
INSTANTANEOUS AND AVERAGE RATE MAXIMIZATION IN MIMO MULTIPLE-ACCESS
CHANNELS (MAC) WITH LINEAR PROCESSING

Adam L. Anderson and James R. Zeidler

University of California, San Diego
Electrical and Computer Engineering

La Jolla, CA 92093-0407

Michael A. Jensen

Brigham Young University
Electrical and Computer Engineering

Provo, UT 84602

ABSTRACT
Linear precoding (beamforming) techniques provide sim-
ple processing methods with good performance at re-
duced signaling complexity compared with nonlinear pre-
coding schemes. The beamforming technique that maximizes
the achievable sum-rate in the multi-user, multiple-input
multiple-output (MIMO) broadcast channel (BC) has the
distinct form of a regularized channel inversion (RCI).
This current work adapts the method used for BC sum-
rate maximization to maximize the sum-rate in the MIMO
multiple-access channel (MAC) under fixed, per-user power
constraints. This beamformer is based on accurate channel
state information (CSI) resulting in performance degrada-
tion when only erroneous CSI is available at the receiver.
Consequently, we develop an additional beamformer based
on channel distribution information at the transmitter and/or
receiver that attempts to maximize the average sum-rate,
allowing for a stability/throughput tradeoff in the MAC.

I. INTRODUCTION

The multi-user, multiple-input multiple-output (MIMO)
channel has potential to provide significant data rates simul-
taneously to multiple users when spatial reuse is exploited
at the transmitters and/or receivers. In order to achieve these
throughput gains, accurate CSI is required at the receiver,
for processing purposes, in order to achieve some desired
quality of service from the users. When CSI is available
at the transmitter (CSIT) in the broadcast channel (BC) the
optimal, rate-maximizing beamformer was shown in [1] for
the multiple-input single-output (MISO) channel or [2] for
the MIMO channel. This current work takes the approach
found in [3] in order to maximize the sum-rate of the
multiple-access channel (MAC) using linear processing and
either channel state information in the form of estimated
channel matrices or channel distribution information which
will take the form of spatial correlation matrices.

Though significant gains are guaranteed when CSI is per-
fectly known, significant loss can also occur when assumed
channel estimates are erroneous at the receiver or additional
delay occurs when beamforming weights are fed back to
the transmitters. Such errors in the channel can occur when
limited training is used for channel estimation or when node
mobility happens with infrequent training and feedback. This

channel error has the possibility to significantly degrade
the performance of the entire system [4] and negate the
theoretical rates given for the MIMO MAC as shown in
this current work. One method of combating the effects of
erroneous CSI is to develop beamforming techniques that
use no CSI for processing as done for the BC in [3]. In
addition to deriving the rate-maximizing beamformer with
CSI in the MAC, this paper also shows a beamforming
method that attempts to maximize the average sum-rate thus
circumventing the loss seen by channel errors.

Throughout the analysis vectors and matrices are written
as bold-face in lower- or upper-case, respectively. The mean-
ing of subscripts on matrices depends on the type of matrix
being referenced. For matrices that are unique to each user
in the network, the subscript reflects that user (e.g. Ai is the
A matrix for user i). When a matrix is shared by all users
in the network, then the indices refer to elements within the
matrix and will be distinguished by brackets (e.g. [B]i,j is
the jth element in the ith row). Standard matrix operations
of transpose, conjugate, and conjugate-transpose are defined
as {·}T , {·}∗, and {·}H , respectively. The function vec(·)
is the matrix column stacking operator while mat(·) is its
inverse (e.g. mat(vec(A)) = A).

II. CHANNEL MODEL AND ESTIMATION ERROR
Modeling spatial and temporal correlation in the multi-

user MIMO broadcast channel is facilitated by measure-
ments taken at Brigham Young University [5]. For multi-
user channel measurements, the receiver testbed is placed
at a specific location in a given environment while the
channel is sampled as the receiver traverses a fixed path. The
receiver measurement equipment is then moved to a another
location and the measurement process is repeated. In this
manner, realizations of the multiple user, multiple antenna,
time-varying channel can be created. Post-processing on
the dataset is then performed to estimate the full spatial
correlation matrix for the jth user over M channel samples

Rj =
1
M

M∑
m=1

vec
(
H̃j(m)

)
vec

(
H̃j(m)

)H

(1)

where H̃j(m) is integer indexed sample m into the measured
data.



Once Rj has been estimated for each user, new channels
can be realized using a temporal correlation model and the
full measured correlation matrix

Hj(t) =

√
NrNt

tr(Rj)
mat

{√
Rjvec(Hw(t))

}
(2)

where tr(·) is the matrix trace, and the normalizing con-
stant forces channel realizations to have unit-norm single-
input single-output (SISO) gain. Hw(t) is a spatially white
Nr × Nt matrix, where Nt and Nr are the number of
transmit and receive antennas per user, respectively, that
satisfy the temporal correlation defined by Jakes’ model [6].
For simulation purposes, a sum of eight sinusoids is used to
generate the temporal correlation. Produced in this manner,
the temporal correlation coefficient per channel with delay τ
is defined by J0(2πfdτ) where fd is the maximum Doppler
frequency and J0(·) is the zeroth-order Bessel function of
the first kind.

For channel estimation purposes assume that a single
transmitter transmits a known training sequence S of length
Nt × L resulting in received signal

Yj = HjS + ηj (3)

where ηj is an Nr × L additive white Gaussian noise
(AWGN) matrix with per-element variance σ2

n and time
indices are dropped under the assumption that the channel
remains constant over the length of the training sequence.
Furthermore, the channel is assumed to be estimated under
the maximum-likelihood (ML) method with time-division
multiple access during training [7], satisfying

Ĥj = YjS† (4)

SSH =
L

Nt
I (5)

where Ĥj is the channel estimate, I is the identity matrix,
(·)† is the matrix pseudo-inverse, and power per training
time is held to unity. Though exploitation of the spatial
correlation is possible to improve channel estimates [8], this
paper assumes no such knowledge is available under the
CSI-based schemes and the simple ML estimate will be
used given the training sequence. For this method of channel
estimation the mean square error at τ = 0 becomes σ2

nNrN2
t

L
and is not a function of the spatial correlation.

Additionally, we examine errors in the channel estimate
caused by lag between training sequences and data detection
at the receiver or data encoding at the transmitter. The
quantity in this case is the mean square error between the
channel estimate at time t and some time t + τ when the
initial channel estimate is perfect

tr(E
[
Ej(τ)EH

j (τ)
]
) = 2(1− J0(2πfdτ))NrNt (6)

where Ej(τ) = Hj(t) − Hj(t + τ). Note that this form
of error is also not a function of the spatial correlation
given the choice of ML channel estimation. Given these
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Fig. 1. Channel estimation error variance σ2
e as a function

of training length L and relative delay fdτ . The plot is for
a noise power of σ2

n = .1 and Nt = Nr = 4 antennas.

two sources of errors introduced into the channel, the final
channel estimation error will be modeled as

Ĥj = Hj + σeNj (7)

where σ2
e = 2(1− J0(2πfdτ)) + σ2

nNt

L , Nj is a matrix with
unit-norm complex Gaussian entries representing the worse-
case error scenario, and time indices are dropped as the error
is a function of delay.

Figure 1 shows a plot of the channel error as a function
of both the training length as well as delay between channel
estimate and use in signal processing. For this plot the power
was fixed at σ2

n = .1 and nodes are equipped with Nt =
Nr = 4 antennas. The relative delay is given by the product
fdτ . It is important to note that the independent variables
in the figure L and fdτ can be consider the training length
and training frequency, respectively. Increasing the training
length improves channel estimates significantly unless the
delay between training is large at which point there will be
an error floor regardless of the length of training sequence.

III. SYSTEM MODEL
After channel estimation, the data transmission phase

begins where the received signal for user j in the Nu-
user MAC with linear beamforming at the transmitters and
receiver is written as

yj = wH
j Hjbjxj + wH

j

Nu∑

i 6=j

Hibixi + wH
j ηj

where wj and bj are the beamforming vectors, xj is the
transmitted Gaussian symbol, and ηj is an Nr × 1 AWGN
noise vector. Again, time indices are dropped as the channel
is considered stationary over the data detection phase; lag
due to time variation in the channel and mobile users is
taken into account through the channel estimation error (7).



In order to account for per-user power constraints and
users that are excluded from the channel, the transmitted
signals are normalized as

yj =
wH

j Hjbjxj

max(||bj ||, 1)
+wH

j

K∑

i 6=j

Hibixi

max(||bi||, 1)
+wH

j ηj . (8)

The normalized received vector (8) is valid for all users
whether or not they access the channel and also valid for
any weight of the transmit vector bj . If ||bj || = 0 then the
user is considered “off” and will provide no interference to
other users nor have any signal gain at the receiver. For,
||bj || > 0 the user is “on” and accessing the channel at the
same transmit power as all other transmitting users; thus,
the normalization in (8) accounts for the per-user power
constraint and user selection at each transmitter.

Given this normalized expression for received signals the
instantaneous SINR can be written for each received signal
and consequently rate equations that describe the achievable
throughput of the MAC as a function of the SINR [9]

rj = log

(
1 +

|wH
j Hjbj |2

σ2
n||wj ||2δj +

∑
i 6=j

δj

δi
|wH

j Hibi|2

)
(9)

where δj = max(||bj ||, 1). The sum of these rate equations
becomes the total possible throughput of the system given
linear precoding and detection. Ultimately, the rate expres-
sion will be used for optimization purposes in order to find
the form of the rate maximizing beamformer; however, the
δj terms which contain the max-valued functions provide
for difficult manipulation. These rate expressions can be
simplified by separating the data streams into “on” or “off”
regions which leads to

rj =





log
(

1 + |wH
j Hjbj |2

σ2
n||bj ||2+

P
i 6=j |wH

j Hibi|2

)
, “on”

log
(

1 + |wH
j Hjbj |2

σ2
n+
P

i 6=j |wH
j Hibi|2

)
, “off”

(10)

where receive vectors are normalized to unity. It is straight-
forward to confirm that (10) describes the same rate as (9)
when ||bj ||2 ∈ 1, 0 as is the case for the final, power-
constrained, solution.

IV. REGULARIZED CHANNEL INVERSION IN
THE MAC (RCI-MAC)

The rate maximizing beamformer for the single-input
multiple-output (SIMO) BC was found in [1] and used
in the MIMO channel in [2]. For distinction between the
various types of beamforming algorithms discussed in this
paper, the method from [2] will be referred to as the
regularized channel inversion in the broadcast channel (RCI-
BC) algorithm. It is noteworthy to mention that the RCI-
BC algorithm may be used in the MAC when coupled
with the duality between BC/MAC where transmitters and
receivers exchange roles but keep the same beamforming
vectors and power allocations [9]. This duality ensures that
the achievable rate in the BC is the same as the MAC;

however, since the BC only has a sum-power constraint
users may be allocated more or less of the total available
power contrary to the MAC where, in this work, all users
are considered either silent or transmitting a single stream
at full power. However, for comparison purposes, this paper
allows illegal allocation of power when using RCI-BC and
the channel duality; this method of beamformer construction
is referred to as the RCI-BC→MAC algorithm.

As will be shown in this section, direct maximization of
the MAC sum-rate also has the form of a regularized channel
inversion and is referred to as RCI-MAC. The optimization
problem is written as

max
wj ,bj

∑
j rj

||wj ||2 = 1 ||bj ||2 ∈ {1, 0}
where rj is found from the simplified expression (10). Note
that the norm constraint on the transmit beamformer is used
under the assumption that information streams are either
“on” or “off”.

In order to find the beamforming vectors that maximize
the instantaneous rate of the MAC, a similar process is
employed as that used for maximization in the BC. The
partial derivative of the sum-rate (10) is taken with respect
to each element of bj . Each partial derivative is set equal
to zero and terms are gathered to create vectored valued
equations

bj =





(
[D]j,j

P I + HH
j D̄Hj

)−1

HH
j wj∆j , “on”

(
HH

j D̄Hj

)−1
HH

j wj∆j , “off”
(11)

where the follow organizational assignments are used for
simplifying the expressions

rj = log
(

1 +
nj

dj

)

W = [w1 . . .wK ]
∆j = (wH

j Hjbj)∗

D = diag
(

n1

d1(n1 + d1)
. . .

n1

d1(n1 + d1)

)

D̄ = WDWH .

Note that different beamformer expressions are used de-
pending on whether a node is considered “on” or “off”
which allows for user selection when the number of users
is greater than that sustainable by the receiver. Furthermore,
bj terms appear on each side of the vector equation leading
to an iterative solution as described in [3]. The form of
(11) also resembles a regularized channel inversion, direct
maximization of the sum-rate in the MAC beamforming
algorithm is called RCI-MAC. It is also important to remark
that though the RCI-MAC and RCI-BC beamformers have
a similar structure, it is a non-trivial adaptation to go from
one expression to the other due to the per-user versus sum
power constraint of the respective systems.


