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An Explicit and Unified Error Probability Analysis
of Two Detection Schemes for Differential Unitary
Space-Time Modulation

Haichang Sui and James R. Zeidler
Dept. of Electrical & Computer Engineering, Univ. of California, San Diego, La Jolla, CA 92093-0407
Emails: hsui@ucsd.edu, zeidler@ece.ucsd.edu

Abstract— The performance of two demodulation schemes
for the differential unitary space-time modulation (DUSTM),
the standard differential demodulation and decision-feedback
demodulation, are analyzed in a unified approach under Rayleigh
time-varying channels. We derive compact expressions for the
pairwise error probability (PEP) and its upper and lower bound.
Our analysis justifies the conventional design criteria on DUSTM
constellations for more general channel models and demodulation
schemes. We formulate a simple expression of the effective SNR
that captures the time correlation of fading, the length of the
observation window, and the noise variance. Based on the derived
results for general DUSTM, we further obtain an explicit closed-
form expression of the PEP for the specific constellation proposed
by Tarokh and Jafarkhani [12]. We also show that this specific
DUSTM allow efficient decision-feedback detection.

I. INTRODUCTION

Since it was first proposed in [1] and [2], differential
unitary space-time modulation (DUSTM) has been proven to
be an effective transmission scheme in fast-fading environment
or scenario when reliable channel estimation is difficult to
achieve. The DUSTM transmitter differentially encodes the
space-time (ST) matrices to be transmitted. The redundancy
embedded in the ST matrices provides diversity gain, while the
memory in the received signal due to the time-correlation of
the fading and the differential encoding is effectively exploited
to noncoherently demodulate the transmitted symbols. For
example, the previously received ST matrix is used as a
reference for the currently received ST matrix in the standard
differential demodulation (SDD) [1] [2]. It is shown in [1] that
under certain assumptions, the effective SNR in SDD is 3dB
less than the SNR when the channel is perfectly known. Such
3dB gap can be reduced by extending the observation window
assumed in SDD, for example [4] [7] [8] [9] [10] [13], where
the unknown information symbols are estimated either as a
sequence or in a symbol-by-symbol manner.

In this paper, the pairwise error probability (PEP) and
its upper/lower bounds are derived for the decision-feedback
demodulation (DFD) of DUSTM signals when the fading
channel is Rayleigh and time-invariant within the transmission

This work is supported by, or in part by, the U. S. Army Research Office
under the Multi-University Research Initiative (MURI) grant # W911NF-04-
1-0224, the Office of Naval Research (Code 313), and the UCSD Center for
Wireless Communications (UC IUCRP grant #03-10148)

1-4244-0132-1/05/$20.00 ©2005 IEEE

of each ST matrix. As we will see later, SDD is a special case
of the DFD and we can study the performance of both in a uni-
fied analysis. Similar expressions were derived in [1] for SDD
under the Rayleigh quasi-static (QS) channel model where
the channel is assumed to be constant for any two consecutive
blocks. The results in [1] further motivate works such as [3]
[5] [6] on DUSTM constellation design. For more general
channel models and/or more advanced demodulation schemes
such as MLSE and DFD [7] [8] [9] [10] [13], the resulting
PEP expressions require computation of residues or infinite
integrals from which it is hard to derive insightful bounds
as in [1]. Consequently, this raises the question as to how
DUSTM constellations should be designed for general channel
models and detection schemes. The expressions derived in this
paper have similar forms as their counterparts in [1], except
that now the effective SNR not only depends on the noise
variance but also on the time-correlation of the fading process
and the length of the observation window. This suggests that
the design criteria for DUSTM constellations proposed under
SDD and QS channels remain valid for DFD and block-
fading channels. Thus, the use of previously designed DUSTM
constellations, including those in [3] [5] [6], is justified in
more general scenarios. The notion of effective SNR is also
presented in [11], where the authors consider SDD and assume
a time-varying AR model for the channel. In contrast, our
results apply for arbitrary block-fading channels and DFD.
The performance of DFD under block-fading channels is also
analyzed in [4] and [13]. However, [4] only addresses diagonal
constellations and we show the upper bound on PEP in [13]
is tight at high SNR by providing a new lower bound.

The PEP is derived here for general DUSTM constellations.
Despite the fact that the resulting expression allows insight-
ful bounds to be obtained, it still involves a finite integral
which cannot be evaluated in closed-form. In this paper, it
is further shown that this integral can be expressed into an
explicit closed-form when the specific constellation proposed
by Tarokh and Jafarkhani [12] is considered. We also show that
the DFD for such a constellation can be implemented more
efficiently than demodulating general DUSTM constellations.
The low-complexity SDD proposed in [12] can be viewed as
a special case of the DFD scheme implemented in Section V.

The rest of the paper is organized as follows. The system
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model is presented in Section II. DFD is reviewed in Section
III and its performance is analyzed in Section IV. Further
analysis results and implementation of DFD are derived in
Section V for the specific constellation in [12]. Section VI
contains numerical results. Section VII concludes the paper.

II. SYSTEM MODEL

The model for DUSTM in this paper is similar as in [1].
Denoting the number of transmit antenna to be M, a general
DUSTM constellation V is defined as a set of M x M unitary
matrices, that is,

V:{V()v"'vVL—l} ) (1)

where L is the constellation size. Without loss of generality,
we consider the transmission starting at time 0. The transmis-
sion is partitioned into blocks of time duration 7%. During
the 7th block [7T5s, (7 + 1)T], logy, L bits are mapped to
zr € {0,...,L — 1} and the corresponding matrix in V is
differentially modulated as S; = V. _S,_;, where S;_; and
S, are the ST matrices transmitted in the previous block and
the current block respectively. Symbols in the same row of S,
are transmitted at the same time from different antennas. The
initial transmission Sy does not carry information and can be
an arbitrary M x M unitary matrix. It is easy to see the data
rate is 282 L bits/second, if we ignore the initial transmission.
The channel is assumed to be Rayleigh fading, frequency-
flat, and time-invariant in each 7, block. Consequently, we
can collect the discrete channel gains in [T, (7 4+ 1)T%]
into a complex M x N matrix H, where N is the number
of receive antennas. We assume that the fading between
different transmit-receive antenna pairs are i.i.d. zero-mean
complex Gaussian processes. The time-correlation of the pro-
cess {hrmn}r is defined as ¢, o = E {hrye, ;- i, ;} for
£=0,=%1,..., where h; p, , is the (m,n)th entry of H,.
As in [1], we can write the received ST signal in the 7th
block as an M x N complex matrix which is given by

R,=S.H, + W, . )

Columns of R consist of symbols received on the corre-
sponding antennas at different times within [77, (7 4+ 1)Tj].
The M x N complex matrix W, contains the additive noise
at different receive antennas and different times. Entries in
W, are assumed to be ii.d. CN(0,02) random variables
and uncorrelated in time. Without loss of generality, we
normalize ¢, o to unity. By noticing the total transmit power
is 25:1 S, (m,n)|> =1 at any time, it is easy to see that
the received SNR on each antenna is p = 1/02.

III. DECISION-FEEDBACK DEMODULATION

The DFD proposed in [4] [8] [9] [13] is reviewed in this
section. We start from the likelihood function of receiving
Ry,...,R; given zq,..., 2, are transmitted, that is,

F(R2|21) =det™ (7 C,.., Jexp {—tr [(RE)HC;;RS} } 3)

Here we use the notation RY and z! to denote

[R{){,...7Rf]H and (z1,...,2;), where the superscript

()" denotes matrix Hermitian. The matrix C,., in (3) is the
covariance matrix of any column of the matrix R2. It can
be shown that det™ (7C,.,) does not depend on z! and the
exponent in f (R%|z1) can be expressed as

7, () 2 —u[(RY)" Co IR

, 2
~ 1 i\ H ~ ) (xid\ "
==Y 5 ||[(A)Ri=Y (A7) Riy
i=0 ¢ j=1
“
where ||| denotes the matrix Frobenius norm and A] £

V., -V, _,--'V, for 7 > t. The parameters {a§l)}§=1
are the optimal ith-order linear prediction coefficients of the
process {A¢mn + Wemn}, and o; is the associated linear
prediction error variance. Furthermore, the cumulative log-
likelihood metric ~y, (zl) can be expressed recursively as

Vr (Z‘rl') =Yr-1 (271-71) + AT (ZT; Z71-71) ’ (5)
where
2
1 g T T—J H
AT(ZT;Z,Ll):—ﬁ (AI)HRT—Z a§ ) (A1 J) R
T j=1
(6)
1 1

can be viewed as the branch metric for transition z; ; — z;.
Unfortunately, the dependence of A, (zT; le) on the hy-
potheses of all previous transmitted symbols prevents efficient
sequence estimation like the standard Viterbi algorithm. How-
ever, if we assume that the scalar processes {h,m,n +We mn },
can be modelled by a common AR(P) process, it can be shown
that for 7> P, (6) becomes

2
P
1
A, (Zﬁ qu——l) = — |[R-— V., Z ag'P)A::;+1RT—j
o) =
£ A (221 . 7
Thus, the branch metric in (7) only depends on 27 ~F 1 instead

of z1_, and the standard Viterbi algorithm can be applied. The
linear prediction coefficients and prediction error can be solved
from the Yule-Walker equations by

‘Ph,o‘f‘U%u Ph,—1 , Ph,—P (_;) -}
Ph.1 Phot0oy Ph,—PH ay B 0
PP ©h,0 +o2, aEDP) 0

(8)

The Viterbi algorithm has a complexity which is exponential
in L since the number of states in the trellis is LT~!. In
order to further reduce the complexity, we consider a DFD
scheme which has an approximate complexity of O (L) per
symbol. In DFD, P —1 previous decisions Z,_piq,..., 21
are fed back and P+ 1 received blocks R, _p,..., R, are
used to demodulate z.. Specifically, z,—py,..., 2, in (7)
are replaced by Z,_py1, ..., 2,1 and Z, is demodulated as

Z, = arg L _nax As (k; Z:f“) . )
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When P = 1, the DFD requires no feedback and (9) reduces
to the SDD in [7], which is an extension of the SDD in
[1] and [2] to block-fading channels and the resulting =z,
is shown to maximize the likelihood function f (RI!|z;).
In the following section, the PEP for the DFD (9) will be
derived by assuming perfect feedback. By setting P = 1, the
PEP for SDD can be easily obtained and the perfect feedback
assumption becomes non-restrictive.

IV. PERFORMANCE ANALYSIS

A. PEP and its bounds

To facilitate deriving the PEP P, (k1) =
Pr{z; =k | z; =}, we consider a new test statistic which

is equivalent to A, (k'E’TﬁP H) in (9) for demodulation
27-PH1 are all

y~r—1
purpose. We assume the feedback decisions 27~

correct in the following derivations. Some constants to be
used later are defined as following.

—2\/1+02 -

B/t D), n=y/(+02)/(1+0% —0o2).

The new, equivalent test statistics can then be written as Z; =
c2||®HR,||? where

2)(1+02), a:1+aif§

I

A 1 Inm o A ,UUT
@k = % |:Vk s R-,— = RT . and (10)
P
U, 23 VAT R, (11)

Jj=1

It can be shown that the columns of ﬁT are i.i.d. complex
Gaussian vectors. Given that z; =1, the covariance matrix of
any column of R is

C; = ®,®] +alyyy . (12)

The PEP is equal to the probability of Z, —Z; > 0
given z, = [ is transmitted. To evaluate this probability,
we first define the singular-value decomposition of ® @,
to be @DY. Without loss of generality, we can assume
1>di k1> .. >dp k>0 (see [14] pp.157, the upper bound
1 is from the fact that <I>IH<P1 = Is). The singular values in

D =diag (d1 k1, - - -, dm k) are further related to the singular
values of Vi, —V; by
d'rnkl 4 Om (Vk Vl) . (13)
After some algebra, Zy, — Z; can be reduced to
N M
Zi=Zr=>_ > v IYm (14)

n=1m=1

where J = diag (—1,1). The 2x1 vectors {y, ,} are zero-
mean complex Gaussian and independent for different n or m.
The covariance matrix of y, ,, is shown to be

B Bl k1

Cym = , 15
Y |:/8dm,k,l Oé+,3 (ﬁdm k,l +a ( )

which is independent of n. Consequently, each summand in
(14) is a quadratic form of complex Gaussian random vector
¥Yn,m and its characteristic function can be written as

¢m,k,l (8) = E {exp (75 : y'{L{,mJyn7m)}
det™? (I2+ sCy md)

1 NI
- {Hpafn,k,l 1 <as+§> } (16)
where 0, 11 is the mth singular value of V;,—V,; and
2 2
1
=t a7

da(a+B)  op

is defined as the effective SNR. By noticing the independence
of yf, mJYn.m for different n or m, it is easy to see that the
CF of Zk - Zl is

M
Sra(s) =T _ omui(s), (18)

Therefore, the PEP is given by
P = [T [o et a9

By inspecting (16) and (18), it can be shown that the integral

contour C : Re (s) = —i guarantees the convergence of the
integral in (19). The resulting PEP is
—-N
po m,k,l
/ Hm 1 [ 4 cos? 0 . (0

From (20), lower and upper bound on P, (k,l) can be
easily obtained by noticing cos? # < 1. Specifically, the PEP is
bounded by

-N
02 H (1+ Umkl)

w/2
0

1 M -N
5 H (1+ g'rnkl)

@n

where Cy = (cos 0)2MN dg.

B. Constellation design considerations

An upper bound similar to (21) was derived in [1] (see
also (8) in [3] or (7) in [5]) for SDD under the QS channel
model, which motivates various design criteria for DUSTM
constellations based on maximizing the so-called diversity-
product ¢ & rnlnk# UL, om.k l]l M [17 [3] [5] or the So-

1
called diversity-sum f = W ming; [Zf\le afmk’l} [5].
In this paper, a lower bound is presented in (21). It can be
seen from (21) that these design criteria are still valid when
DFD is used instead of SDD and/or the channel is block-fading
instead of QS, since

-N 1 21~ -
= 1+Mp£] when p < 1
max 1+ O’m ~ 2[ o
H ( ””) { $(@CH)7MN - when 5> 1
(22)

Consequently, constellations maximizing ¢ or & will be optimal
in high or low SNR range, respectively.
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C. Effective SNR

We have defined the effective SNR p in (17), which de-
pends not only on the AWGN power o2, but also on the
time correlation of the fading process and the observation
window length P. It is easy to see that p < p since the
AWGN is uncorrelated in time and 0% > o2, for arbitrary
P. Interestingly, p = p?/ (2p+1) when P =1 and ), ; = 1,
which is consistent with the results derived for SDD under QS
assumption in [1] [3] [5]. The well-known 3dB gap between
SDD and coherent demodulation can be seen from p = p/2
when p>1, as p has been shown to be the SNR for coherent
demodulation in [1] [13]. When the QS assumption is not
satisfied, i.e. ’9011,1’ < 1, the effective SNR for SDD becomes

_ |<Ph,1|2f02
p= 2 ’
(1= Jenal?) 02+ 2041

which converges to a finite value ‘8011,1‘2/ (1 — ‘gph 1‘ 2
p — o0. For general block-fading channels, the effective SNR
is bounded even if p = oo, which is the well-known “error-
floor” effect. The error-floor can be reduced by increasing P,
although this may lead to more error propagation as well.

V. RESULTS FOR DUSTM IN [12]

The results derived in the previous section apply for general
DUSTM. Although the PEP expression (20) allows insightful
bounds to be obtained, it still involves a finite integral which
cannot be evaluated in closed-form. In this section, we focus
on a class of special DUSTM constellations proposed in [12]
for two transmit antennas. Such constellations are specified as
follows. The size of the constellation L is equal to 22° for

some positive integer b. The matrix V; € V ({ =0,...,L—1)
is given by
Loty —z+u
V= * * * * ) 23
PR U )

where x;,%; are 2°-PSK symbols. It is noticed that V; is
Hamiltonian [3]. In addition, entries in each V; have inter-
esting structures. As we will see later, the integral in (20) can
be evaluated in closed-form and efficient implementation of
the DFD is available by exploiting these properties.

Specifically, the singular values of any 2 x 2 Hamiltonian
matrix can be shown to coincide. By further examining the
structure in the entries of V, the singular value of Vi, — 'V,
with double duplicity is given by

Okt = \/2 — Re (zrzy) — Re (yry)) (24)

and o,; =0 iff k=1{. Thus, the CF of Z;—Z; in (18) becomes

) N2 —2N
b (s) = {1 + POk, [4 - (as + 2) } . (25

By taking the inverse Laplace transform of ¢, ;(s), the

probability density function of Z; — Z; is shown to be

1 b, In, lcl |93|
furlo) = poxw (~ 2 o] - o)
Ak, 20 ; apyt (n—1)!
(26)
where
bt = yJ/1+p0},/4, (27)
ag; = Qop\/p, (28)
AN —n—1 CANn

n = 2b . 2

In kel ( ON _ 1 > (2bk,1) (29)

Thus, P, (k,l) can be expressed in closed-form as

= [ = $oaa s 2)

n=1 (30)

An important advantage of the DUSTM constellations in
[12] is that they allow efficient ML demodulation for SDD.
In the following, we show that the complexity of DFD for
such constellations can also be reduced similarly to their SDD.
Substituting (23) into A, (k;2775™) in (9) and after some

y“r—1
algebra, the test statistic reduces to
1
— P11 — 2 — 2
A, (k?, /Z\:_1+ ) = 952 [|$k_vx,7'| + |yk_vy77| tc
P

(3D
where the term ¢ only depends on 277 and R7F but not on
k. If we define U, similar as U, except using the feedback

277 in (11), the quantities T, , and T, , in (31)

decisions z7_;
can be given by
1 1 u- 21‘H2 +r, 111H1:|
e o ’ T, il 77’ 32
} [1 _1} [unlrﬁz - rﬂlufg G

Vg, r
Vy,r
where r; 1, r; 2 and U, 1, U, 2 are 1 X N row vectors of R,
and U, respectively. That is,
ﬁr,l
ﬁ7,2

| o|

By observing (31), it is noticed that demodulation for the
constellations in [12] is equivalent to find the closest point
to Uy, and T, , in a v/L-PSK constellation separately. In
contrast, demodulating z, for a general DUSTM constellation
involves L matrix multiplications to obtain V,CH R in (7) for
k=0,...,L— 1. Therefore, the complexity of DFD is lower
for the constellations in [12] than general 2 x 2 DUSTM
constellations, if we ignore the additional computation in
forming (32) and mapping from (xy, yx) to k.

I"1'71
r‘r,2

R - |

VI. NUMERICAL RESULTS

In this section, numerical results are presented to verify
the analysis and obtain insights on how the time-variation of
the channel and the choice of P affect the performance. The
MIMO channel is generated by Jakes’” model as a number
of ii.d. complex Gaussian random processes. The number of
transmit antennas is chosen to be 2, so is the number of receive
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antennas. The constellation proposed in [12] is used with the
constellation size L = 16.

In Fig.1, the simulated symbol error probabilities (markers)
are plotted against the analytic symbol error probabilities
(curves) with the normalized Doppler frequency f;7s set to
0.05. The analytic values are obtained from (30) and the union
bound, that is,

1 eL—1 L1
Fer L Zz:o Zk:o,k;ﬁl Pe (k1) -

We notice that in Fig.1 the analytic and simulated values
are close for different values of P and/or received SNR p.
Recalling that perfect feedback is assumed in analyzing the
PEP, Fig.1 shows that the error propagation is not severe and
the union bound is accurate at a wide range of P and/or p for
this constellation.

To better understand the effect of time-variation of the chan-
nel and the choice of P, the effective SNR p versus p and f;Ts
are plotted in Fig.2(a) and Fig.2(b), respectively. The accuracy
of using p in characterizing the demodulation performance has
been verified in Fig.1. The normalized Doppler frequency in
Fig.2(a) is fixed to 0.05 while the received SNR is set to 24dB
in Fig.2(b). An error floor is observed at high SNR for SDD
(P = 1) but not for DFD with P = 5,9 in Fig.2(a). We can
also see from Fig.2(b) that p of SDD decreases more rapidly
than DFD as the time-variation of the channel increases. The
gap in the effective SNR between DFD and SDD is significant
when either p or f;T is large.

(33)

VII. CONCLUSION

The pairwise error probability and its upper/lower bounds
are derived in this paper for DFD of DUSTM signals when the
channel is Rayleigh block-fading. The analysis also apply for
SDD, which is a special case of DFD. Our results show that the
design criteria derived for SDD and quasi-static channel model
remain valid when DFD is used and the channel varies between
consecutive blocks. The time-variation of the channel and
the length of the observation window in DFD determine the
effective SNR, which is given in a compact expression. For the
specific DUSTM constellation in [12], closed-form expression
for the PEP is derived and an efficient implementation of the
DFD is presented. The analysis is verified by numerical results
and significant gain due to DFD is observed at high SNR or
high time-variation of the channel.
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