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Abstract

Transformed codebooks are often obtained by a transformation of a given codebook, potentially
optimum for a particular set of statistical conditions, to best match the statistical environment at hand.
The procedure, though suboptimal, has recently been suggested for CSI feedback-based multiple antenna
systems with correlated channels because of their simplicity and effectiveness. In this paper, we first
consider the general distortion analysis of vector quantizers with transformed codebooks. Bounds on
the average system distortion of this class of quantizers are provided. It exposes the effects of two
kinds of sub-optimality introduced by the transformed codebook on system performance, which include
the sub-optimal point density loss and the mismatched Voronoi shape. We then focus our attention on
the application of the proposed general framework to providing capacity analysis of a feedback-based
MISO system over spatially correlated fading channels. In particular, with capacity loss as an objective
function, upper and lower bounds on the average distortion of MISO systems with transformed codebooks
are provided and compared to that of the optimal channel quantizers. The expressions are examined to
provide interesting insights in the high and low SNR regime. Numerical and simulation results are

presented which confirm the tightness of the distortion bounds.

Index Terms

MIMO Channel Quantization, Finite-Rate Feedback, Transformed Codebook, Partial CSIT,

Capacity Analysis, Vector Quantization, High-Resolution Distortion Analysis
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I. INTRODUCTION

This paper considers MIMO systems with partial channel state information (CSI) available at the
transmitter, where CSl is conveyed from the receiver through a finite-rate feedback link. Recently, several
interesting papers have appeared, proposing design algorithms as well as analytically quantifying the
performance of finite-rate feedback multiple antenna systems [1] - [17]. We briefly discuss some of them
below to provide context to this work.

Mukkavilli et. al. in [1] approximated the channel quantization region corresponding to each code point
based on the channel geometric property and derived a universal lower bound on the outage probability of
guantized MISO beamforming systems with arbitrary number of transmit antérowas i.i.d. Rayleigh
fading channels. Love and Heath in [2] and [3] related the problem to that of Grassmannian line packing
[4]. Results on the density of Grassmannian line packings were derived and used to develop bounds on
the codebook size given a capacity or SNR loss. Xia et. al. in [5] [6], Zhou et. al. in [7] and Roh and Rao
et. al. in [8] [9] approximated the statistical distribution of the key random variable that characterizes
the system performance. The distribution was used to analyze the performance of MISO systems with
limited-rate feedback in the case of i.i.d. Rayleigh fading channels, and closed-form expressions of the
capacity loss (or SNR loss) in terms of feedback rBtand the number of antennasvere obtained.
Moreover, Roh et. al. [11] [12] extended the results from MISO channels to the case of MIMO systems
with quantized feedback. Narula et. al. in [13] related the quantization problem to rate distortion theory,
and obtained an approximation to the expected loss of the received SNR due to finite-rate quantization
of the beamforming vectors in an MISO system with a large number of anténnas

The analysis of finite-rate feedback systems has proven to be difficult and all the aforementioned
approaches are case specific, limited to i.i.d. channels, mainly MISO channels, and are hard to extend
to more complicated schemes. Recently, in [18] [19] we developed a general framework for the analysis
of quantized feedback multiple antenna systems using a source coding perspective. The MIMO channel
guantization was formulated as a general finite-rate vector quantization problem with attributes tailored to
meet the general issues that arise in feedback-based communication systems, which include encoder side
information, source vectors with constrained parameterizations, and general non-mean-squared distortion
functions. Asymptotic distortion analysis of the proposed general quantization problem was provided
by extending Bennett's classic analysis [20] as well as its corresponding vector extensions [21] [22].
By utilizing the proposed general framework, performance analysis of a finite-rate feedback MISO

beamforming system transmitting over spatially correlated Rayleigh flat fading channels using both



optimal and sub-optimal mismatched channel quantizers was provided in [23] [24].

The general framework developed in [18] [19] is versatile and has the potential for being adapted to deal
with a variety of problems. The methodology, with suitable modifications, is used in this paper to enable
the distortion analysis of a wide class of vector quantizers with transformed codefwaksformed
codebooksre often obtained by a transformation of a given codebook, potentially optimum for a particular
set of statistical conditions, to best match the statistical environment at hand. The procedure, though
suboptimal, has recently been suggested for CSI feedback-based multiple antenna systems because of
their simplicity and effectiveness. Love et. al. in [14] and Xia et. al. in [6] proposed a beamforming
codebook design algorithm for correlated MIMO fading channels using a rotation-based transformation
on the codebooks of the beamforming vectors, originally designed for i.i.d. fading channels. The rotation
is derived from the channel correlation matrix. However, to the authors’ knowledge, limited analytical
results are available characterizing the performance of transformed channel quantizers for multiple antenna
systems with finite-rate feedback.

In this paper, we focus our attention on investigating the effects of codebook transformation on the
performance of multiple antenna systems with finite-rate CSI feedback. The contributions of this paper are
twofold. We first consider the general problem of analyzing a vector quantizer with transformed codebook.
Bounds on the average system distortion of this class of quantizers are provided. It exposes the effects
of two kinds of sub-optimality introduced by the transformed codebook on system performance, which
include the sub-optimal point density loss and the mismatched Voronoi shape. We then focus our attention
on the application of the proposed general framework to providing capacity analysis of a feedback-
based MISO system with spatially correlated fading channels using channel quantizers with transformed
codebooks. In particular, using system capacity as the objective function, upper and lower bounds on
the average distortion of MISO systems with transformed codebooks are provided and compared to
that of the optimal channel quantizers. It is shown that the average distortion of CSI quantizers with
transformed codebooks can be upper and lower bounded by a scaling of the distortion of optimal
quantizers. Furthermore, based on numerical and simulation results, the scaling factors are shown to
be close to one for fading channels whose channel covariance matrix has small to moderate condition

numbers.

Il. BACKGROUND INFORMATION ON THE GENERALIZED VECTOR QUANTIZER

Multiple antenna system with finite-rate CSI feedback was formulated as a generalized fixed-rate vector

guantization problem in [18] [19] and analyzed by adapting tools from high resolution quantization



theory. In this section, we briefly summarize the asymptotic distortion analysis of the generalized vector
qguantizer to facilitate understanding of the extension. Extension of the distortion analysis to quantizers
with transformed codebook and its application to CSl-quantized MISO systems are provided in Section Il

- Section V.

A. General Vector Quantization Framework

It is assumed that the source varialble= (y, z) is a two-vector tuple withy € Q representing the
actual quantization variable of dimensibpandz < Z being the additional side information of dimension
k.. Theencoder side information is available at the encoder but not at the decoder. Quantization variable
y and side informatiorz have joint probability density function given ky(y,z). This paper considers
a fixed-rate B bits) quantizer withV = 25 quantization levels. Based on a particular source realization
x, the encoder (or the quantizer) represents vegttny one of theN vectorsyi,ys,---,yn, Which
form the codebook. The encoding or the quantization process is denofee- a3(y, z). The distortion
of a finite-rate quantizer is defined d% = Ey [DQ(y,y; z)} where Dqg(y,y; z) is a generahon-
mean-squared distortiofunction betweery andy that is parameterized k. It is further assumed that
function Dg has a continuous second order derivative (or Hessian matrix w.rst) & ,(y) with the

(i, 7)™ element given by
62
0yi0y;

(1)

1 ~
Wij =5 Do(y.y;2)

B. Asymptotic Distortion Integral of the General Vector Quantizer

Under high resolution assumptions (lary@, the asymptotic distortion of a finite-rate feedback system
has been shown to have the following form, which is similar to Bennett’s integral provided in [20] and

its vector extension provided in [21],

D=B[Do(y. Qe a)] =275 [ [ 12 By, ) Fdydn @

E.(y) denotes the asymptotic (&8 approaches infinity) projected Voronoi cell that contagnsvith
side informationz and captures the shape attribute of the quantization cell. In equation(§2), the
point density, is a function representing the relative density of the codepoints such(3haty is
approximately the fraction of quantization points in a small neighborhood &lunctionI(y; z; E) is
the normalized inertial profile that represents the asymptotic normalized distortion or the relative distortion

of the quantizer® at positiony conditioned on side informatioa with Voronoi shapek. It is given by

2+kq

I(y;z;E) 2 </y/€Edy/> K </y€E & -y) W)y -y) dy/) : 3)



The point density function\(y) and the normalized inertial profilb(y; Z; IE) are the key characteristics
that can be used to describe the behavior of a specific quantizer. Alternately, given a vector quantizer,
one has to find these two functions, as indicated in [19], and the average system distortion can then be

obtained using (3).

C. Minimization of the Distortion Integral

The distortion integral given by equation (2) allows the minimization of the overall distortion by
optimizing the choice of the Voronoi shaf,(y) and the point density function(y). Firstly, the
normalized inertial profile of an optimal quantizer can be defined as the minimum inertia of all admissible

Voronoi regions (or shape#),(y), i.e.

Iopt(y 5 2) = E,(I;I)igﬁq I(y;z; Eu(y)) , (4)
where’Hq representing the set of all admissible tessellating polytopes that can tile @pattds known
that finding the optimal Voronoi region as well as characterizing the exact optimal inertial profile is hard.
However, the inertial profile of any Voronoi shape, including the optimal inertial profile, can be tightly
lower bounded by that of an “M-shaped” hyper-ellipsoid with closed form expression given by

n/2

- k [Way)|\ % m
R . > . _ Q . —
I(y7 Z; E) Z Iopt(Ya Z) ~ IOpt(Ya Z) - kq + 9 < /iiq ) ) Kn F(TL/Z + 1) . (5)

Secondly, by substituting the inertial profile lower bound (5) into the system distortion integral as well
as utilizing the Holder’s inequality to select the optimal point density, the asymptotic distortion of the

generalized finite-rate quantization system can be lower boundda &y given by

24 kq

Diow=2"" - </@ (IMOVVrJt(y) -p(y))‘“k'iq dy) ! , (6)

wherefo"vpt(y) is the average optimal inertial profile defined as

fz\JNpt(Y) :/Z TCth(y; z) -p(z} y) dz . (7)

The optimal point density that minimizes the asymptotic system distortion is given by

¥ = (sl .p(y)>2$q ' </@ (o) 'P(Y))%dyyl - (8)



D. Distortion Analysis of Constrained Source

The analysis discussed above is for the case that the input spig@efree random vector of dimension
kq. In some situations, it is required to quantize thedimensional source vectgr € Q subject to a
multi-dimensional constraint functiog(y) = 0 of size k¢ x 1. In this case, the proposed asymptotic
distortion analysis has been shown to be still valid with some simple modifications. First, the degrees of
freedom iny reduce fromkq to ka = kq— kc. Second, the sensitivity matrix is replaced by its constrained
versionW¢ ,(y) given by
We(y) = Vi -Wa(y) Va2, 9)

where V, € R***a js an orthonormal matrix with its columns constituting an orthonormal basis for
the null space/\/(% g(y)). Lastly, the multi-dimensional integrations used in evaluating the average

distortions are over the constrained spag¢g) = 0.

[11. ASYMPTOTIC DISTORTION ANALYSIS OF QUANTIZERS WITH TRANSFORMEDCODEBOOK

In certain situations, the underlying source distributjgiy,z) or the distortion functionDq of the

source variable varies during the quantization process. It is practically infeasible to design separate
codebooks optimized for every different source distribution and distortion function, or the encoder and

the decoder may not have the ability to store a large number of codebooks. In these situations, it is
convenient to use a quantizer whose codebook is constructed by a transformation of a fixed codebook
based on the current statistical distribution of the source variable. This type of quantizers are generally
called transformed quantizers [25] [26], and have been used in conventional source coding area with a
linear orthogonal transformation followed by a product quantizer. We provide in this subsection an analysis

of the generalized vector quantizer, which is described in Section I, when a transformed codebook is
used. Detailed applications to finite-rate feedback MISO systems with transformed codebook over spatially

correlated fading channels are provided in Section V.

A. Problem Formulation

It is first assumed that all the codebooks are generated from one fixed cod&pabiich is designed
to match source distributiop(y, z), and distortion functionDp g with sensitivity matrix Wy ,(y).
CodebookCy has a point density given by, (y), and a normalized inertial profil&)(y;z;EQz(y)) that
is optimized to match the distortion functidng, o, with Eq ,(y) representing the asymptotic Voronoi cell

that containgy with side informationz. Let the source distribution change 6y, z) from py(y, z) and



the distortion function becom®q instead ofDg o with sensitivity matrixW,(y) instead ofW ,(y).
The encoder and decoder are assumed to adopt a transformed codebbiained fromCy by using a

general one-to-one mappirdg(-) with both of its domain and codomain in spagei.e.

c={FE) |yec}. (10)

B. Sub-optimal Point Density & Sub-optimal Voronoi Shape

Assuming the codebook transformation functBf) has continuous first order derivative, two types
of sub-optimality arise when the transformed quantizer is used. One comes from the sub-optimal point
density \y(y), which can be derived from(y) as

-1
Atr(y)——/\o () ,  Faly) = Lt/

~ |Fa(F-(y)) oy
If the source variable is subject t@ constraints given by the vector equatigfy) = 0, the transformed

(11)

point density is given by
_ Xo (F~'(y))
Va(y)T - Fa(F-1(y)) - V2 (F(y))|

whereV,(y) is an orthonormal matrix with its columns constituting an orthonormal basis of the null space

Actr(y)

(12)

N (% g(y)). Compared to the optimal point density(y) given by equation (8) which corresponds

the optimally designed codebooky(y) given by equation (11) is always sub-optimal and hence leads

to performance degradation. The other sub-optimality arises from the fixed location of the code points in
the transformed codebodk in the sense that the Voronoi shape of the transformed code is not matched
to the distortion functionDg and hence is not optimized to minimize the inertial profile. Note that these
two sub-optimalities, named as point density loss and cell shape loss, were also discussed in [25] in the
setting of the conventional product quantizers and further applied to study the distortion performance of

conventional quantizers with transformed codebooks.

C. Characterizing the Inertial Profile of the Transformed Codebook

Unfortunately, the Voronoi regioEmZ(%) of the transformed codebook, which is defined to be
NN ~ ~ ~ o ~
Bua(5) 2 {¥| Doly. 9:0) < Doy F5i2). veC & 45}, siec, ()

is hard to characterize and depends both on the transformBtas well as the distortion functiohq.
In order to characterize the effects of the transformed Voronoi shape on the system distortion, lower

and upper bounds of the normalized inertial profile of the transformed code are provided. First, let us



consider a sub-optimal quantiz€s,(-) with transformed codebook that uses a sub-optimal encoding

process, given by
7= ulv.z) = F(O(F () 2) ) (14

where Q(-) is the optimal encoder that matches to distortion functiay)g. This sub-optimal encoder
can be viewed as an extension of the “companding” model introduced by Bennett in [20] to the general
vector quantization problem. It was originally used in conventional scalar quantizers, where the encoder
is a combination of a monotonically increasing nonlinear mapgilig), the compressor, followed by
a uniform quantizer; and the corresponding decoder is composed of a uniform decoder followed by an
inverse mapping=—!, the expander. In the case of the generalized vector quantizer discussed here, the

Voronoi shape of the sub-optimal transformed encadgj, can be analytically characterized as

Esuhz (F<Y)) = {F(y,)

Y € Bou(y)} (15)

where Ey ,(y) is the optimal Voronoi shape of the original codeba@k corresponding to distortion
function Dy, . Due to the sub-optimality of encod&s,p, the normalized inertial profile of the transformed
Voronoi shapeEy ,(y) is upper bounded by the inertial profile @k.,(y) given by (15), but lower
bounded the inertial profile of the optimal Voronoi shdpgy) corresponding to distortion functiaBq.
Proposition 1: Under high resolution assumptions, the approximated inertial prﬁa‘i(&?‘(?); z) of

a quantizer with transformed codebook can be upper and lower bounded by the following form,

qu12.<‘WZ$(Y))‘>kq — Iw(F®)iz) £ L(Fy)iz) € Luw(Fy);z)
F i Wy 2 M
_ ‘Zgﬁz .C Z%@M>.t4“hdw—LFdwTWNAF@DJ%WD- (16)

Furthermore, if the source variable is subjectktoconstraints given by the vector equatigfly) = O,

the constrained inertial profil;lNSC_tr (F(y); z) can be similarly bounded by

K (VQ(F@))T-WZ(F(y)) -v2(F<y>>) ’“ . -

a

T = Ieopt(F(y);2z) < Iow(F(y);2)

. ‘VQ(F(Y))T ,Fd(y) .VQ(y) 71%6‘ ‘Vg(y)T 'WO,z(y) V2(Y)‘ ’%&
< Ic-sub(F(Y)S Z) =

K+ 2

tr (Vo) Woialy) - Vale)) Val) Faly) T+ Wa(F) - Foy) - Valy) ) o (07)

whereVy(y) is an orthonormal matrix with its columns constituting an orthonormal basis for the null
space\ <% g(y)).



Proof: See Appendix A. ]

D. Distortion Integral of the Transformed Codebook

By substituting the transformed point density (11) and the bounds of the transformed inertial profile
given by (16) into the distortion integration (2), we can upper and lower bound the asymptotic system

distortion of a transformed quantizer by the following form
Dutow =2 % ([ [ Tanlys2)-ply2) -Aaly) % dy da)
< Dy—o </Z /@ To(y:2) - ply. 2) Aoly) % dy dz)
fa </Z /@ Lo (v 2) - p(y, 2) - Au(y) 7 dy dZ> ~ (18)

< 5tr-Upp =2 "
Similarly, by substituting (12) and (17) into (2), the asymptotic distortion of a constrained quantizer with

transformed codebook is bounded by
Deirlow=2 " - ( /Z /@ Toopt(y:2) 1y 2) - Aew(y) ™ dy dZ>
<Dew=2 0 ([ [ Tewlyia) ply. ) denly)  dy da)
< Devpp=2 ([ [ Tennlyin) a2 deuly) Faydz) . @9

Similar to conventional product transformed code [25], there exist trade-offs between the two sub-
optimalities: point density loss and Voronoi shape loss. To be specific, it is always possible to find a
transformationF(-) such that the transformed point density(y) matches exactly the optimal point
density \*(y). However, by doing so, the transformation may cause severe “oblongitis” of the Voronoi
shape in some cases, which will lead to significant increase in the normalized inertial profile. Therefore,
a transformation that optimally balances two types of losses should be employed. This tradeoff is
directly reflected in the distortion boudﬁtr,upp where bothfsub(y; z) and Ay (y) in (18) depend on the

transformationF'(-). So is distortion boun(ﬁc_tryupp given by (19).

IV. ANALYSIS OF OPTIMAL MISO CSI QUANTIZERS

By utilizing the high-resolution distortion analysis described in Section Il (provided in detail in [18]
and [27]), this section provides a detailed investigation of the capacity loss of a finite-rate CSI-quantized

MISO beamforming system over correlated fading channels.
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A. System Model of MISO Systems with Finite-Rate Feedback

We consider a MISO system, withtransmit antennas and one receive antenna, signaling through a

frequency flat fading channel. The channel model can be represented as
y=h"-x+n, (20)

wherey is the received signal (scalan), is the additive complex Gaussian noise with zero mean and
unit variance, anch™ € C'*? is the correlatetMISO channel response with distribution given hy~
Nc(Zh). The transmitted signal vectaris normalized to have a power constraint givenmy|x||?] = p,

with p representing the average signal to noise ratio at each receive antenna.

In this paper, the channel state informatibnis assumed to be perfectly known at the receiver but
only partially available at the transmitter through a finite-rate feedback link bfts per channel update
between the transmitter and receiver. To be specific, a quantization cod@b@({wl, e ,?/N}, which
is composed of unit-norm transmit beamforming vectors, is assumed known to both the receiver and
the transmitter. Based on the channel realizatigrihe receiver selects the best code pairfrom the
codebook and sends the corresponding index back to the transmitter. At the transmitter, the unit-norm

vectorv is employed as the beamforming vector, i.e.

wherev is the channel directional vector given ky= h/|/h||. The corresponding ergodic capacity or

the maximum system mutual information rate of the quantized MISO beamforming system is given by

Cq = E|logy (1+p- ]2 |(v.91) ] . (22)
With perfect channel state information available at the transmitter, which corresponds to the case of

infinite rate feedback3 = o, it is optimal to chooser = h/||h| as the transmit beamforming vector,

and the corresponding system ergodic capacity is given by

Co=B|logy (1+p-n)?)] . (23)
Therefore, the performance of a CSl-feedback-based MISO system can be characterized by the capacity

loss Cqss due to the finite-rate quantization of the transmit beamforming vectors, which is defined as

the expectation of the instantaneous mutual information ratedp$h, v), i.e.
Clos= Cp=Co = E[CLb9)]. CLlhow) = —tog, (1= 2B (1 jvwip) ) - oo
L+ p-|h]

IFor the sake of fair comparisons, we normalize the channel covariance matrix such that the mean of the eigen values equals

to one (equal to the i.i.d. channel caXe, = I).
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This performance metric was also used in [12] and [19].

B. Distortion Analysis of Optimal MISO Channel Quantizers

By employing the general framework described in Section Il, the finite-rate quantized MISO beamform-
ing system can be formulated as a general fixed-rate vector quantization problem [18] [28]. Specifically,
the source variable to be quantized is denote® as [vy, v,T]T of 2¢ real dimensions withvg andv,
representing the real and imaginary parts of the complex channel directional vedtbe encoder side
information is denoted as = ||h||? of dimensionk, = 1 representing the squared norm of the vector
channel. For vectors in the vicinity &f (with vg andv, representing its real and imaginary parts), source

variablev is restricted under the constraint function given by

g(v) = VEjR - VT'Tj' o, (25)
VRVI — V| VR
where the first element represents the norm constfaifit= 1, and the second element represents the
phase constraink(v,v) = 0. Functiong(v) has sizek; = 2, which leads to the actual degrees of
freedom of the quantization variableto be &; = 2t — 2. The instantaneous capacity loss due to effects
of finite-rate CSI quantization is taken to be the system distortion funddgfv, v ; «), which is given
by the following form according to the definition given by (24)
A

Do(v, ¥; @) = CL(h,¥) £ —log, (1 - io‘pa : (1 — (v, v>\2)> . (26)

wherea is the instantaneous channel power givenabs: ||h||%.
By further utilizing the distortion analysis described in Section II, the optimal normalized inertial

profile of a MISO system is tightly lower bounded by

1

_ N (t_l)"}/t_t_l pa 7.rt71
"'°F’t(v’o‘) m2-t-(L+pa) TG 27)
And the average system distortion (or capacity loss) of a CSl-quantized MISO system can be lower
bounded by
n o (t_l)’Yt_:p/BI(pat72h) —%
Dc-Low (Zh) = n2 - |Eh| 2 ; (28)

where 3, (p, t, Xy) is a constant coefficient that only depends on the number of anteénmdsmnnel

correlation matrix3, and system SNR, and is given by

t

t—1

—(t+1) p v
b, ) = Hy -1 : F<t+1,1;;—> d ,
B (P h) /V:g(v)O ((V h V) Py al) VH2E1V v
(29)
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with o Fy(; ; ) representing the generalized hypergeometric function. The optimal point derigity

that achieves the minimal distortion is given by

t—1

X (v) = Bi(p, t, Zn) T - ((VHErTlV)_(tH) -2 Fp (t+ 11 —p)> t : (30)

VHEh_l v
As a special case, when the fading channel responses are spatially uncorrelatgg, =el;, the

average system distortion has the following form

~ t—1 __B_
Deow = <m2 QFO(t+1v L —P) 'ﬂ) S20 T (31)

with the optimal point densitp\* (v) being a uniform distribution given by

M (V) =91, ve{v‘g(v):O}. (32)

Note that the derivations of the distortion (or capacity loss) analysis for the finite-rate CSl-quantized
MISO beamforming systems provided in this section is brief due to the space limit. Please refer to [19]

and [27] for more details.

V. ANALYSIS OF MISO CSI QUANTIZERS WITH TRANSFORMED CODEBOOK

In practical situations, the spatial correlation conditions of the fading channel responses may change
during the transmission process. However, for a real system, it is impossible to design different codebooks
optimized for every instantiation of the channel covariance matrix and it might also be infeasible for the
transmitter and receiver to store a large amount of codebooks and use them adaptively. In these cases, it is
convenient to use a channel quantizer whose codebook is generated from a fixed pre-designed codebook
through a transformation parameterized by the channel covariance matrix. By utilizing the distortion
analysis of the transformed codebooks provided in Section lll, this section provides an investigation
of the capacity loss of a finite-rate CSI-quantized MISO beamforming system over spatially correlated

fading channels that uses transformed CSI quantizers.

A. Problem of MISO Channel Quantizers with Transformed Codebook

To be specific, suppos€, is the optimal codebook designed for the i.i.d. MISO fading channels.
When the elements of the fading channel respdnsee correlated, i.eh ~ N (X)), it is evident that
codebook(y is no longer optimal. In order to compensate the mismatch betWgeand the current

channel statistics, a transformed codeb@o&an be generated by the following manner,

c— { F (%)

oeco} , (33)
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whereF(-) is a general non-linear transformation that depends on the channel statistics. Optimization of
the transformatior¥(-) turns out to be difficult, and hence a simple sub-optimal transformation,

Gv

F¥)= v
NN

(34)

was proposed in [6] [14] wher& € C'*! is a fixed matrix which depends on the channel covariance
matrix 3. In the next subsection, distortion analysis of CSl-quantizers with transformed codebooks is

provided.

B. Distortion Analysis of Quantizers with Transformed Codebook

First, according to the codebook transformation given by (34), the transformed point density function

Aer(V), from equation (12), has the following form
1 —t
doulv) =7 = (ViETY) L S=66R (35)

which is equivalent to the PDF of a unit-norm complex vectgfix|| with x having complex Gaussian
distributionx ~ A;(0, X). It is evident that the transformed point density given by (35) does not match
the optimal point density function*(v) given by (30) in the general case. However, for MISO systems
with a large number of antennas and in high-SNR and low-SNR regimes, it can be shown that the optimal

point densityA*(v) reduces to be the source distributipy(x) given by the following form

—t
lim A (x) =py(x) =7 1|2 (xHEgl x) . (36)

t—o0
In this case, by choosing matri® asG = U A: with matricesU and A obtained from the eigen-value
decomposition of the channel covariance matrix, 3. = U A U", one can generate a transformed
codebookC whose point density\..4(v) is equal to the optimal point density functioxi(v). Under
this codebook transformation (whenis large), there is no distortion loss caused by the point density
mismatch, though the system suffers from the oblongitis of the Voronoi shape.
By substituting the transformation given by (34) into equation (17), the inertial profile of the trans-

formed codebook with sub-optimal encod@g,, (or encoding process) is given by

R
—1

v T pa- (VHE_lv)
t-In2-(1+ pa)

E:-sub(VS 04) =

-tr<(1—va) -2) > Teop(v; @) . (37)

where /. opt (v; a) is the optimal inertia profile given by equation (27). It is evident from (37) that except
for unitary rotations of the i.i.d. codebook, any non-trivial transformation of codeldgokill lead to
mismatched Voronoi shapes and hence causes inertial profile loss. Therefore, a codebook transformation

that makes the best compromise between the point density loss and the inertial profile loss is favored.
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Finding the optimal codebook transformatibnthat minimizes the system distortion turns out to be a
difficult problem. In this paper, instead of optimizing the overall distortion w.r.t. ma@jxwe provide
a distortion analysis of MISO systems with transformed CSI-quantizers using codebooks generated by
the heuristic choice&, = G - GH (or? G = UA%). To be specific, by substituting the transformed
point density (35) and the transformed inertia profile (37) into the distortion integral given by (19), the
corresponding upper and lower bounds of the average system distortion of a MISO CSl-quantizer with

transformed codebook has the following forms

1 Hyv—1 ﬁ
~ (1) p (ny ) =
Degriown = B 3 $2 1 (38)
2 (14 - ) -
B = |ﬁ - (hH2E1h> =1 (t- |h||2 — hH=, h) L
De.trupp ] h2 : i3 (2T (39)
n2-t (L+p-[h)?) -]

Some numerical experiments were conducted to get a better feel for the utility of the bounds. Fig. 1
shows the system capacity loss due to the finite-rate quantization of the CSI versus feedbatkorate
a3 x 1 MISO system over correlated Rayleigh fading channels under different system SRs-at0
and20 dB, respectively. The spatially correlated channel is simulated by the correlation model in [29]: A
linear antenna array with antenna spacing of half wavelengthDi/@.= 0.5, uniform angular-spread in
[—30°,30°] and angle of arrivalp = 0°. Simulation results of both the optimal designed codebook using
the minimal mean-squared weighted inner product (MSwIP) criterion proposed in [11] as well as the
sub-optimal transformed codebook are plotted. For comparison purpose, distortion lowerlopngl,
given by (38) and the distortion upper bouﬁd-tr.upp given by (39) are also included in the plot. It can
be observed from Fig. 1 that the distortion lower bofmir-mw is tight and the performance of the CSI

quantizer with transformed codebook is close to that of the optimal codebooks.

C. Performance Comparison with Optimal MISO CSI-Quantizers

In order to assess the sub-optimality caused by codebook transformation, one would like to compare
the system performance in terms of the average distortion of quantizers using transformed codebooks
with that of the optimally designed codebooks. Interestingly, in high-SNR and low-SNR regimes with

a large number transmit antenngsthe average system distortion of CSI quantizers with transformed

Note that the codebook transformation is not unique. Any right unitary rotatiorP on matrix G, with P - P = I, can

generate another codebook transformation (or codebook) with the same performance.
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codebook can be upper and lower bounded by some multiplicative factors of the distortion of optimal

guantizers.

Proposition 2: For MISO systems with a large humber of transmit antennag, e, the following

inequalities are satisfied

H-dim, H-SNR @ H-dim, H-SNR H- d|m H-SNR H-dim, H-SNR H-dim, H-SNR

DcLow DctrLow <D <DctrUpp <C DcLowl ’ (40)
H-dim, L-SNR @ H-dim, L-SNR H- dlm L-SNR H-dim, L-SNR H-dim, L-SNR

Dc Low Dc tr-Low < D < Dc tr-Upp < C2 - Dc Low,1 ) (41)

where the superscript “H-dim” represents the high-dimensional distortidardge), and “H-SNR” (or
“L-SNR") represents the distortion in high-SNR (or low-SNR) regimes. In equation (40), the constant

coefficientse; andcy are given by the following form

(-2 s (Indna) /R .
= <>\h1‘)\h2 (t—1)(¢ 2);Hk¢i(1—)\h,k//\h,i) /61 ; (42)

ln/\h@ /)\hZ
co = (t—1) E .
Hk;él 1_)‘h k/)\h z)

(43)

Proof: See Appendix B. ]

Note from proposition 2 that constants and ¢, can be viewed as the upper bounds of the penalty
paid for using a transformed codebook instead of the optimal design. Based on the numerical examples,
c1 andcy are slightly greater that for most channels that are not “highly” correlated. This means that
the intuitive choice off* given in [6] [14] is a fairly good solution especially for cases when the channel
covariance matrix has a relative small condition number.

We plot in Fig. 2 the normalized capacity loss, defined to be the distortion ratio of correlated fading
channels to that of the distortion of i.i.d. fading channels, far:a 1 MISO system as a function of
antenna spacin@ /X with both optimal and transformed codebooks. The average system signal to noise
ratio isp = —10 dB, and the quantization resolution &= 10 bits per channel update. For comparison
purpose, the ratio of the distortion bounds, i&..Low(2h)/De-tr-Low(I:) and De.-upp(En)/ De-tr-upp(Lr),
are also included in the plot. It can be observed from Fig. 2 that the analytical bounds agree well with
the obtained simulation results.

In order to demonstrates the tightness of the distortion bo@@supp and f)c-tr_LOW in high-SNR
and low-SNR regimes, Fig. 3 plots the constant coefficignand ¢, versus the number of transmit

antennag for correlated MISO channels with adjacent antenna spabiflg = 0.5. From the plot, it can
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be observed that the performance degradation caused by the transformed codebook is [EE% than

low-SNR regimes and2% in high-SNR regimes for MISO systems with more thHantransmit antennas.

VI. CONCLUSION

This paper extends the high resolution quantization theory approach to study the effects of a finite-
rate MISO CSl-quantizer using transformed codebook transmitting over correlated fading channels. The
contributions of this paper are twofold. First, analysis is provided for a generalized vector quantizer with
transformed codebook. Bounds on the average system distortion of this class of quantizers were provided.
It exposes the effects of two kinds sub-optimality, which include the sub-optimal point density loss and
the mismatched Voronoi shape oblongness. Second, we focused our attention on the application of the
proposed general framework to provide the capacity analysis of a feedback-based MISO system over
correlated fading channels using channel quantizers with transformed codebooks. In particular, upper and
lower bounds on the channel capacity loss of MISO systems with transformed codebooks were provided
and compared to that of the optimal quantizers. It was further proved that the average distortion of CSI
guantizers with transformed codebooks can be upper and lower bounded by some multiplicative factors
of the distortion of optimal quantizers. This factor was shown to be close to one for fading channels
whose channel covariance matrix has small to moderate condition numbers. Numerical and simulation

results were presented which confirm the tightness of the theoretical distortion bounds.
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Appendix A:  Proof of Proposition 1

Proof: Due to the fixed location of the code points in the transformed codeBpwakich can not
be optimized to minimize the normalized inertial profile, it is evident that the transformed inertial profile
I, is lower bounded by the optimal inertial proﬁf'épt given by equation (5). Hence, inequality) in
(16) can be obtained after some manipulations. The same reasonings are valid for inéquatitf17)

for the constraint source.
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As for inequality (b) in (16), since functior¥(-) is first order continuous, any points in the vicinity
of the transformed code poidt(y) has a first order Taylor series expansion given by

_9
dy y=y
Moreover, due to the fact thE(-) is a one-to-one mapping, for any powitin the vicinity of F(y), there

Fiy)F(y)+Fay)-y-¥),  Fuy) F(y) . (44)

exists a unique poing in the neighborhood of such thaty’ = F(y). Therefore, under high resolutions,

the distortion functionDg can be expanded around poifty) as follows

Do(y . F(3):iz) ~ (v -F@F) W.(F) (¥ -F(F))
~ (-9 (Fa@) Wa(F®) - Fa®) - (v = 9) - (45)
which has quadratic form but with transformed sensitivity matrix. By substituting equation (45) as well
as the Voronoi shape of the sub-optimal encoder given by equation (15) into the definition of the inertial

profile given by (3), we can obtain the following normalized inertial profile of the transformed code with

sub-optimal encoder,

In (F(3); 2) < Isw(F(3); 2)
R <»Wo,z(§>\

kg + 2 W, )kq"“(wovz@)‘l~Fd<§>T-Wz(F<§>)-Fd@)), (46)

which corresponds to inequality) in (16).
If the source variable (vectory is further subject tok; constraintsgiven by the vector equation

g(y) = 0, the distortion functionDg can be similarly expanded around polfty) as
Do(y' . F§):2) ~ (v-9) (Fu@® W,(F) Fu(¥)) - (v - 9)
= ¢ (V@) Fo®)" W, (F()) - Ful3) - Vo)) e , (47)
wheree is the projected error vector with respect to pgingiven by
e=Vo(¥)" (y-9) - (48)

Similarly, by substituting (47) and the sub-optimal Voronoi shape (15) into the inertial profile definition

(3), we can obtain the sub-optimal inertial profile of the transformed code with constraint source

z) _ )V26’\)T -Fa(y) ~V2(§)‘_k2ﬁ (VQ(S’\)T . WO,z(i’\) V2(§)) =

Tirc (F(Sf\) ; Z) < Tsubc (F(§) ; K+ 2 K2
g ka

tr ((Va@)T - Woal Va(d)) - Va)T Fold)T - WalF(§) - Ful®) - Va()) . (49)

which corresponds to inequality) in (17). [ ]
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Appendix B: Proof of Proposition 2

Proof: First, in high-SNR regimes, distortion boundi 4™ H-SNR gng pHdim, H-SNR can be repre-

tr-Low c-tr-Upp
sented as
i ) ST B s ~ham
DCHtELn;WH SNR — ( ) | : | ) Jrt ~ DCHL%I\;'VT’I,J-H SNR , (50)
In2-t
~ i L. t—1)-|Sh™ -85\ .5 N
D(:'-_'tEIJ:)’pL SNR S ( ) | : | N R — /83 . ,82 . DC|:|LC(|)I\AnI:IiH SNR , (51)
In2-t¢
where coefficients, and (s can be expressed as the expected powers of the ratios of Gaussian quadratic
variables, which are given by
hie 'h hiEh)’
—F|—=h = =F| (| —=h — . 52
B2 { i ] ; B3 ( L > (52)

The moments of ratios of random variables, including central quadratic forms in normal variables, were

investigated in [30], and the results can described by the following integrals
E[(‘;() } :F(n)_l/ VM0, ) dw (53)

0
where Mx y (u,v) is the joint moment generating function (m.g.f.) of random variatfeandY’, and

M)(?) (0, —v) stands ford” Mx y (u, —v)/0v™ evaluated at: = 0. Therefore, by setting = h"=, ' h

andY = h" h, the joint m.g.f. of variablesy andY can be represented as

1 i -
M u,v) = = l—u—v-A . 54
v (s0) det (1 (- Itu- zh)> (,};[1( h’k)> &9

By substituting the joint m.g.f. given by equation (54) into the integration (53) with 1, coefficient

(-, after some manipulations, has the following closed-form expression

o t (InAns) /A,
DY e (s

Finally, by substituting (55) into equation (50), equality (a) of (40) is proved. With similar reasoning, by

(55)

substituting the joint m.g.f. (54) into equation (53) with= 2, coefficientss is obtained. Correspondingly,
a closed-form expression of coefficient = 33 - ﬂ;i, given by equation (42), can also be obtained,

and inequality(b) of (40) is proved.

Similarly, in Low-SNR regimes, distortion boundsi4T: =" and DA SN® has the following
forms
= H-dim, L-SNR (t—1)- S0/ - Ba-p\ _= = H-dim, L-SNR
Dc—tr—ll_rgw = ( In2 ‘271 = By Dc-L()Ile ’ (56)
IO t—1)-|Sh|7T - Bsp s IR
DC}—_ltE{Snp‘pL SNR S (( ) | ln’2 .27 — /85 . ‘Dcl—-iL%l\llrvr?iL SNR , (57)
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where the coefficients, and 35 are given by

hHEhlh]

=F
: s

1 2

)
b [ t-hFh

From equation (58), it is evident thai = 1, and hence the equality) of equation (41) can be proved.
Moreover, by extending the results of the moments of the quadratic forms provided in [30], the following

expectation can be obtained after some manipulations

E X72 _/oo 82MX,Y(U7_U)
Y - 0 6U2

dv , (59)

u=0

Therefore, by setting{ = hHZ}h*1 h andY = h""h, and substituting the joint m.g.f. given by equation
(54) into the integration (59), coefficiert; can be obtained. It is equivalent to coefficieptgiven by

equation (43), and hence the inequality (b) of (41) can be proved.
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Distortion (Capacity Loss) Analysis of 3x 1 MISO System with Tranformed Codebook

—k— Simu, Transformed Codebook
—%— Simu, Optimal Codebook
. —O— - Analysis, D

c—tr-Low

. =~ Analysis, D

Capacity Loss (Bit/Channel Use)

1 2 3 4 5 6 7 8 9 10
Feedback Rate B

Fig. 1. Capacity loss of 8 x 1 correlated MISO system with normalized antenna spadirgD /A = 0.5 versus CSI feedback

rate B using different channel quantization codebooks (Optimal codebook vs Transformed codebook).
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Distortion Comparison of (Channel distribution) Mismatched CSI Quantizers
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. =@O-  Analysis, Mismatched Codebook, DC_”_Upp(Zh)/ D(It)

0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2
Adjacent Antenna Distance D/A

Fig. 2. Normalized capacity loss (w.r.t. the capacity loss of uncorrelated fading channels) comparigorn bMISO transmit

beamforming with optimal and transformed codebooks versus antenna sga€ig/, in low SNR regimes 4 = —10 dB).
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Tightness of Distortion Bounds of the Transformed Codebook

1.55 T T T T
15} | —e— c,, for Low-SNR regimes ||
—o—C,, for High—SNR regimes
1.45F : - ‘
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d= DI\ =05
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2 4 6 8 10 12
Numer of Transmit Antennas, t

1.05

Fig. 3. Demonstration of the tightness of the distortion boumds..ow and Dc.q.upp for a MISO system using transformed

codebook over correlated fading channels with different number of transmit antennas of antenna épading = 0.5.



