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Information Efficiency and Transmission Range

Optimization for Coded MIMO FH-CDMA Ad

Hoc Networks in Time-Varying Environment

Haichang Sui and James R. Zeidler

Dept. of Electrical & Computer Engineering,

Univ. of California, San Diego, La Jolla, CA 92093-0407

Emails: haichangsui@gmail.com, zeidler@ece.ucsd.edu

ABSTRACT

Optimization of the transmission range in terms of maximizing information efficiency is

studied in this paper for mobile ad hoc networks with frequency-hopped (FH) CDMA and

multiple antennas. Realistic channel models are employed to account for path-loss, log-normal

shadowing, and Rayleigh fading. The shadowing and fading are assumed time-varying due to

mobility and hopping. The receiver performs decision-feedback demodulation for differential

unitary space-time modulation and erasure insertion decoding for Reed-Solomon codes [13]

[14]. The decoding error probability is derived based on distributions of the multiple access

interference power and the SIR in a dwell for ground propagation model (path-loss exponent

equal to 4). The trade-off between information efficiency and transmission range is studied in

details and insights are obtained on the impact of various factors, including the spreading gain,

modulation and coding schemes, feedback length, erasure insertion, order of spatial diversity,

time-variation of the shadowing, and channel statistics such as Doppler frequency and shadowing

spread.

This work is supported by, or in part by, the U. S. Army Research Office under the Multi-University Research Initiative (MURI)
grant # W911NF-04-1-0224, the Office of Naval Research (Code 313), and the UCSD Center for Wireless Communications
(UC IUCRP grant #03-10148)
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Index Terms MIMO, frequency-hopped (FH) CDMA, erasure insertion, mobile ad hoc network

(MANET), information efficiency, optimum transmission range, Gaussian quadrature

I. INTRODUCTION

Frequency-hopped (FH) CDMA has been utilized for packet radio networks [1] [2] and adopted

in IEEE 802.11 and 802.15 standards. It is also considered for the future IEEE 802.20 standards.

Among its advantages are anti-jamming, low probability of interception/detection, and operability

in non-continuous spectrum. In addition, FH is robust to the near-far problem, while its direct-

sequence (DS) counterpart requires either accurate power-control [3] [4] or multi-user detection

[5] [6] [7]. For several fading models, performance comparison between FH and DS systems

also favors the former in distributed multiple-access networks [8] [9] [10] [11] [12].

A Reed-Solomon (RS) coded FH-CDMA transceiver structure with MIMO is developed in

[13] [14] for mobile ad hoc network (MANET) applications, where differential unitary space-

time modulation (DUSTM) is used to achieve spatial diversity in time-varying channel without

channel state information at the receiver (CSIR) [39]. Decision-feedback demodulation (DFD),

decision-directed adaptive estimation, and erasure insertion (EI) decoding operate interactively

to improve demodulation, estimate symbol reliability, and suppress interference. The proposed

system has the advantages of being robust to high mobility and unknown interference, in contrast

to other work on applying MIMO to MANET [15] [16] [17] [18] [19] [20] which may be sensitive

to inaccurate CSIR or synchronization errors [21].

Superior near-far resistance observed in the link performance reported by [13] [14] motivates us

to further investigate network performance with the proposed physical layer (PHY). In particular,

we are interested in determining the optimum transmission range (or equivalently the transmission

power), which is related to network connectivity and hop length. For example, larger transmission

range translates to fewer hops for a packet to reach its destination but also more interference to

neighboring nodes, while short transmission range limits interference and allows spatial reuse

[26] but incurs overhead in relaying/routing. Such a trade-off between forward progress and

interference certainly depends on the interference suppression capability of the node and the

channel model. Assuming that a packet can be successfully received as long as it is sent within

a critical radius and no other active transmissions in that range (i.e., the so-called “collision

model” without capture or path-loss/shadowing/fading), geometrical analysis showed that the
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number of nodes in the optimum critical radius is between six and eight [22] [23] [24] [25]

[26]. For DS-CDMA networks with single-user receiver and a path-loss channel model, Sousa

and Silvester [27] derived that the optimal number of nodes that are closer to the receiver than the

transmitter is related to the spreading gain due to power capture and CDMA. The results in [27]

are further extended by Zorzi and Pupolin to include shadowing and fading in the channel model

[28] [29]. On the other hand, a larger transmission range may lead to lower spectral efficiency

since more redundancy is required for reliable communication over a long distance. Therefore,

more insight into network design may be revealed by considering the so-called information

efficiency (IE) [33], expressed as the forward progress multiplied by the throughput. Similarly,

the trade-off between IE and transmission range also depends on the signal waveform, the receiver

structure, and the channel model. Optimizing the transmission range to maximize IE is studied

for DS-CDMA networks in [30].

A distinct feature of FH systems is that, due to hopping and interleaving, the coded symbols

corresponding to the same codeword are subject to different signal-to-interference-ratio (SIR)

levels. Such “interference diversity” can be exploited by proper coding and interleaving to

effectively suppress multiple-access interference (MAI) in FH-CDMA networks [13] [14] [36].

In contrast, symbols in the same packet are usually subject to the same SIR level in narrow-band

or DS-CDMA networks and the packet successful probability in these scenarios are commonly

determined by a threshold test on the SIR in a packet [12] [27] [28] [29] [30] [31] [32].

In this paper, the trade-off between IE and transmission range is studied for FH-CDMA

network with the transceiver structure proposed in [13] [14] under realistic time-varying channel

model accounting for path-loss, log-normal shadowing, and Rayleigh fading. Previous studies

of similar problems include [34] [35], which consider FSK and RS coding without EI decoding

and/or shadowing. Another related work is [36], where bit-interleaved coded modulation and

coherent demodulation are assumed. The impact of mobility on network design and the effect

of shadowing time-scale revealed here are not available in [28] [29] [30] [31] [32] [33] [34]

[35] [36]. Optimum modulation and coding schemes (MCSs) are also found for different system

settings, which offers guidance for adaptive transmissions. Our results shed light on how the net-

work performance depends on various design parameters and channel properties, including MCS,

the number of antennas, receiver algorithms, spreading gain, dwell length, Doppler frequency,

and shadowing spread/speed.
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The rest of the paper is organized as following. The system model is presented in Section

II. In Section III, packet error probability and IE are derived. The trade-off between IE and the

transmission range, together with the effects of various system parameters, are studied in detail

in Section IV and Section V concludes the paper.

II. SYSTEM MODEL

A. Network Model

We assume a network with nodes randomly distributed over the plane according to a two-

dimensional Poisson point process with parameter λ. That is, the probability of having k nodes in

a region with area A is given by 1
k!

(λA)k e−λA. Without loss of generality, we consider the link

between two generic nodes S and D in Fig. 1, which are separated by distance R. To focus on an

interference-limited network without power-control, we ignore AWGN and set the transmit power

of all nodes to be unity. Nodes access the channel according to the slotted-ALOHA protocol and

the transmission probability is denoted by p. For FH-CDMA networks, carrier frequency of a

user changes periodically according to some pseudo-random hopping pattern. The total number

of carrier frequencies that a hopped signal can be transmitted on, i.e. the spreading gain, is

denoted by q and the carrier spacing is denoted by ∆f .

B. Transceiver and Channel Model (PHY)

The PHY transceiver structure for node S and D is specified in details in [13] [14]. The

transmitter model is depicted as in Fig.2. Information bits are coded by (L, K) RS code and

the coded symbols are then modulated by DUSTM. For simplicity, we assume the codeword

length L is also the size of the DUSTM constellation V = {V0, . . . ,VL−1}, where {Vl}L−1
l=0 are

NT ×NT unitary matrices and NT is the number of transmit antennas of node S [39]. Design

criteria and examples of {Vl}L−1
l=0 have been extensively studied, e.g. [40] and references therein.

By denoting the τ th coded symbol as zτ (zτ = 0, . . . , L−1), the corresponding space-time

signal to be transmitted is an NT ×NT unitary matrices generated by differential modulation

S0,τ = Vzτ S0,τ−1. The length of a DUSTM block is denoted by Ts and S0,τ is transmitted in the

τ th block by one of the q carrier frequencies. The hopping rate is assumed to be 1
NcTs

for some

positive integer Nc > 1 (slow FH) and the interval between hops is referred as a dwell. The

interleaver and packet format are the same as in [13] [14] [34]. Specifically, a packet contains
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multiple frames while each frame consists of Nc RS codewords, which are interleaved such that

the L coded symbols from the same codeword are transmitted in different dwells to achieve

frequency diversity.

The wireless channel between two arbitrary nodes is subject to deterministic path-loss and

time-varying shadowing and fading. Formally, the channel gain can be written as d−b/2 ·
√

S (t) ·
h (t) where d is the distance between the two nodes, b is the path-loss exponent normally in the

range of 2 to 4 [44], S (t) is a log-normal random variable (r.v.) representing shadowing, and

h (t) is circular symmetric complex (c.s.c.) Gaussian due to Rayleigh fading. Assuming that D
successfully locks onto the hopping pattern of S according to certain spread spectrum protocols

(e.g. [37] [38]), the received space-time signal Rτ in the τ th DUSTM block after dehopping

can be written as an NT × NR matrix with each column containing data samples received on

one of the NR antennas. That is

Rτ = R−b/2
√

S0 (τ)S0,τH0,τ + RMAI,τ . (1)

In (1), the two terms on the right hand side correspond to the desired signal and MAI, respectively.

The transmission range R is the distance between S and D, while S0 (τ) represents the log-

normal shadowing for the S-D link with the probability density function (pdf)

fS (s) =
1√

2πσss
exp

(
−(ln y)2

2σ2
s

)
, (2)

where 10
ln 10

σs is the shadowing spread expressed in decibel [44]. The NT ×NR channel matrix

H0,τ contains the Rayleigh fading coefficients between all NT NR antenna pairs, which are i.i.d.

c.s.c. Gaussian r.v.s with zero mean and unit variance (no spatial correlation).

The receiver proposed in [13] [14] performs DFD, decision-directed adaptive estimation,

and EI decoding interactively, as shown in Fig.3. The DFD for DUSTM collects the received

signal Rτ , . . .Rτ−P in P + 1 blocks, together with the feedback decisions ẑτ−1, . . . ẑτ−P+1, to

demodulated the transmitted symbol zτ as the following ([13] [14]):

ẑτ = arg max
k=0,...,L−1

λτ ,k, (3)
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where

λτ ,k = − 1

σ̂2
P,τ

∥∥∥∥∥VH
k Rτ−

P∑
j=1

âj,τ

(∏τ−1

t=τ−j+1
Vbzt

)
Rτ−j

∥∥∥∥∥

2

(4)

The coefficients â1,τ , . . . , âP,τ and σ̂2
P,τ in (4) are adaptively updated by the decision-directed

RLS algorithm in Fig.3. Details on the algorithm can be found in [13] [14] and will not be

presented here. In this paper, EI based on the so-called effective SIR (ESIR) [13] is considered.

The ESIR is formulated in Section III-A by examining the pairwise error probability of the DFD

[42]. In practice, it is estimated by

ρ̂eff,τ , P̂tot,τ

σ̂2
P,τ

− 1 (5)

where

P̂tot,τ = P̂tot,τ−1 +
1−µ

NT NR

‖Rτ‖2
F (6)

is the estimate of total received signal plus interference power [13]. In (6), the notation ‖ · ‖F

denotes the Frobenius norm of a matrix and µ is the forgetting factor. The demodulated symbol

ẑτ in (3) is replaced by an erasure if the threshold test

ρ̂eff,τ ≤ ρeth (7)

is satisfied. Since the reliability of DFD can be measured by the ESIR [42], the decoding error

probability may be significantly improved by choosing ρeth appropriately [13]. The IE with and

without the ESIR threshold test (ESTT) EI will be analyzed in Section III.

An important consideration in performance analysis is the time-variation of the channel due

to mobility and hopping. The time-scales of variation are significantly different for different

channel effects. In this paper, the relative distance between nodes, i.e. the network topology, is

assumed invariant in a packet duration as in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31]

[32] [33] [34] [35] [36]. The Rayleigh fading is modelled to be time-varying across DUSTM

blocks and constant within each block for analytic tractability. Although analysis in the sequel

applies for arbitrary time-correlation of the Rayleigh fading, we employ the Jakes’ model [45] so

that the correlation sequence is solely parameterized by the normalized Doppler frequency fdTs.

Furthermore, we consider two scenarios for the time-scale of shadowing variation relative to the
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dwell length. For fast shadowing, the coherence time of S0 (τ) is taken to be the dwell length

and the S-D link experiences independent shadowing for different dwells. For slow shadowing,

the random process S0 (τ) is assumed to be constant for the whole packet as in [33] [34] [35]

[36]. Thus, the coherence time of S0 (τ) is at least L ·NcTs. It is clear that whether a specific

shadowing process is fast or slow time-varying depends not only on the mobility but also on

the length of the dwell.

C. Interference Model

Heavy traffic model, i.e. nodes always having packets to transmit, is employed as in [22]

[23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36]. Thus, interfering nodes are

randomly distributed over the plane according to a two-dimensional Poisson point process with

parameter λ′ = λp/q. For clarity, we assume dwell synchronization so that the MAI process

{RMAI,τ}τ is stationary in a dwell, although the receiver proposed in [13] [14] can adaptively

track non-stationarity due to dwell-asynchronism. The MAI RMAI,τ can be formally defined as

RMAI,τ = lim
a→∞

RMAI,τ (a) (8)

where RMAI,τ (a) denotes the MAI resulted from nodes in a circle centered at node D with

radius a, which is given by

RMAI,τ (a) =

[λ′πa2]∑

k

d
−b/2
k

√
Sk (τ)Sk,τHk,τ . (9)

In (9), the notation
[N ′

0]∑
refers to a sum whose number of summands is a Poisson r.v. with mean

N ′
0. The r.v. dk and Sk (τ) in (9) are the distance and log-normal shadowing (with pdf (2)) of the

interferer-D link respectively. The interference signal matrix Sk,τ is NT ×NT,k and the Rayleigh

fading matrix Hk,τ is NT,k × NR, where NT,k denotes the number of transmit antennas of the

corresponding interfering node.

For a given dwell, Gaussian approximation is employed for elements in Sk,τHk,τ , whose

variance is normalized to unity to account for equal transmit power of nodes in the network.

The interference signal after Rayleigh fading Sk,τHk,τ is further assumed to be independent

for different ks and uncorrelated in space and time. Thus, by conditioning on the distance and
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shadowing for all interferer-D links, elements in RMAI,τ (a) are i.i.d. c.s.c. Gaussian r.v.s with

zero mean and squared variance given by

σ2
w (a) ,

[λ′πa2]∑

k

d−b
k Sk. (10)

In (10), time dependence of the shadowing is not explicitly shown because it is constant within a

dwell in both the fast and slow shadowing model. Furthermore, under random hopping and dwell

synchronization, the probability of two different dwells are hit by the same interfering nodes

becomes negligible for large q and we may assume the set of interfering nodes to be independent

for different dwells. Consequently, we will model the MAI RMAI,τ in a dwell as a stationary

c.s.c. Gaussian process uncorrelated in space and time when conditioned on its variance

σ2
w , lim

a→∞
σ2

w (a) , (11)

which is itself an i.i.d. r.v. for each dwell.

III. INFORMATION EFFICIENCY AND OPTIMUM TRANSMISSION RANGE

In this section, we use the IE [33] [34] as the objective function to optimize the transmission

range R, or equivalently the expected number of nodes closer to D than S , i.e., N0 , λπR2.

As in [33] [34], the IE is defined by

IE , τ (p) · (1− PE) · ξ ·R , (12)

where τ (p) is the probability that S and D choose each other to communicate, or the ”tendency

to pair-up”, which is derived in [27] to be

τ (p) = (1− p)
(
1− e−p

)
. (13)

In (12), ξ is the spectral efficiency (bits/sec/Hz) which, after trivial scaling, is given by

ξ =
1

q

K

L
log2 (L) . (14)

The packet error probability is denoted by PE in (12). Furthermore, we use the decoding error

probability PC to approximate PE , which is reasonable when the multiple codeword error events

in the same packet are highly correlated.
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In the rest of this section, we will first briefly review the results on ESIR and symbol error

probability derived in [42] by conditioning on the received SIR in a given dwell. The received

SIR ρ can be written as

ρ =
R−bS0

σ2
w

(15)

where S0 and σ2
w are the log-normal shadowing and MAI power in a given dwell. Then we

derive the pdf of MAI power σ2
w. Finally, the distribution of ρ is derived and the decoding

error probability PC is obtained based on the resulting distribution and the conditional symbol

error/erasure probabilities.

A. Symbol error/erasure probability

The performance of DUSTM with DFD is analyzed in [42]. When feedback errors are ignored,

the pairwise error probability is given by

Pk,l (ρ) , Pr {ẑτ = k|zτ = l}

=
1

π

∫ π/2

0

∏NT

m=1

[
1 +

ρeff (ρ) σ2
m,k,l

4 cos2 θ

]−NR

dθ . (16)

where σm,k,l (m = 1, . . . , NT ) is the mth singular value of the matrix Vk−Vl. The pre-EI symbol

error probability can be approximated by the union bound as

Pe (ρ) ∼= 1

L

L−1∑

l=0

L−1∑

k=0,k 6=l

Pk,l (ρ) (17)

The ESIR ρeff (ρ) in (16) accounts for the time-correlation of Rayleigh fading and the feedback

length P . As is shown in [42], it can be expressed compactly as

ρeff(ρ) =
PR + σ2

w

σ2
P

− 1. (18)

where PR , R−bS0 is the received signal power. The term σP in (18) is the P -th order minimum

linear prediction error variance of the Gaussian random process
{

[H0,τ ]m,n + [RMAI,τ ]m,n

}
τ
.

Based on the model in Section II, we know the autocorrelation of such a process is ϕh,k +σ2
wδk,0,

where ϕh,k = J0 (2πfdTsk) and J0 (·) is the zeroth-order Bessel function of the first kind.

Consequently, σ2
P together with the linear predictor coefficients aP , [a1, . . . , aP ]T can be
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solved from the Yule-Walker equations, i.e.

[
PRΦP+1+σ2

wIP+1

]

 −1

aP


 =


 −σ2

P

0


 , (19)

where

ΦP+1 ,




ϕh,0 ϕh,−1 . . . ϕh,−P

ϕh,1 ϕh,0 . . . ϕh,−P+1

...
... . . . ...

ϕh,P . . . . . . ϕh,0




.

If we denote

ϕP ,




ϕh,1

...

ϕh,P


 ,

after some manipulations we have (c.f. [42] (17))

ρeff(ρ) =
ρϕH

P [ΦP + ρ−1IP ]
−1

ϕP

1 + ρ− ρϕH
P [ΦP + ρ−1IP ]−1 ϕP

. (20)

The integral in (16) can be numerically evaluated by using the Gaussian quadrature rule with

Chebyshev polynomials [46]. That is

Pk,l (ρ) =
1

π

∫ 1

0

∏NT

m=1

[
1 +

ρeff (ρ) σ2
m,k,l

4x2

]−NT
1√

1− x2
dx

≈ 1

2π

Np∑
n=1

Cxn

∏NT

m=1

[
1 +

ρeff (ρ) σ2
m,k,l

4x2
n

]−NT

, (21)

where {xn}NP

n=1 are the roots of the Npth-order Chebyshev polynomial and can be found in [46]

together with the values of {Cxn}NP

n=1. Furthermore, when a special class of 2 × 2 DUSTM

constellations [41] is considered, the integral in (16) can be expressed in closed-form as a finite

sum [42].

The ESTT EI erases the demodulated symbol based on the threshold test (7), where ρ̂eff,τ is

an estimate of ρeff (ρ). Although this is equivalent to a threshold test on the received SIR with

threshold ρth , ρ−1
eff (ρeth), the latter is not straightforward for implementation because ρ is not

easily estimated at the receiver. Nevertheless, the post-EI symbol error/erasure probabilities can
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be expressed as

Pa (ρ, ρth) =





1, ρ ≤ ρth

0, ρ > ρth

(22)

and

Pe (ρ, ρth) =





0 , ρ ≤ ρth

Pe (ρ) , ρ > ρth

(23)

for a certain threshold ρth > 0.

The analytic decoding error probability of ESTT EI based on (22) (23) is shown to be in good

accuracy with the link simulation results in [13], where the EI rule (7) is used. Furthermore,

another threshold-test EI rule is derived in [13] based on Bayesian decision framework [43].

In addition to achieving optimum performance, the Bayesian EI is robust to the choice of its

threshold, which is critical for practical implementation. On the other hand, performance of ESTT

is shown to be relatively sensitive to the choice of ρth but its analytic tractability is desired for

network performance analysis. This apparent gap is bridged by results in [13], which showed

that analysis of ESTT EI with optimized ρth predicts the performance of Bayesian EI accurately

in interference dominated environment. This justifies the network analysis in this paper based on

ESTT EI with optimized thresholds, which also sheds light on the expected performance when

the Bayesian EI is used.

B. Distribution of the MAI power

Due to the nature of Poisson processes on a plane, interfering nodes are uniformly distributed

in a circle centered at D with an arbitrary radius a [47]. That is, the pdf of dk is given by

fd (r) =
2r

a2
(r ≤ a) . (24)

For a random vector Y in the general form of Y = lim
a→∞

[λ′πa2]∑
k

d−b
k Xk where Xks are i.i.d. random

vectors and dks are i.i.d. with pdf in (24), its joint characteristic function (CF) is derived by

Sousa [48] when Xks have zero-mean and finite second-order moment and by Ilow et al [49]

[50] when Xks are spherically symmetric. However, results in [48] [49] [50] cannot be directly

applied to obtain the CF of σ2
w considered in this paper because the log-normal r.v. Sk in (10)

is neither zero-mean nor spherically symmetric. In the following, we derive φMAI (ω), the CF of
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σ2
w, based on the influence function method [48] [51].

By definition, we can write φMAI (ω) since

φMAI (ω) = E
[
ejωσ2

w

]
= lim

a→∞E

{
e

jω
[λ′πa2]P

k
d−b

k Sk

}
. (25)

Since dk, Sk are i.i.d. and the number of summands in (25) is a Poisson r.v., we have

φMAI (ω) = lim
a→∞

∞∑

k=0

(λ′πa2)
k
e−λ′πa2

k!

{
E

[
exp

(
jωd−bS

)]}k

= lim
a→∞

exp
{

λ′πa2
[
E

(
ejωd−bS

)
− 1

]}
, (26)

where the r.v.s d and S are distributed according to (24) and (2) respectively. By denoting the

CF of S to be φS (·) and integrating by part, the expectation in (26) can be evaluated as

E
(
ejωd−bS

)
=

∫
E

[
ejωr−bS

]
· fd (r) dr

=

∫ a

0

φS

(
r−bω

) 2r

a2
dr

= φS

(
a−bω

)− lim
r→0

r2

a2
φS

(
r−bω

)

−
∫ a

0

r2

a2

dφS

(
r−bω

)

dr
dr . (27)

The second term in (27) is zero if φS (ω) is bounded for arbitrary ω. Furthermore, by applying

L’Hopital’s rule, we have

lim
a→∞

λ′πa2
[
φS

(
a−bω

)− 1
]

= λ′π lim
x→0

φS

(
xbω

)− 1

x2

=
λ′πω

2
lim
x→0

φ′S
(
xbω

)
xb−2

=
λ′πjω

2
E [S] lim

x→0
xb−2 . (28)

If we assume the path-loss exponent satisfies b > 2, then we have the following from (26) (27)
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(28):

φMAI (ω) = exp

(
−λ′π

∫ ∞

0

r2dφS

(
r−bω

)

dr
dr

)

= exp

(
λ′π

∫ ∞

0

dφS (tω)

dt
t−2/bdt

)
. (29)

The integral in (29) can be further simplified as
∫ ∞

0

dφS (tω)

dt
t−αdt =

∫ ∞

0
E

[
d

dt
ejStω

]
t−αdt

= jω E

[
S

∫ ∞

0

ejStωt−αdt

]

= jω E

[
S

Γ (1− α)

(−jSω)1−α

]

= −Γ (1− α) (−jω)α
E [Sα] , (30)

where Γ(x) =
∫∞
0

tx−1e−tdt is the Gamma function and (·)α refers to the principle value, i.e.

(−jω)α =





e−jαπ/2 |ω|α

ejαπ/2 |ω|α
ω ≥ 0

ω < 0
.

Consequently, if we denote α = 2/b and notice that E [Sα] = exp
(
α2 σ2

s

2

)
for log-normal r.v. S,

the CF of σ2
w for b > 2 reduces to

φMAI (ω) = exp
[
−λ′πΓ (1− α) e

1
2
α2σ2

s (−jω)α
]

= exp
[
−λ′πΓ (1− α) e

1
2
α2σ2

s cos
απ

2
|ω|α

(
1− j sgn (ω) tan

απ

2

)]
, (31)

from which it is clear that σ2
w is an alpha-stable r.v. [52].

Unfortunately, the pdf of σ2
w can be expressed in closed-form only when b = 4, in which case

the alpha-stable distribution coincides with the Levy distribution and

φMAI (ω) = exp
[
−λ′π3/2eσ2

s/8
√
−jω

]

, exp
[
−γ

√
−2jω

]

with γ , λπ3/2eσ2
s/8/

√
2. In this case the pdf and the cumulative distribution function (cdf) of
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σ2
w when b = 4 are available as

fMAI (x) =
γ√
2π

x−
3
2 exp

(
−γ2

2x

)

=
λ′π
2

eσ2
s/8x−

3
2 exp

(
−λ′2π3eσ2

s/4

4x

)
(x ≥ 0),

FMAI (x) = erfc

(
γ√
2x

)
= erfc

(
λ′π3/2eσ2

s/8

2
√

x

)
(x ≥ 0).

We will focus on the ground wave propagation model (b = 4) in the rest of the paper due to the

analytic tractability.

C. Decoding error probability

The decoding error probability in the presence of EI is given by [43]

PC =
L∑

i=0

n−i∑

j=j0(i)

n!

i!j! (n− i− j)!
P

i

eP
j

a

(
1− P e − P a

)n−i−j
. (32)

where j0(i) , max(L−K+1−2i, 0) and P a, P e are the probabilities of symbols in a codeword

being erased or erroneous, respectively. Alternatively, the decoding error probability of error-only

decoding is given by

P ′
C =

L∑

i>dL−k
2 e

(
n

i

)
P̃ i

e

(
1− P̃e

)n−i

, (33)

where P̃e is the symbol error probability without EI. In principle, the probabilities P̃e, P a, P e

can be obtained by averaging (17), (22), (23) over the distribution of ρ, which is derived in the

next for slow and fast shadowing model separately.

1) Slow shadowing: In slow shadowing, transmitted symbols corresponding to the same

codeword experience the same realization of log-normal shadowing. Therefore, the symbol

erasure/error probabilities and consequently the decoding error probability have to be derived

by conditioning on the shadowing first. The average decoding error probability is then obtained

by average over the log-normal distribution (2).

Based on (15) and conditioning on the shadowing S0, it is easy to see that the pdf of received

December 28, 2006 DRAFT



15

SIR is given by

fρ|S0 (t) =
S0

t2Rb
fMAI

(
S0

tRb

)

=
N ′

0e
σ2

s/8

2
√

S0t
exp

(
−N ′2

0 πeσ2
s/4

4S0

t

)
, (34)

where

N ′
0 , λ′πR2 =

p

q
N0 . (35)

Similarly, the conditional cdf of ρ is given by

Fρ|S0 (t) = 1− FMAI

(
S0

tRb

)

= erf

(
N ′

0e
σ2

s/8

2

√
πt

S0

)
. (36)

By averaging (22) (23) over the distribution (34), we obtain the conditional symbol era-

sure/error probabilities as

P a|S0 (ρth) = Fρ|S0 (ρth)

= erf

(
N ′

0e
σ2

s/8

2

√
π

S0

ρth

)
, (37)

P e|S0 (ρth) =

∫
Pe (ρ, ρth) fρ|S0 (ρ) dρ

=

∫

ρ>ρth

N ′
0e

σ2
s/8

2
√

S0ρ
exp

(
−N ′2

0 πeσ2
s/4

4S0

ρ

)
Pe (ρ) dρ . (38)

The integral in (38) can be numerically evaluated by Gaussian quadrature rule with Laguerre
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polynomials [46] as following:

P e|S0 (ρth) =

∫ ∞

0

N ′
0 exp

(
σ2

s

8
− N ′2

0 πeσ2
s/4

4S0
ρth

)

2
√

S0 (ρ + ρth)
exp

(
−N ′2

0 πeσ2
s/4

4S0

ρ

)
Pe (ρ + ρth) dρ

=
2
√

S0

N ′
0π

exp

(
−σ2

s

8
− N ′2

0 πeσ2
s/4

4S0

ρth

)

×
∫ ∞

0

e−ρ ·
[

4S0

N ′2
0 πeσ2

s/4
ρ + ρth

]−1
2

Pe

(
4S0

N ′2
0 πeσ2

s/4
ρ + ρth

)
dρ

∼= 2
√

S0

N ′
0π

exp

(
−σ2

s

8
−N ′2

0 πeσ2
s/4

4S0

ρth

)
Np∑

m=1

Lym ·
[
ρ−

1
2 Pe (ρ)

]
ρ=

4S0ym

N′20 πeσ2
s/4

+ρth
.(39)

where {ym}NP

m=1 are the roots of the Npth-order Laguerre polynomial and can be found in [46]

together with the values of {Lym}NP

m=1. The decoding error probability conditioned on S0 is given

by

PC|S0 (ρth) =
nc∑
i=0

nc−i∑

j=j0(i)

nc!

i!j! (nc − i− j)!
P

i

e|S0
(ρth) P

j

a|S0
(ρth)

× [
1− P e|S0 (ρth)− P a|S0 (ρth)

]nc−i−j
(40)

Optimizing over ρth (the optimal ρth depends on the realization of S0), we get

PC|S0 = min
ρth

PC|S0 (ρth) . (41)

The decoding error probability is then obtained by averaging over the log-normal distribution of

S0:

PC = ES0

[
PC|S0

]
=

∫ ∞

−∞

1√
2πσs

e
− z2

2σ2
s PC|ezdz

=
1√
π

∫ ∞

−∞
e−z2

PC|e
√

2σszdz . (42)

The integral in (42) can be numerically evaluated by applying Gaussian quadrature rule with

Hermite polynomials [46]. That is,

PC
∼= 1√

π

Np∑
n=1

HxnPC|e
√

2σsxn (43)
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where {xn}NP

n=1 are the roots of the Npth-order Hermite polynomial and can be found in [46]

together with the values of {Hxn}NP

n=1. Similarly, the decoding error probability without EI is

given by

P ′
C = ES0

[
P ′

C|S0

]

=
1√
π

∫ ∞

−∞
e−z2

P ′
C|e

√
2σszdz

∼= 1√
π

Np∑
n=1

HxnP ′
C|e

√
2σsxn

(44)

where P ′
C|S0

is given by (33) with P̃e substituted by P e|S0 (0) (c.f. (38) (39)).

2) Fast shadowing: In fast shadowing, different dwells are assumed to be subject to inde-

pendent shadowing realizations. Consequently, the SIR in a given dwell has a pdf given by

fρ (t) = ES0

[
fρ|S0 (t)

]
where fρ|S0 (t) is given in (34). By applying Gaussian quadrature rule

with Hermite polynomials again, we have

fρ (t) =

∫ ∞

−∞

1√
2πσs

e
− x2

2σ2
s fρ|ex (t) dx

=
N ′

0e
σ2

s/4

2
√

πt

∫ ∞

−∞
e−y2

exp

(
−N ′2

0 πe3σ2
s/4

4
e−

√
2σsyt

)
dy

∼= N ′
0e

σ2
s/4

2
√

πt

Np∑
n=1

Hxn exp
(
−π

4
N ′2

0 e3σ2
s/4−√2σsxn t

)
, (45)

Based on (45), the symbol erasure probability is given by

P a (ρth) =

∫ ρth

0

fρ (t) dt

∼= N ′
0e

σ2
s/4

2
√

π

Np∑
n=1

Hxn

∫ ρth

0

t−1/2 exp
(
−π

4
N ′2

0 e3σ2
s/4−√2σsxn t

)
dt

=
e−σ2

s/8

√
π

Np∑
n=1

Hxneσsxn/
√

2 erf

(
N ′

0

2
e3σ2

s/8−σsxn/
√

2√πρth

)
, (46)

where we have applied
∫ ρ

0
t−1/2e−btdt =

√
π
b
erf

(√
bρ

)
. The post-EI symbol error probability is
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then

P e (ρth) =

∫

ρ>ρth

Pe (ρ) fρ (ρ) dρ

∼= N ′
0e

σ2
s/4

2
√

π

Np∑
n=1

Hxn

∫

ρ>ρth

Pe (ρ)√
ρ

exp

(
−πN ′2

0

4
e

3
4
σ2

s−
√

2σsxnρ

)
dρ , (47)

where the integral can be further evaluated by Gaussian quadrature rule with Laguerre polyno-

mials [46]. If we denote c , 4
πN ′2

0
e−3σ2

s/4 and change variables, we have

∫

ρ>ρth

Pe (ρ)√
ρ

exp

(
−πN ′2

0

4
e

3
4
σ2

s−
√

2σsxnρ

)
dρ

= c exp

(
− ρth

ce
√

2σsxn

)
e
√

2σsxn

∫ ∞

0

Pe

(
ce
√

2σsxnρ + ρth

)
√

ce
√

2σsxnρ + ρth

e−ρdρ

∼= c exp

(√
2σsxn − ρth

ce
√

2σsxn

) N ′
p∑

m=1

Lym

Pe

(
ce
√

2σsxnym + ρth

)
√

ce
√

2σsxnym + ρth

, (48)

and consequently

P e (ρth)
∼= 2e−σ2

s/2

π3/2N ′
0

Np∑
n=1

Hxn exp

(√
2σsxn− ρth

ce
√

2σsxn

) N ′
p∑

m=1

Lym

Pe

(
ce
√

2σsxnym+ρth

)
√

ce
√

2σsxnym+ρth

. (49)

The decoding error probability is again given by (32) and, after optimizing over the threshold,

we have

PC = min
ρth

PC (ρth) . (50)

The error-only decoding error probability P ′
C is given by (33) with P̃e substituted by P e (0) (c.f.

(49)).

D. Optimizing IE

To express the results in dimensionless quantities, we multiply the IE defined in (12) by
√

λ

and obtain √
λIE =

1√
π

τ (p) · (1− PC) · ξ ·
√

N0. (51)

December 28, 2006 DRAFT



19

The transmission range R is equivalently specified by N0 = λπR2. The (normalized) IE depends

on various factors, including the transmitted waveform (spreading gain q, number of transmit

antennas NT , DUSTM constellation, RS code parameters L,K), the receiver configuration (the

feedback length P , number of receive antenna NR, with or without EI), the MAC (the ALOHA

transmission probability p), and the channel statistics (path-loss exponent, normalized Doppler

frequency fdTs, shadowing spread σs and shadowing coherence time). The focus of this paper is

to study the trade-off between
√

λIE and N0, and also investigate the impact of various system

parameters and channel statistics on such trade-off.

From the analysis in Section III-C, we notice that the decoding error probability depends on

N ′
0 = p

q
N0. Therefore, we can write

√
λIE =

τ (p)√
πp

√
qξ · [1− PC (N ′

0)]
√

N ′
0

=
τ (p)√

πp

log2 (L)√
q

K

L
[1− PC (N ′

0)]
√

N ′
0 . (52)

It is clear that the optimal transmission probability in the slotted-ALOHA MAC is given by

popt = arg max
p

√
λIE = arg max

p

τ (p)√
πp

= 0.27

which is the same as the value obtained in [27] [34]. Substituting popt into (52) we have

√
λIE = 0.0975

log2 (L)√
q

K

L
[1− PC (N ′

0)]
√

N ′
0 (53)

where

N ′
0 = 0.27

N0

q
. (54)

The role of spreading gain q can be readily observed from (53) and (54). Specifically, when

other parameters are fixed in (53), the maximum achievable IE by optimizing N0 is inversely

proportional to
√

q, while the optimal N0 is proportional to q due to (54). In other words, the

transmission range can be extended by increasing the spreading gain to reduce the effective

MAI. However, the IE of the network is on the same order as q−
1
2 according to (53) because

the spectral efficiency is on the order of 1
q
, which outweighs the transmission range extension

on the order of
√

q. Therefore, it is useful to study the trade-off between
√

λIE and N0

q
. Since

N0 is the expected number of nodes closer to D than S, we will refer to N0

q
by the expected
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number of in-range nodes per bandwidth. Once the value of (c.f. (54))
(

N0

q

)opt

=
1

0.27
arg max

N ′
0

[1− PC (N ′
0)]

√
N ′

0 (55)

and the corresponding IE are found for a given value of q, the optimal transmission range and

maximum IE can be easily found by scaling for a network with the same setting except a different

spreading gain. Specifically, the optimum N0 scales linearly with the spreading gain q according

to (55) and the gradient of N opt
0 depends on channel statistics and the transceiver. This is in

contrast with the results obtained by Sousa and Silvester [27] for DS-CDMA networks with

single-user receiver, which showed that the optimum N0 is proportional to the square-root of

the spreading gain. The corresponding IE is therefore on the order of 1
q
· q 1

4 = q−
3
4 < q−

1
2 . This

may suggest the advantage of FH-CDMA over DS-CDMA in terms of both the transmission

range and the IE, when the total bandwidth constraint is the same for both access schemes. Such

an advantage comes from the better near-far resistance of FH-CDMA waveform compared to

DS-CDMA with single-user receiver.

IV. NUMERICAL RESULTS

In this section, the trade-off between
√

λIE and N0

q
and the impact of various parameters

on such trade-off are studied in more details. The optimal ALOHA transmission probability

popt = 0.27 is always assumed. We also set q = 512, but as discussed in Section III-D, the

results are easily interpreted for other values of q. Two transmit antennas are considered in

simulation and the DUSTM constellations proposed in [41] are employed.

In Fig.4, curves of
√

λIE versus N0

q
are plotted for DUSTM constellation size 4 and 64 with

RS code rate 1
4
, 1

2
, 3

4
, respectively. Two received antennas are used with ESTT EI and the DFD

feedback length P = 1, while fast shadowing model is considered with shadowing spread σs =

4.3dB and the normalized Doppler frequency is fdTs = 0.05. It is observed in Fig.4 that the MCS

impacts the trade-off between IE and transmission range significantly. Specifically, lower code

rate or smaller constellation size implies better error protection of the communication link, which

leads to larger optimum transmission range but lower spectral efficiency. The latter apparently

outweighs the former and we observe lower maximum IE as the code rate or constellation size

decreases.
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The dependence of IE and transmission range on MCS is illustrated more pronouncedly in

Fig.5, where the optimum expected number of in-range nodes per bandwidth (c.f. (55)) and

the corresponding maximum IE are shown for various MCSs by assuming ESTT EI and NR =

2, P = 1, fdTs = 0.05. It is thus clear that the optimal MCS to maximize the best achievable

IE depends on the desired transmission range. Furthermore, Fig.5 shows that the optimal MCS

also depends on the channel quality and receiver configuration. For example, the achievable

performance with constellation size 16 is uniformly better than with constellation size 64. Also

in the latter case increasing code rate beyond a certain point may reduce both the maximum IE

and the optimal transmission range. Therefore, it is important to select the MCS that may be

well supported by the channel quality and receiver configuration.

The next two figures (Fig.6,7) shows the effects of different channels on the IE and optimal

transmission range. ESTT EI and NR = 2, L = 16, K = 4 are used in both figures. Curves in

Fig.6 correspond to different shadowing models with the same mobility fdTs = 0.05 and P = 1.

The maximum achievable IE is higher for fast shadowing model than for slow shadowing model

because higher time diversity is available when symbols in the same codeword are subject to

independent shadowing. However, the corresponding values of
(

N0

q

)opt
under the two models are

only slightly different. On the other hand, as the MAI becomes more dominant, slow shadowing

leads to higher IE because some codewords may be successfully decoded when the corresponding

shadowing gains are large, while their decoding may all fail in fast shadowing if the average

shadowing gain is not adequate to support the high interference level. Translated in terms

of dwell length, this indicates that whether long or short dwell is advantageous depends on

the transmission range among other factors. As expected, the gap between the fast and slow

shadowing model is reduced as σs decreases and the shadowing becomes more deterministic.

The effect of different mobility is shown in Fig.7. Higher mobility results in lower maximum

achievable IE and nearer optimum transmission range, as can be seen by comparing the three

curves corresponding to P = 1 and fdTs = 0.01, 0.05, 0.1, respectively. However, the perfor-

mance may be significantly improved by increasing the DFD feedback length P . For example,

the curve for fdTs = 0.1 and P = 5 is close to the curves for lower mobility and P = 1, when

the feedback is assumed error-free. In addition to the feedback length P , it is shown in Fig.8 that

the spatial diversity from receive antenna array and interference suppression capability from EI

are very valuable for improving the network performance, which corroborate their importance
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in the link performance reported in [13] [14].

V. CONCLUSION

In this paper, information efficiency and transmission range optimization is studied for mo-

bile ad hoc networks with nodes accessing the channel by FH-CDMA and slotted-ALOHA.

MIMO transceiver model proposed in [13] [14] is considered, where Reed-Solomon codes and

differential unitary space-time modulation are employed with decision-feedback demodulation

and erasure insertion decoding. The time-varying channel between any two nodes is subject to

path-loss, log-normal shadowing, and Rayleigh fading. Effects of different Doppler frequency

shifts due to mobility and different time-scale of shadowing variation revealed in this paper are

not available in previous literature.

We have proved that the number of nodes in the optimum transmission range is proportional

to the spreading gain in FH-CDMA networks, which implies higher information efficiency

and further transmission range than DS-CDMA networks at large spreading gain [27]. It is

also shown that the optimum transmission range and the corresponding information efficiency

critically depend on the modulation and coding scheme. To maximize the achievable information

efficiency, the modulation and coding scheme should be selected according to not only the target

transmission range but also the channel condition and receiver setting. Significant improvement

in network performance is observed with higher spatial diversity order and/or erasure insertion

decoding, while increasing feedback length is shown to be effective in high mobility.
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