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Performance of Alamouti Space-Time Code in
Time-Varying Channels with Noisy Channel

Estimates
Jittra Jootar, James R. Zeidler and John G. Proakis

Department of Electrical & Computer Engineering, University of California, San Diego, La Jolla, CA 92093-0407
Emails: jjootar@ucsd.edu, zeidler@ece.ucsd.edu, proakis@ece.ucsd.edu

Abstract— In this paper, we derive the theoretical performance
of the Alamouti space-time code in time-varying Rayleigh fading
channels with noisy channel estimates. The receiver algorithms
presented in this paper are the maximum-likelihood (ML) symbol
detector with the linear combining scheme, which was suggested
by Alamouti [1], and the ML space-time decoder. The bit error
probability for the linear combining scheme and the sequence
error probability for the ML space-time decoder are presented
as functions of the pilot filter coefficients, the multi-path power
profile, the normalized Doppler frequency, the pilot SNR and
the data SNR. We also compare the bit error performance of the
linear combining scheme with the bit error performance of the
system without transmit diversity. The results indicate that the
Alamouti space-time code with the linear combining scheme is
outperformed by the no transmit diversity system at high Doppler
frequency or low pilot SNR.

I. INTRODUCTION

Over the last decade, space-time coding has gained attention
both from the research community, as seen in a large number
of space-time code related papers published, and the industrial
community, where several space-time coding schemes are in-
cluded as parts of future wireless communication standards. In
this paper, we focus on the simple space-time code suggested
by Alamouti [1], which was adopted as the space-time transmit
diversity (STTD) mode in the 3rd generation UMTS-WCDMA
standard [2]. In [1], Alamouti also suggested a low complexity
linear combining scheme which, under the assumptions of
perfect channel state information (CSI) and quasi-static chan-
nels, can completely eliminate the interference from the other
symbol in the codeword. As the result, this linear combiner
can be used with the ML-symbol detector to achieve the same
performance as the maximum-ratio combining (MRC) of the
diversity branches, which is also equal to the performance of
the more complicated ML space-time decoder [1], [3].

When the channels are not quasi-static, however, the inter-
ference is not completely eliminated by the linear combiner
(with perfect CSI) causing a performance degradation [4],
[5]. Under this condition, the ML symbol detector with an
interference suppression scheme or the ML space-time decoder
should be used to mitigate the effect from the time-varying
fading channels [3], [4]. In addition to impairing the system

This research was supported by Core Grant No. 02-10109 sponsored by
Ericsson.

performance through the interference, the time-varying fading
also impairs the system through channel estimation error.
When the channels fade rapidly at a high Doppler frequency,
the channel estimates derived from the received pilot signals
become more unreliable, thus degrading the performance of
the coherent detection scheme. It has been shown that, when
the noisy channel estimates are used, the linear combining
scheme cannot correctly eliminate the signal contribution from
the other symbol resulting in interference even in the quasi-
static channels [5]–[10].

Given the close relationship between the Doppler frequency
and the channel estimation error and also their effects on the
interference in the STTD system, it is desirable to evaluate
the performance of the STTD system by taking into account
these factors. Previous studies have focused on one of these
factors in isolation, e.g., in [3] the authors derived the an-
alytical performance of a zero-forcing linear detector and a
decision-feedback detector assuming perfect CSI and rapid-
fading channels. In addition, an analysis assuming imperfect
CSI in quasi-static fading channels was presented in [6]–
[9]. In this paper, the the objective is to generalize the
existing analyses by providing the theoretical performance of
the STTD system assuming imperfect CSI and rapid-fading
channels. Two detection schemes are considered in this paper,
namely, the low complexity ML symbol detector with the linear
combining scheme and the high complexity ML space-time
decoder.

This paper is organized as follows. Section II describes the
system model. The performance analysis for the linear com-
bining scheme and the ML space-time decoder are presented
in section III. Discussions of the results and conclusions are
presented in section IV and section V, respectively.

II. SYSTEM MODEL

The system under consideration is a downlink BPSK DS-
CDMA system with two transmit antennas at the base station
and one receive antenna at the mobile station. There are two
pilot sequences, one from each transmit antenna, where each
antenna uses a distinct orthogonal code. There are also two
data sequences but, unlike the pilot sequences, both transmit
antennas use the same orthogonal code for the data sequences.
For simplicity, we also assume that the pilot channels and the
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data channels have the same spreading gain, which results in
the symbol period τ .

The channels are assumed to be time-varying Rayleigh
fading channels, where the fading coefficients are assumed to
be zero-mean circularly symmetric complex Gaussian random
variables. With sufficient transmit antenna spacing, the fading
from different transmit antennas are assumed to be uncorre-
lated. When the channels are frequency-selective fading, we
assume that each resolvable path fades independently and
the multi-path interference is negligible due to sufficiently
large spreading gain and good correlation-properties of the
scrambling codes.

III. PERFORMANCE ANALYSIS

For the rest of this paper, the following notation will be
used. The lowercase bold letter denotes a column vector and
the uppercase bold letter denotes a matrix. The superscripts
∗, T,H denote the complex conjugate, the matrix transpose
and the matrix hermitian, respectively. The matrix determinant
is denoted by |.| while the square identity and the square zero
matrices of size n are denoted by In, 0n, respectively.

Without loss of generality, we consider only a two-symbol
period of the system. The transmitted sequence using the
modified Alamouti space-time code or STTD as specified in
the UMTS-WCDMA standard [2] is shown in table I. Note
that, since we consider BPSK, the complex conjugate can be
ignored.

Assuming that the transmit energy per data symbol is Es

and the transmit energy per pilot symbol is 1, (equivalent to
Es/2 and 1/2 per antenna, respectively), the baseband repre-
sentation of the received signals assuming that the channels
are flat-fading can be expressed as

rs =

[
rs,1

r∗s,2

]
=

√
Es

2

[
α1 −β1

β∗
2 α∗

2

] [
s1

s∗2

]
+

[
ns,1

n∗
s,2

]

r1
p,i =

1√
2
αi + n1

p,i → r1
p,i = [r1

p,i−M .. r1
p,i .. r1

p,i+M ]T

r2
p,i =

1√
2
βi + n2

p,i → r2
p,i = [r2

p,i−M .. r2
p,i .. r2

p,i+M ]T ,

(1)

where the subscript i, p and s indicate the time index, the pilot
channel and the data channel, respectively. The superscripts 1
and 2 indicate the parameters associated with the first antenna
and the second antenna, respectively. The noise n1

p,i, n2
p,i

and ns,i are assumed to be zero-mean circularly symmetric
complex white Gaussian noise with variance σ2

p, σ2
p and σ2

s ,
respectively. The fading coefficients αi and βi, corresponding
to the links from the first transmit antenna and the second
transmit antenna, respectively, are uncorrelated with identical
autocorrelation σ2

cR(m), where R(0) is normalized to unity.

TABLE I

MODIFIED ALAMOUTI SPACE-TIME CODE

Symbol time Antenna 1 Antenna2

1 s1 −s∗2
2 s2 s∗1

At the receiver, the channel estimation is performed by
(2M + 1)-tap FIR filters (one filter for each resolvable path).
The channel estimates, which are the output of the pilot filters,
can be expressed as

α̂i = hHr1
p,i, β̂i = hHr2

p,i, (2)

where the vector h denotes the pilot filter coefficients
[hM .. h0 .. h−M ]T .

A. Linear combing scheme

The linear combining scheme suggested by Alamouti [1]
can be written in the vector form[

z1

z∗2

]
=

[
α̂∗

1 β̂2

−β̂∗
1 α̂2

]
rs =

√
Es

2
G

[
s1

s∗2

]
+

[
ñs,1

ñs,2

]
,

(3)
where ñs,1 = α̂∗

1ns,1 + β̂2n
∗
s,2, ñs,2 = −β̂∗

1ns,1 + α̂2n
∗
s,2 and

G =
[

α1α̂
∗
1 + β∗

2 β̂2 α∗
2β̂2 − β1α̂

∗
1

β∗
2 α̂2 − α1β̂

∗
1 β1β̂

∗
1 + α∗

2α̂2

]
. (4)

Note that in the case of perfect CSI and quasi-static chan-
nels, where the linear combining scheme can eliminate the
interference completely, G reduces to

Gperfect =
[ |α1|2 + |β1|2 0

0 |α1|2 + |β1|2
]

(5)

with α1 = α2 and β1 = β2 [1].
Without loss of generality, we assume that s1 = s2 = 1.

Also, since the bit error probability of the first symbol and
the bit error probability of the second symbol are the same,
we will consider only the first symbol. From (3), the output
of the linear combiner corresponding to the first symbol is
z1 = α̂∗

1rs,1 + β̂2r
∗
s,2. The real part of z1 can be written in the

quadratic form Re[z1] = xHQx, where

x = [rs,1 rs,2 α̂1 β̂2]T , Q =
1
2

[
02 I2
I2 02

]
. (6)

Using the ML symbol detector, an error occurs when Re[z1]
or xHQx is less than zero. The bit error probability Pb can
then be expressed as

Pb = Pr
[
xHQx < 0

]
. (7)

Since x is a zero-mean correlated complex Gaussian random
vector, the characteristic function of xHQx can be written as
[11]

ΦRe[z1](s) = |I4 − 2sΣQ|−1, (8)

where Σ denotes the covariance matrix of x. From (1) and
(2), the expression for the covariance matrix Σ can be found
after some math

Σ =
[

A C
CH B

]
, (9)

where
A = Esσ

2
c

(
1 + γ̄−1

s

)
I2,

B = σ2
c hH

(
D0

2
+ γ̄−1

p I2M+1

)
h I2,

C =
√

Es σ2
c

2

[
wH

0 h −wH
1 h

wH
−1h wH

0 h

]
,

(10)
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γ̄p = σ2
c/σ2

p denotes the average pilot SNR or pilot Ep/No and
γ̄s = Esσ

2
c/σ2

s denotes the average data SNR or data Eb/No.
De denotes a square matrix of size 2M + 1 with De(i, j) =
R((e + i − j)τ) and we is the (M + 1)th column of De.

Knowing Σ, Pb can be evaluated by using the eigenvalues of
2ΣQ (λi, i = 1, ..., 4) [12] and the residue theorem described
as follows.

Pb = − 1
2πj

∫ ∞+jε

−∞+jε

1
v

∏4
i=1(1 − jvλi)

dv (11)

= −Res[Φz(s)/s at LHP poles], (12)

where Res[f(s) at a] denotes the residue of f(s) at s = a.
The residue can be calculated by

Res
[
f(s) at a

]
= lim

s→a

p(n−1)(s)
(n − 1)!

, (13)

where p(s) = (s − a)nf(s) and pn(s) denotes the nth

derivative of p(s). Alternatively, Pb can be found numerically
by the Gauss-Chebyshev approximation [13]

Pb ≈ 1
2n

n∑
k=1

(Re[Φz(c + jcτk)] + τkIm[Φz(c + jcτk)]) ,

(14)
where τk = tan((2k−1)π/2n) and, in general, n between 32
and 64 is sufficient [13].

Although our analysis allows any values of h, for simplicity,
the (2M + 1)-tap Wiener filter will be used throughout as an
example in this paper. Using the Wiener filter as the pilot filter,
the filter coefficients become

h =
1√
2

(
D0

2
+ γ̄−1

p I2M+1

)−1

w0. (15)

Substituting h from (15) into (10), we get

Σ = σ2
c




Es

(
1 + γ̄−1

s

)
I2

√
Es

8

[
ε0 −ε1

ε1 ε0

]
√

Es

8

[
ε0 ε1

−ε1 ε0

]
ε0

2
I2


 , (16)

where

ε0 = wH
0

(
D0/2 + γ̄−1

p I2M+1

)−1
w0

ε1 = wH
1

(
D0/2 + γ̄−1

p I2M+1

)−1
w0.

(17)

After some math, the eigenvalues of 2ΣQ are found to be
λ1 = σ2

cε0(1+Υ−1) and λ2 = σ2
cε0(1−Υ−1), both with the

multiplicity of 2 with

Υ =

(
4(1 + γ̄−1

s )
ε0

−
(

ε1

ε0

)2
)−1/2

. (18)

From (17) and (18), it can be proven that the poles of the
characteristic function are 1/λ1 and 1/λ2 with 1/λ2 in the
LHP and 1/λ1 in the RHP. Pb is then equal to minus the
residue of Φ(s)/s at 1/λ2. Using the fact that the residue is
invariant to the scaling of the poles (see appendix for proof),

the compact form of the bit error probability can be calculated
as follows

Pb = lim

s→
σ2

cε0

λ2

d

ds




(
s − σ2

cε0

λ2

)2

s
(
1 − sλ1

σ2
cε0

)2(1 − sλ2

σ2
cε0

)2




=
1
4

(2 + Υ) (1 − Υ)2

. (19)

For a sanity check, we compare our result in (19) with the
perfect CSI result in the existing papers by setting γ̄p → ∞.
This results in ε0 = 2, ε1 = 2R(τ) = 2R(−τ) and

Υ =
(
2 + 2/γ̄s − R2(τ)

)−1/2
. (20)

In the limit when R(τ) = 0 (very fast fading) or 1 (static
channel) with perfect CSI, (19) and (20) reduce to

R(τ) = 1 → Pb =
1

4

(
2 +

√
γ̄s

γ̄s + 2

) (
1 −

√
γ̄s

γ̄s + 2

)2

(21)

R(τ) = 0 → Pb =
1

4

(
2 +

√
γ̄s

2γ̄s + 2

) (
1 −

√
γ̄s

2γ̄s + 2

)2

(22)
Note that (21) agrees with the result derived in [3], [9].

Although the bit error probability of s1 and s2 are equal,
they are not independent. The approach suggested here does
not lead to the exact sequence error probability of [s1 s2].
Nevertheless, the upper bound of the error probability of the
code sequence [s1 s2], P2 can be found by the union bound
of the bit error probability of s1 and s2, i.e.,

P2 ≤ 2Pb. (23)

B. ML space-time decoder

The ML space-time decoder is the optimal decoder. It
chooses the codeword, which is the most likely to be trans-
mitted given the received signals. Without loss of generality,
we assume that the transmitted sequence is [s1 s2] = [1 1].
Let P[ŝ1 ŝ2] be the probability that the ML space-time decoder
picks [ŝ1 ŝ2] given the transmitted sequence [1 1]. The union
bound of the sequence error, which is the summation of all
possible error patterns, can be written as

P2 ≤ P[1 −1] + P[−1 1] + P[−1 −1]. (24)

Let P̃1 = P[1 −1], P̃2 = P[−1 1] and P̃3 = P[−1 −1]. The
probabilities P̃i can be simplified to:

P̃i = Pr
(
Re

[
zi

]
< 0

)
, (25)

where

z1 = −
√

Es

2

(
rs,1β̂

∗
1 − rs,2α̂

∗
2

)
+

Es

2

(
α̂1β̂

∗
1 − α̂2β̂

∗
2

)

z2 =

√
Es

2

(
rs,1α̂

∗
1 + rs,2β̂

∗
2

)
+

Es

2

(
α̂1β̂

∗
1 − α̂2β̂

∗
2

)

z3 =

√
Es

2
rs,1(α̂1 − β̂1)∗ +

√
Es

2
rs,2(α̂2 + β̂2)∗
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Using the same approach used in subsection III-A, we let

xML = [rs,1 rs,2

√
Es

2 α̂1

√
Es

2 α̂2

√
Es

2 β̂1

√
Es

2 β̂2]T . The

metric Re[zi] corresponding to each error pattern can then be
written in the quadratic form Re[zi] = xH

MLQixML, where

Q1 =
1
2




0 0 0 0 −1 0
0 0 0 1 0 0
0 0 0 0 1 0
0 1 0 0 0 −1
−1 0 1 0 0 0
0 0 0 −1 0 0




(26)

Q2 =
1
2




0 0 1 0 0 0
0 0 0 0 0 1
1 0 0 0 1 0
0 0 0 0 0 −1
0 0 1 0 0 0
0 1 0 −1 0 0




(27)

Q3 =
1
2




0 0 1 0 −1 0
0 0 0 1 0 1
1 0 0 0 0 0
0 1 0 0 0 0
−1 0 0 0 0 0
0 1 0 0 0 0




(28)

The covariance matrix of xML can be shown to reduce to

ΣML =


 AML CML DML

CH
ML BML 02

DH
ML 02 BML


 , (29)

where

AML = Esσ
2
c (1 + γ̄−1

s ) I2

BML =
Esσ

2
c

2


 hH

(
D0

2
+ γ̄−1

p δ0

)
h hH

(
D−1

2
+ γ̄−1

p δ−1

)
h

hH

(
D1

2
+ γ̄−1

p δ1

)
h hH

(
D0

2
+ γ̄−1

p δ0

)
h




CML =
Esσ

2
c

2
√

2

[
wH

0 h wH
1 h

wH
−1h wH

0 h

]

DML =
Esσ

2
c

2
√

2

[ −wH
0 h −wH

1 h
wH

−1h wH
0 h

]
(30)

and δe is a square matrix of size 2M + 1 with ones on the
eth diagonal (command diag([1 . . . 1], e) in matlab), we and
De are the same as defined before.

Equipped with Qi and ΣML, P̃i can be calculated using
the residue theorem or the Gauss-Chebyshev approximation
approach similar to the ones described in subsection III-A.

C. Multi-path

Assuming that all paths fade independently and there is no
multi-path interference, the extension from the single-path to
the multi-path is straight forward. The characteristic function
of Re[z] (or Re[zi]) of the multi-path channels is basically
the product of the characteristic functions of all paths. The
error probability can be found using the residue theorem or
the Gauss-Chebyshev approximation suggested before. Also,
in order to make a fair comparison, the fading variance should
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Fig. 1. The effect of speed, pilot Ep/N0 and data Eb/N0 on P2

be normalized such that the sum of the fading variance in the
multi-path case is equal to the fading variance in the flat-fading
case, i.e.,

∑L
l=1 σ2

c,l = σ2
c , where σ2

c,l is the fading variance
of the lth path, and σ2

c is the fading variance in the flat-fading
case.

IV. RESULTS

In this section, we present numerical examples to illustrate
the effect of the Doppler spread and the channel estimation
error on the performance of STTD. Throughout this section,
we assume that the fading autocorrelation function is the
zeroth-order Bessel function of the first kind J0(2πfDτ),
which is derived from Jakes’ PSD [14], with fD being the
Doppler frequency. The pilot filter is assumed to be the Wiener
filter optimized corresponding to the pilot Ep/No and the
fading correlation.

Fig. 1 and 2 show the performance bounds of the linear
combining scheme as shown in (23) and the ML space-
time decoder as shown in (24), respectively, with the circles
representing the simulation results. Comparing the simulation
results and the analytical bounds, the bounds are shown to be
reasonably tight especially at low P2. Comparing fig. 1 and 2,
we can see that the ML space-time decoder performs better
than the linear combining scheme, especially at high Doppler
frequency, high pilot Ep/No and high data Eb/No.

The effect of the channel estimation error on the system
with no transmit diversity (noTD) is well known [15]. With
the notations used in this paper, the bit error probability of
noTD can be written as [15]

Pb =
1
2


1 −

√
wH

0

(
D0 + γ̄−1

p Id

)−1
w0

1 + γ̄−1
s


 . (31)

The bit error probability comparison between noTD and
STTD (with the linear combining scheme) assuming that the
data Eb/No is 30 dB is shown in fig. 3, where the z-axis shows
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Fig. 2. The effect of speed, pilot Ep/N0 and data Eb/N0 on P2

log10(Pb). As expected, STTD with the linear combining
scheme performs well when the channels do not change too
rapidly and when the pilot Ep/No is high (accurate CSI).
However, when the channels change rapidly or when the pilot
Ep/No is small, STTD with the linear combining scheme is
outperformed by noTD.

Fig. 4 shows the STTD performance in the frequency-
selective fading channels, assuming that the two resolvable
paths have the same average energy. Although the system still
suffers from the Doppler spread, the performance gain from
the path diversity is evidenced as seen in better performance
floors at high pilot Ep/No, which are significantly lower
than the performance floors corresponding to the flat-fading
channels in fig. 1.

Although we have shown that the linear combining scheme
is greatly affected by the channel estimation error and the
Doppler frequency, we would like to point out that the choice
of STTD decoding algorithm should depend on the operating
condition of the respective system. For example, the bit error
performance of the STTD system with the linear combining
scheme corresponding to the UMTS-WCDMA 12.2 kbps
downlink reference measurement channel assuming that the
spreading factor is 128 (or τ−1 = 30 KHz) is shown in fig.
5. In this figure, the bit error probability corresponding to the
mobile speed of 3 kmph and 120 kmph for perfect CSI and
noisy CSI (pilot Ep/No = 10 dB, Wiener filter with M = 5)
are compared. Fig. 5 clearly shows that, if the desired bit error
probability of the system is greater than 10−4, the degradation
from using the linear combining scheme is very small.

V. CONCLUSIONS

In this paper, we have derived the bit error probability
for the linear combining scheme and the sequence error
probability for the ML space-time decoder assuming that the
Alamouti space-time scheme is used in a time-varying fading
channel with noisy CSI. We have shown that the performance
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of the linear combining scheme is degraded when the Doppler
spread is increased, and the ML space-time decoder, which
is more complex, is more tolerant to the Doppler spread
as evidenced in smaller performance loss when the Doppler
frequency is increased.

We have also shown that, although broadly accepted as a
way to improve the system performance in fading channels,
STTD does not always outperform the system without transmit
diversity when the linear combining scheme is used. Thus, the
deployment of STTD and the choice of the decoding scheme
should be done with this constraint in mind. An example of
the system, where the linear combining scheme with noisy
channel estimates can be used in time-varying Rayleigh fading
channels without noticeable performance degradation, is the
12.2 kpbs downlink reference channel described in the UMTS-
WCDMA standard.

Although only simple cases were presented, we would like
to note that the framework provided in this paper can be used
with a wide range of assumptions. For example, an extension
of the bit error analysis from BPSK to QPSK for the linear
combining scheme can be done similarly to the extension
presented in [15]. However one should keep in mind that, due
to the crosstalk between the real part and the imaginary part,
the bit error probabilities of I/Q bits are not independent. The
extension of this analysis cannot provide the exact symbol er-
ror probability for the QPSK system but only the upper bound,
which is the summation of the bit error probabilities of the I
and Q bits. Also, because the noise variance corresponding
to each resolvable path in the multi-path analysis need not be
equal, we can also extend the analysis to find the performance
when the multi-path interference, which is assumed to be
equivalent to additional AWGN noise, is considered by setting
the noise variance in each path to be the summation of the
variance from the AWGN and the variance from the multi-
path interference corresponding to that path.

APPENDIX

RESIDUES OF SCALED POLES

In this section, we show the proof that residues are invariant
to the scaling of the poles. Consider the function Φz(s)/s:

Φz(s)
s

=
1

s
∏2d

k=1(λis − 1)
=

1

s
∏2d

k=1 λi(s − 1/λi)

=
k1

s
+

k2

s − 1/λ1
+

k3

s − 1/λ2
+

k4

(s − 1/λ2)2

+ . . . +
kn+2

(s − 1/λ2)n
+

kn+3

s − 1/λ3
+ . . .

(32)

For generality, we assume that the multiplicity of 1/λ2 is n
where n > 1.

Let s = ay, we get

Φz(ay)
ay

=
1

ay
∏2d

k=1(λiay − 1)
=

1

ay
∏2d

k=1 λi(ay − 1/λi)

=
k1/a

y
+

k2/a

y − 1/λ1a
+

k3/a

y − 1/λ2a
+

k4/a2

(y − 1/λ2a)2

+ . . . +
kn+2/an

(y − 1/λ2a)n
+

kn+3/a

y − 1/λ3a
+ . . .

Thus,
1

y
∏2d

k=1(yaλi − 1)
=

k1

y
+

k2

y − 1/λ1a
+

k3

y − 1/λ2a

+
k4/a

(y − 1/λ2a)2
+ . . . +

kn+3

y − 1/λ3a
+ . . .

(33)

From (33), we can see that, when all λi are scaled to aλi,
coefficients associated with the terms (y − 1/λia)−1 are the
same as the coefficients associated with (y− 1/λi)−1 in (32).
This proves that the residue is invariant to the scaling of the
poles.
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