low

a= D̃ H-dim, H-SNR
c-tr-Low ≤ D̃ H-dim, H-SNR

c-tr ≤ D̃ H-dim, H-SNR
c-tr-Upp

b≤ c1 · D̃ H-dim, H-SNR
c-Low,1 , (40)

D̃ H-dim, L-SNR
c-Low

a= D̃ H-dim, L-SNR
c-tr-Low ≤ D̃ H-dim, L-SNR

c-tr ≤ D̃ H-dim, L-SNR
c-tr-Upp

b≤ c2 · D̃ H-dim, L-SNR
c-Low,1 , (41)

where the superscript “H-dim” represents the high-dimensional distortion (t large), and “H-SNR” (or

“L-SNR”) represents the distortion in high-SNR (or low-SNR) regimes. In equation (40), the constant

coefficientsc1 andc2 are given by the following form

c1 =

(
δ(t− 2)

λh, 1 · λh, 2
− (t− 1)(t− 2)

t∑

i=1

(
ln λh, i

)
/λ2

h, i∏
k 6=i

(
1− λh, k/λh, i

)
)/

c
t

t−1

1 , (42)

c2 = (t− 1)
t∑

i=1

(
ln λh, i

)
/λh, i∏

k 6=i

(
1− λh, k/λh, i

) . (43)

Proof: See Appendix B.

Note from proposition 2 that constantsc1 and c2 can be viewed as the upper bounds of the penalty

paid for using a transformed codebook instead of the optimal design. Based on the numerical examples,

c1 andc2 are slightly greater than1 for most channels that are not “highly” correlated. This means that

the intuitive choice ofF given in [6] [14] is a fairly good solution especially for cases when the channel

covariance matrix has a relative small condition number.

We plot in Fig. 2 the normalized capacity loss, defined to be the distortion ratio of correlated fading

channels to that of the distortion of i.i.d. fading channels, for a3 × 1 MISO system as a function of

antenna spacingD/λ with both optimal and transformed codebooks. The average system signal to noise

ratio is ρ = −10 dB, and the quantization resolution isB = 10 bits per channel update. For comparison

purpose, the ratio of the distortion bounds, i.e.D̃c-tr-Low(Σh)/D̃c-tr-Low(It) andD̃c-tr-Upp(Σh)/D̃c-tr-Upp(It),

are also included in the plot. It can be observed from Fig. 2 that the analytical bounds agree well with

the obtained simulation results.

In order to demonstrates the tightness of the distortion boundsD̃c-tr-Upp and D̃c-tr-Low in high-SNR

and low-SNR regimes, Fig. 3 plots the constant coefficientc1 and c2 versus the number of transmit

antennast for correlated MISO channels with adjacent antenna spacingD/λ = 0.5. From the plot, it can
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be observed that the performance degradation caused by the transformed codebook is less than10% in

low-SNR regimes and22% in high-SNR regimes for MISO systems with more than10 transmit antennas.

VI. CONCLUSION

This paper extends the high resolution quantization theory approach to study the effects of a finite-

rate MISO CSI-quantizer using transformed codebook transmitting over correlated fading channels. The

contributions of this paper are twofold. First, analysis is provided for a generalized vector quantizer with

transformed codebook. Bounds on the average system distortion of this class of quantizers were provided.

It exposes the effects of two kinds sub-optimality, which include the sub-optimal point density loss and

the mismatched Voronoi shape oblongness. Second, we focused our attention on the application of the

proposed general framework to provide the capacity analysis of a feedback-based MISO system over

correlated fading channels using channel quantizers with transformed codebooks. In particular, upper and

lower bounds on the channel capacity loss of MISO systems with transformed codebooks were provided

and compared to that of the optimal quantizers. It was further proved that the average distortion of CSI

quantizers with transformed codebooks can be upper and lower bounded by some multiplicative factors

of the distortion of optimal quantizers. This factor was shown to be close to one for fading channels

whose channel covariance matrix has small to moderate condition numbers. Numerical and simulation

results were presented which confirm the tightness of the theoretical distortion bounds.
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Appendix A: Proof of Proposition 1

Proof: Due to the fixed location of the code points in the transformed codebookC, which can not

be optimized to minimize the normalized inertial profile, it is evident that the transformed inertial profile

Ĩtr is lower bounded by the optimal inertial profilẽIopt given by equation (5). Hence, inequality(a) in

(16) can be obtained after some manipulations. The same reasonings are valid for inequality(a) in (17)

for the constraint source.
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As for inequality(b) in (16), since functionF(·) is first order continuous, any points in the vicinity

of the transformed code pointF(ŷ) has a first order Taylor series expansion given by

F(y) ≈ F(ŷ) + Fd(ŷ) · (y − ŷ) , Fd(ŷ) =
∂

∂ y

∣∣∣∣
y=ŷ

F(y) . (44)

Moreover, due to the fact theF(·) is a one-to-one mapping, for any pointy′ in the vicinity of F(ŷ), there

exists a unique pointy in the neighborhood of̂y such thaty′ = F(y). Therefore, under high resolutions,

the distortion functionDQ can be expanded around pointF(ŷ) as follows

DQ
(
y′, F(ŷ) ; z

) ≈ (
y′ − F(ŷ)

)T Wz

(
F(ŷ)

) (
y′ − F(ŷ)

)

≈ (y − ŷ)T ·
(
Fd(ŷ)T ·Wz

(
F(ŷ)

) · Fd(ŷ)
)
· (y − ŷ) , (45)

which has quadratic form but with transformed sensitivity matrix. By substituting equation (45) as well

as the Voronoi shape of the sub-optimal encoder given by equation (15) into the definition of the inertial

profile given by (3), we can obtain the following normalized inertial profile of the transformed code with

sub-optimal encoder,

Ĩtr
(
F(ŷ) ; z

) ≤ Ĩsub
(
F(ŷ) ; z

)

=

∣∣Fd(ŷ)
∣∣−2/kq

kq + 2
·
(∣∣W0, z

(
ŷ)

∣∣
κ2

kq

) 1
kq· tr

(
W0,z(ŷ)−1 · Fd(ŷ)T ·Wz

(
F(ŷ)

) · Fd(ŷ)
)

, (46)

which corresponds to inequality(b) in (16).

If the source variable (vector)y is further subject tokc constraintsgiven by the vector equation

g(y) = 0, the distortion functionDQ can be similarly expanded around pointF(ŷ) as

DQ
(
y′, F(ŷ) ; z

) ≈ (y − ŷ)T ·
(
Fd(ŷ)T ·Wz

(
F(ŷ)

) · Fd(ŷ)
)
· (y − ŷ)

= eT ·
(
V2(ŷ)T · Fd(ŷ)T ·Wz

(
F(ŷ)

) · Fd(ŷ) ·V2(ŷ)
)
· e , (47)

wheree is the projected error vector with respect to pointŷ given by

e = V2(ŷ)T · (y − ŷ) . (48)

Similarly, by substituting (47) and the sub-optimal Voronoi shape (15) into the inertial profile definition

(3), we can obtain the sub-optimal inertial profile of the transformed code with constraint source

Ĩtr-c
(
F(ŷ) ; z

)≤ Ĩsub-c
(
F(ŷ) ; z

)
=

∣∣∣V2(ŷ)T · Fd(ŷ) ·V2(ŷ)
∣∣∣
− 2

k′q

k′q + 2




∣∣∣V2(ŷ)T ·W0, z

(
ŷ) ·V2(ŷ)

∣∣∣
κ2

kq




1
kq

·tr
((

V2(ŷ)T ·W0, z(ŷ ·V2(ŷ)
)−1

·V2(ŷ)T · Fd(ŷ)T ·Wz

(
F(ŷ)

) · Fd(ŷ) ·V2(ŷ)
)

, (49)

which corresponds to inequality(b) in (17).
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Appendix B: Proof of Proposition 2

Proof: First, in high-SNR regimes, distortion bounds̃D H-dim, H-SNR
c-tr-Low andD̃ H-dim, H-SNR

c-tr-Upp can be repre-

sented as

D̃ H-dim, H-SNR
c-tr-Low =

(
(t− 1) · |Σh|

1
t−1 · β2

ln 2 · t

)
· 2− B

t−1 ≈ D̃ H-dim, H-SNR
c-Low,1 , (50)

D̃ H-dim, L-SNR
c-tr-Upp ≤

(
(t− 1) · |Σh|

1
t−1 · β3

ln 2 · t

)
· 2− B

t−1 =
(

β3 · β
− t

t−1

2

)
· D̃ H-dim, H-SNR

c-Low,1 , (51)

where coefficientsβ2 andβ3 can be expressed as the expected powers of the ratios of Gaussian quadratic

variables, which are given by

β2 = E

[
hHΣ−1

h h
hH h

]
, β3 = E

[ (
hHΣ−1

h h
hH h

)2
]

. (52)

The moments of ratios of random variables, including central quadratic forms in normal variables, were

investigated in [30], and the results can described by the following integrals

E

[(
X

Y

)n ]
= Γ(n)−1

∫ ∞

0
vn−1M

(n)
X,Y (0,−v) d v , (53)

whereMX,Y (u, v) is the joint moment generating function (m.g.f.) of random variablesX andY , and

M
(n)
X,Y (0,−v) stands for∂nMX,Y (u,−v)/∂vn evaluated atu = 0. Therefore, by settingX = hHΣ−1

h h

andY = hH h, the joint m.g.f. of variablesX andY can be represented as

MX,Y (u, v) =
1

det
(
I − (

u · I + v ·Σh
)) =

(
t∏

k=1

(1− u− v · λh,k)

)−1

. (54)

By substituting the joint m.g.f. given by equation (54) into the integration (53) withn = 1, coefficient

β2, after some manipulations, has the following closed-form expression

β2 = (t− 1)
t∑

i=1

(
ln λh, i

)
/λh, i∏

k 6=i

(
1− λh, k/λh, i

) . (55)

Finally, by substituting (55) into equation (50), equality (a) of (40) is proved. With similar reasoning, by

substituting the joint m.g.f. (54) into equation (53) withn = 2, coefficientβ3 is obtained. Correspondingly,

a closed-form expression of coefficientc1 = β3 · β
− t

t−1

2 , given by equation (42), can also be obtained,

and inequality(b) of (40) is proved.

Similarly, in Low-SNR regimes, distortion bounds̃D H-dim, L-SNR
c-tr-Low and D̃ H-dim, L-SNR

c-tr-Upp has the following

forms

D̃ H-dim, L-SNR
c-tr-Low =

(
(t− 1) · |Σh|

1
t−1 · β4 · ρ

ln 2

)
· 2− B

t−1 = β4 · D̃ H-dim, L-SNR
c-Low,1 , (56)

D̃ H-dim, L-SNR
c-tr-Upp ≤

(
(t− 1) · |Σh|

1
t−1 · β5 · ρ

ln 2

)
· 2− B

t−1 = β5 · D̃ H-dim, L-SNR
c-Low,1 , (57)
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where the coefficientsβ4 andβ5 are given by

β4 = E

[
hHΣ−1

h h
t

]
, β5 = E

[ (
hHΣ−1

h h
)2

t · hH h

]
. (58)

From equation (58), it is evident thatβ4 = 1, and hence the equality(a) of equation (41) can be proved.

Moreover, by extending the results of the moments of the quadratic forms provided in [30], the following

expectation can be obtained after some manipulations

E

[
X2

Y

]
=

∫ ∞

0

∂2 MX,Y (u,−v)
∂ u2

∣∣∣∣
u=0

d v , (59)

Therefore, by settingX = hHΣ−1
h h andY = hH h, and substituting the joint m.g.f. given by equation

(54) into the integration (59), coefficientβ5 can be obtained. It is equivalent to coefficientc2 given by

equation (43), and hence the inequality (b) of (41) can be proved.
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Fig. 1. Capacity loss of a3×1 correlated MISO system with normalized antenna spacingd = D/λ = 0.5 versus CSI feedback

rateB using different channel quantization codebooks (Optimal codebook vs Transformed codebook).
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