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Erasure Insertion for Coded DUSTM-FHSS
Systems without A Priori Knowledge

Haichang Sui and James R. Zeidler
Dept. of Electrical & Computer Engineering, Univ. of California, San Diego, La Jolla, CA 92093-0407

Emails: hsui@ucsd.edu, zeidler@ece.ucsd.edu

Abstract— In this paper, we consider coded frequency-hopping
spread spectrum (FHSS) systems with differential unitary space-
time modulation (DUSTM). We investigate the erasure insertion
(EI) techniques for improving the decoding error probability,
especially in presence of strong partial-band interference (PBI).
Conditional likelihood functions are derived for the decision-
feedback demodulation and used for EI. The two proposed
erasure rules do not require knowledge of the distribution of the
noise plus interference power, in contrast to their counterparts
in [14]. Instead of assuming the unknown parameters involved
in decision-feedback demodulation and EI to be known, a joint
estimation-demodulation scheme based on the adaptive recursive
least square (RLS) algorithm is proposed. The sensitivity of
the proposed EI rules to mismatched thresholds is studied by
simulation. Numerical results show that EI can improve the
decoding error probability significantly in presence of PBI,
even when the required parameters have to be estimated and
suboptimal thresholds are used.

I. INTRODUCTION

Frequency-hopping spread spectrum (FHSS) has been
widely considered in packet radio networks [10] [7] due
to the desirable properties inherent in the waveform. These
properties include anti-jamming capability, low probability of
intercept, operability in non-continuous spectrum, and reduced
sensitivity to near-far problems. These properties also make
FHSS a good candidate for multiple-access in ad hoc networks,
where TDMA or FDMA may be difficult to implement due to
the lack of central control while DS-CDMA may suffer from
the lack of accurate power control and/or the non-continuity
of the available spectrum.

Previous studies on FHSS systems mainly focus on single
transmit antenna and frequency-shift-keying (FSK) modula-
tion, e.g. [6] [5] and references therein. One advantage of
FSK modulation is that it can be noncoherently demodulated.
This is important because hopping introduces additional time-
variation of the channel which complicates accurate channel
estimation. In [14], differential unitary space-time modulation
(DUSTM) is employed in FHSS systems. The DUSTM ef-
fectively exploits the time-correlation of the fading process
within a dwell to allow for noncoherent demodulation, while
FSK relies on the orthogonality of its modulated signals.
In addition to the spatial diversity from multiple transmit

This work is supported by, or in part by, the U. S. Army Research Office
under the Multi-University Research Initiative (MURI) grant # W911NF-04-
1-0224 and the Office of Naval Research, Code 313.

antennas, DUSTM can offer higher spectral efficiency than
FSK [14].

In [14], it is shown that properly designed erasure insertion
(EI) can achieve significantly better decoding error probability
compared to the performance without EI. Such performance
gain comes from the fact that RS codes with a simple
bounded distance decoder can correct twice as many erasures
as errors. The quality a symbol estimate can be accessed by
comparing the relative magnitudes of the likelihood function
under different hypotheses [2] [1] [3] [8] [13] [14]. However,
due to hopping, the power of the noise plus interference (σ2

w)
in a dwell is random. Evaluation of the likelihood function
involves averaging over the distribution of σw, which is
assumed perfectly known in [2] [3] [8] [13] [14] but may
not be available at the receiver in practice. To circumvent such
difficulties, we study EI schemes using the likelihood function
conditioned on the realization of σw. To be distinctive, we use
the term “unconditional likelihood function” and “conditional
likelihood function” for the likelihood function with and
without averaging over the distribution of σw, respectively.
The use of conditional likelihood function for EI was studied
by Pursley et al [1] for FSK-FHSS systems.

This paper makes major extensions to the previous work
[14] in the following aspects. General DUSTM constellations
and decision-feedback demodulation (DFD) [4] [15] are con-
sidered in this paper, of which the specific modulation and
demodulation scheme in [14] are special cases. We study EI
based on the conditional likelihood function. The resulting
EI rules do not require knowledge of the distribution of
σw, but depend on the realization of σw and the time-
correlation coefficients of the fading process. In this paper, an
adaptive algorithm is proposed to jointly estimate the required
parameters and demodulate the received signal. Block-based
estimation of the unknown parameters is possible [1] but
may be less flexible when they are time-varying. Furthermore,
the performance of EI techniques depends crucially on the
choice of the threshold. In [14], optimal thresholds are found
numerically and used for EI. Here we quantify the sensitivity
of EI to the choice of suboptimal thresholds. We show here
that the two EI techniques similar to those in [14] but using
the conditional likelihood function and adaptively estimated
parameters with suboptimal thresholds can still significantly
outperform the non-erasure decoding.

The organization of the paper is as follows. The system

This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the IEEE ICC 2006 proceedings.

1-4244-0355-3/06/$20.00 (c) 2006 IEEE

5040



model is presented in Section II. DFD of DUSTM signal is
reviewed in Section III based on the results from [15]. The
Bayesian and the likelihood ratio test (LRT) rule for EI based
on the conditional likelihood function are discussed in Section
IV. Section V addresses estimation of the parameters required
by demodulation and EI. Simulation results are presented in
Section VI and Section VII concludes the paper.

II. SYSTEM MODEL

In a FHSS system, the carrier frequency on which the base-
band signal is transmitted changes periodically. Each carrier
occupies a constant bandwidth ∆f . The period of time during
which the carrier frequency remains constant is defined as the
dwell duration. The transmission of each symbol occupies a
Ts×∆f time-frequency slot. We consider slow FHSS systems
where a number of symbols are transmitted in each dwell
(e.g. see Fig. 2 in [14]). The sequence of carrier frequencies
occupied by a user along time is called the hopping pattern.
We assume that the elements in the hopping pattern for the
user of interest are i.i.d. randomly chosen from all available
carrier frequencies with equal probability, as in [2] [14].

The model for the transmitter and receiver are depicted in
Fig.1. A RS encoder with rate k/L is used. The codeword
length L is also the size of the DUSTM constellation V =
{V0, . . . ,VL−1}, where Vl is M ×M unitary matrices for
l = 0, . . . , L−1 and M is the number of transmit antennas.
The interleaver is the same as in [2] [14], which ensures
the elements from the same codeword are transmitted in
different dwells. After interleaving, the L-ary coded symbols
are naturally mapped to the corresponding matrices in V .
Without loss of generality, we consider the dwell starting at
time 0 and denote the coded symbol to be transmitted in
the [(τ−1) Ts, τTs] as zτ . The actual transmitted space-time
signal is given by Sτ = Vzτ

Sτ−1. The M columns of Sτ

are fed to different transmit antennas while the elements in
the same row of Sτ are transmitted at the same time. The
initial transmission S0 does not carry information and can be
an arbitrary unitary matrix. It can be shown that DUSTM can
offer higher spectral efficiency than FSK modulation [16]. In
a FHSS multiple-access network with a total bandwidth con-
straint, lower spectral efficiency translates into fewer available
frequency slots (or lower spreading gain) and consequently
more significant MAI effect.

The receiver employs N antennas. We assume the coherent
time and bandwidth of the fading are greater than Ts and ∆f ,
respectively. Thus, the fading in each Ts×∆f time-frequency
slot can be viewed as constant and frequency-flat. We further
assume the fading processes between different transmit-receive
antenna pairs are statistically i.i.d. and circularly complex
Gaussian with zero mean. The discrete channel gains between
all transmit-receive antenna pairs during [(τ−1) Ts, τTs] are
collected into an M × N matrix Hτ . The time-correlation
coefficients between the channel gains are defined as ϕh,ξ =
E

{
hτ+ξ,i,j · h∗

τ,i,j

}
for ξ = 0,±1, . . . . Without loss of

generality, we normalize ϕh,0 to unity. The received space-

Info. Bits

(a) Transmitter model

... DFD De-interleaver
RS

decoder

(b) Receiver model

Freq. Dehop

Freq. Dehop

Freq. Hop

Freq. Hop
InterleaverRS Enc.

(L,k)
DUSTM

...

Erasure
Insertion

Fig. 1. System model

time signal in [(τ−1) Ts, τTs] can be written as

Rτ = SτHτ + Wτ . (1)

The entries in Wτ consist of interference in addition to
the thermal noise. In this paper, we focus on the partial-
band interference (PBI) and ignore other types of interference
including the multiple-access interference. As assumed in [2]
and [14], the entries in Wτ are i.i.d. zero-mean circularly
complex Gaussian random variables (rv’s) with variance σ0

(CN (0, σ2
0)) in a fraction (1 − pI) of the band and are

i.i.d. CN (0, σ2
0 + σ2

I/pI) rv’s in the remainder of the band.
Therefore, conditioned on the variance of the noise plus PBI
σw, Wτ contains CN (0, σ2

w) rv’s. Entries corresponding to
different τs are assumed to be uncorrelated. Due to the random
hopping, σw, can be viewed as a rv independent in different
dwells and identically distributed as

fσw(σ)=pIδ(σ2
0 + σ2

I/pI−σ2)+(1−pI) δ(σ2
0−σ2), (2)

where δ(x) equals 1 if x=0 and 0 otherwise.
In general, the time-correlation coefficients {ϕh,ξ}ξ depend

on the normalized Doppler frequency shift fdTs, which may
be different for different carrier frequencies. However, since
the range of carrier frequencies is normally much smaller than
their values, the variation in fdTs and the time-correlation co-
efficients can be ignored. For example, if the center frequency
in the two ISM frequency bands 902− 928MHz and 2.4−
2.4835GHz corresponds to fdTs = 0.05, then the normalized
Doppler shifts experienced by the carriers at the edges of the
two bands will be 0.05±0.0007 and 0.05±0.001, respectively.
For simplicity, we regard {ϕh,ξ}ξ as deterministic unknown
parameters common for all dwells. The two EI techniques,
however, can be easily extended to account for the variation
in {ϕh,ξ}ξ due to random hopping by treating them as a set
of (correlated) rv’s in addition to σw [16]. The EI techniques
proposed in Section IV and the estimation scheme in Section
V are independent of the distribution of σw and/or {ϕh,ξ}ξ,
which allows them to be applied in more general settings.

III. DECISION-FEEDBACK DEMODULATION (DFD)

In this section, we review the DFD for the DUSTM signal
based on the results from [15]. Without loss of generality, we
consider the dwell starting from time 0. We assume σw and{
ϕh,ξ

}
ξ

are known and time-invariant in deriving the DFD
test statistics. Estimation of these parameters is discussed in
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Section V and the resulting algorithm is applicable even when
these parameters are time-varying.

We start from the likelihood function of receiving
R0, . . . ,Rτ given z1, . . . , zτ are transmitted, that is,

f|σw

(
R0

τ |z1
τ

)
=det−N (πCr,τ )exp

{
−tr

[(
R0

τ

)H
C−1

r,τR
0
τ

]}
.

(3)
Here we use the notation R0

τ and z1
τ to denote[

RH
0 , . . . ,RH

τ

]H
and (z1, . . . , zτ ), where the superscript

(·)H denotes matrix Hermitian. The subscript in f|σw
implies

the dependence on σw, while the unconditional likelihood
function can be obtained by taking expectation over the
distribution of σw, that is,

f (· | ·) = E
{
f|σw

(· | ·)} . (4)

The M (τ +1)×M (τ +1) matrix Cr,τ in (3) is the covariance
matrix of any column of the M (τ +1)×N matrix R0

τ . It can
be shown that c

(1)
|σw

� detN (πCr,τ ) does not depend on z1
τ

and the exponent in f|σw

(
R0

τ |z1
τ

)
can be expressed as [15]

γτ |σw

(
z1
τ

)
� − tr

[(
R0

τ

)H
C−1

r,τR
0
τ

]
(5)

= γτ−1|σw

(
z1
τ−1

)
+ ∆|σw

(
zτ ; z1

τ−1

)
. (6)

The second term in (6) can be further reduced to [15]

∆|σw

(
zτ ; z1

τ−1

)
=− 1

σ2
τ

∥∥∥∥∥∥(Λτ
1)H Rτ −

τ∑
j=1

a
(τ)
j

(
Λτ−j

1

)H

Rτ−j

∥∥∥∥∥∥
2

,

(7)
where ‖·‖ denotes the Frobenius norm of matrices and Λτ

t =
Vzτ

· Vzτ−1 · · ·Vzt
for τ ≥ t. The coefficients {a(τ)

j }P
j=1

and στ can be solved from {ϕh,ξ}τ
ξ=0 and σw [15]. In

(6), γτ |σw

(
z1
τ

)
and γτ−1|σw

(
z1
τ−1

)
can be viewed as the

accumulated likelihood metrics for the sequence z1
τ and z1

τ−1,
respectively, while ∆|σw

(
zτ ; z1

τ−1

)
can be viewed as the

branch metric. Unfortunately, their dependence on all previous
transmitted symbols prevents efficient sequence estimation like
the standard Viterbi algorithm. However, if we assume that
the scalar processes {ht,m,n + wt,m,n}t can be modelled by
an AR(P ) process, it is shown in [15] that for τ ≥ P , (7)
reduces to

∆|σw

(
zτ ; z1

τ−1

)
= − 1

σ2
P

∥∥∥∥∥∥VH
zτ

Rτ −
P∑

j=1

a
(P )
j Λτ−1

τ−j+1Rτ−j

∥∥∥∥∥∥
2

� ∆|σw

(
zτ ; zτ−P+1

τ−1

)
. (8)

Thus, the branch metric ∆|σw

(
zτ ; z1

τ−1

)
only depends on

zτ−P+1
τ−1 instead of z1

τ−1 and the standard Viterbi algorithm
can be applied.

The Viterbi algorithm has a complexity which is exponential
in L since the number of states in the trellis is LP−1. In
order to further reduce the complexity and facilitate symbol-
by-symbol erasure insertion, we consider a DFD scheme which
has an approximate complexity of O (L) per symbol. In DFD,
P −1 previous decisions ẑτ−P+1, . . . , ẑτ−1 are fed back and

P + 1 received blocks Rτ−P , . . . ,Rτ are used to demodu-
late zτ . Specifically, zτ−P+1, . . . , zτ−1 in (8) are replaced by
ẑτ−P+1, . . . , ẑτ−1 and ẑτ is demodulated as

ẑτ = arg max
k=0,...,L−1

∆|σw

(
k; ẑτ−P+1

τ−1

)
. (9)

The symbol error probability of ẑτ in (9) is analyzed in [15]
under the assumption that σw,

{
ϕh,ξ

}
ξ

are known and no
feedback errors. It is also shown there that the ML demodu-
lation of zτ based on Rτ−1

τ in [14] is a special case of the
DFD if P is set to be 1.

IV. ERASURE INSERTION DECODING

A general EI rule is proposed in [2] based on the Bayesian
framework to minimize a Chernoff bound on the decoded
error probability. The resulting rule involves f (Xτ |k) (k =
0, . . . , L−1), the likelihood of Xτ under all possible hypothe-
ses for zτ , where Xτ consists the data used by the demodu-
lator. Various EI rules have been proposed by specializing the
general rule in [2] to demodulators in different settings [1] [3]
[8] [13] [14]. In this section, we propose a Bayesian EI rule
for the decision-feedback demodulator considered in III. We
further propose a so-called Likelihood Ratio Test (LRT) rule
which can be viewed as an approximation of the Bayesian rule
but has implemental advantage.

A. Likelihood for erasure insertion

The choice of the data matrix Xτ in the likelihood function
f (Xτ |k) depends on the demodulator under consideration. For
the DFD discussed in III, Rτ−P

τ is used and previous decisions
ẑτ−P+1
τ−1 are fed back for demodulating zτ . Therefore, it is

natural to consider the likelihood function f
(
Rτ−P

τ |k, ẑτ−P+1
τ−1

)
.

However, as can be seen from (4), the unconditional likelihood
function f

(
Rτ−P

τ |k, ẑτ−P+1
τ−1

)
is hard to obtain because the

distribution of σw may not be available at the receiver and the
complication involved in evaluating the expectation in (4). It is
therefore more desirable to consider the conditional likelihood
function f|σw

(
Rτ−P

τ |k, ẑτ−P+1
τ−1

)
. As pointed out in [1], the

use of the conditional likelihood function can be justified
by regarding σw as a received statistic in addition to Rτ−P

τ .
Specifically, we consider f

(
Rτ−P

τ , σw|k, ẑτ−P+1
τ−1

)
instead of

f
(
Rτ−P

τ |k, ẑτ−P−1
τ−1

)
. It is straightforward to see that

f
(
Rτ−P

τ , σw|k, ẑτ−P+1
τ−1

)
= f|σw

(
Rτ−P

τ |k, ẑτ−P+1
τ−1

)
f (σw) , (10)

where we have assumed f
(
σw|k, ẑτ−P+1

τ−1

)
= f (σw). The

conditional likelihood f|σw

(
Rτ−P

τ |zτ , ẑτ−P+1
τ−1

)
will be derived

in the sequel.
From (3), (5), (6), and (8), we can easily obtain for τ > P

f|σw

(
R0

τ | z1
τ−P , ẑτ−P+1

τ−1 , zτ

)
= exp

[
∆|σw

(
zτ ; ẑτ−P+1

τ−1

)]
× exp

[
γτ−1|σw

(
z1
τ−P , ẑτ−P+1

τ−1

)]
/c

(1)
|σw

(11)

under the assumption that the processes {ht,m,n + wt,m,n}t
can be statistically modelled by a common AR(P ) process
for all different (m,n) pairs. Given ẑτ−P+1

τ−1 , the probability of
receiving R0

τ conditioned on zτ alone is given by
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f|σw

(
R0

τ |zτ , ẑτ−P+1
τ−1

)
=

∑
z1,...,zτ−P

f|σw

(
z1
τ−P | zτ , ẑτ−P+1

τ−1

)

× f|σw

(
R0

τ |z1
τ−P , ẑτ−P+1

τ−1 , zτ

)
, (12)

where the summation is over all Lτ−P possible com-
binations of (z1, . . . , zτ−P ). It is not hard to see that
f|σw

(
z1
τ−P | zτ , ẑτ−P+1

τ−1

)
= LP−τ since the transmitted sym-

bols in a dwell can be treated as i.i.d. rv’s due to interleaving.
Consequently, we obtain

f|σw

(
R0

τ | zτ , ẑτ−P+1
τ−1

)
= c

(2)
|σw

(
R0

τ , ẑτ−P+1
τ−1

)
× exp

[
∆|σw

(
zτ ; ẑτ−P+1

τ−1

)]
(13)

where

c
(2)
|σw

(
R0

τ , ẑτ−P+1
τ−1

)
�

∑
z1,...,zτ−P

exp
[
γτ−1|σw

(
z1
τ−P , ẑτ−P+1

τ−1

)]
Lτ−P · c(1)

|σw

(14)
Note that c

(2)
|σw

(
R0

τ , ẑτ−P+1
τ−1

)
in (14) does not depend on zτ .

Alternatively, we can express f|σw

(
R0

τ |zτ , ẑτ−P+1
τ−1

)
as

f|σw

(
R0

τ |zτ , ẑτ−P+1
τ−1

)
= f|σw

(
Rτ−P

τ |zτ , ẑτ−P+1
τ−1

)
×f|σw

(
R0

τ−P−1|zτ , ẑτ−P+1
τ−1 ,Rτ−P

τ

)
. (15)

Since zτ , ẑτ−P+1
τ−1 are transmitted after R0

τ−P−1 being re-
ceived, the first conditional probability in (15) does not depend
on zτ or zτ−P+1

τ−1 . That is,

f|σw

(
R0

τ−P−1|zτ , zτ−P+1
τ−1 ,Rτ−P

τ

)
= f|σw

(
R0

τ−P−1|Rτ−P
τ

)
,

(16)
where the dependence in the right hand side of (16) is due to
the channel’s time-correlation. Consequently, if we compare
the likelihood f|σw

(
R0

τ |zτ , ẑτ−P+1
τ−1

)
obtained from (15) and

(16) with (13), we get

f|σw

(
Rτ−P

τ |zτ , ẑτ−P+1
τ−1

)
= c

(3)
|σw

(
R0

τ , ẑτ−P+1
τ−1

)
× exp

[
∆|σw

(
zτ ; zτ−P+1

τ−1

)]
(17)

where

c
(3)
|σw

(
R0

τ , ẑτ−P+1
τ−1

)
= c

(2)
|σw

(
R0

τ , ẑτ−P+1
τ−1

)
f−1
|σw

(
R0

τ−P−1|Rτ−P
τ

)
.

(18)
From (10) and (17), we obtain

f
(
Rτ−P

τ , σw | k, ẑτ−P+1
τ−1

)
= f (σw) c

(3)
|σw

(
R0

τ , ẑτ−P+1
τ−1

)
× exp

[
∆|σw

(
k; ẑτ−P+1

τ−1

)]
. (19)

The multiplicative factor f (σw) c
(3)
|σw

(
R0

τ , zτ−P+1
τ−1

)
in (19) is

common for all k = 0, . . . , L−1 and, as will be shown later,
has no effect on EI.

B. Bayesian erasure insertion

Assuming the transmitted symbols take values in
{0, . . . , L − 1} with equal a priori probabilities, the
decision rule in [2] suggests that a symbol estimate ẑτ should
be erased if

f (Xτ |lML)∑L−1
k=0 f (Xτ |k)

≤ 1 − θ , (20)

and ẑτ should be chosen as lML = arg maxL−1
k=0 f (Xτ |k)

otherwise. The quantity f (Xτ |k) is the likelihood of receiving
Xτ provided zτ = k is transmitted. Such a rule is shown to
minimize the quantity Pe + θPa where Pe and Pa are the
probabilities with which the receiver processing block outputs
an error or erasure given Xτ is available, respectively. It is also
shown in [2] that the decoded error probability PE satisfies

PE =
n∑

i=0

n−i∑
j=j0(i)

n!P i
eP

j
a

i!j! (n−i−j)!
(1−Pe−Pa)n−i−j (21)

≤ min
0<θ<1/2

βk−n
n∑

i=0

(
n

i

) (
β2−1

)i
(Pe + θPa)i (22)

where β=θ−1−1. Therefore, the decision rule (20) is optimal
in the sense of minimizing the bound on PE .

For the DFD of DUSTM signals, we may set f (Xτ |k) to
f

(
Rτ−P

τ , σw | k, zτ−P+1
τ−1

)
from the discussion in Section IV-

A. By replacing f (Xτ |k) with (19), equation (20) reduces to

exp
[
∆|σw

(
ẑτ ; ẑτ−P+1

τ−1

)]
∑L−1

k=0 exp
[
∆|σw

(
k; ẑτ−P+1

τ−1

)] ≤ 1 − θ . (23)

where

ẑτ = arg max
k

f
(
Rτ−P

τ , σw | k, ẑτ−P+1
τ−1

)
= arg max

k
∆|σw

(
k; ẑτ−P+1

τ−1

)
(24)

is the same as in (9). The Bayesian rule inserts an erasure if
(23) is satisfied; otherwise ẑτ is sent to the decoder.

C. Likelihood ratio test

The Bayesian rule (23) requires the exact value of
exp

[
∆|σw

(
k; ẑτ−P+1

τ−1

)]
for k = 0, . . . , L − 1. In this

section, we propose an approximation to (23) where only
the value of ∆|σw

(
k; ẑτ−P+1

τ−1

)
is needed. This is prefer-

able in implementation because it may be hard to compute
exp

[
∆|σw

(
k; ẑτ−P+1

τ−1

)]
accurately due to its small magni-

tude. The proposed EI rule can be viewed as a threshold test
for the ratio of two likelihood functions. We we will refer it
as the likelihood ratio test (LRT) rule in the following.

The LRT rule essentially approximates the sum in
the denominator in (23) by the first two largest terms,
that is, the two terms corresponding to k = ẑτ , ẑ′τ
where ẑτ = arg maxk ∆|σw

(
k; ẑτ−P+1

τ−1

)
and ẑ′τ =

arg maxk �=ẑτ
∆|σw

(
k; ẑτ−P+1

τ−1

)
. The LRT rule is to erase ẑτ

if

∆|σw

(
ẑτ ; ẑτ−P+1

τ−1

) − ∆|σw

(
ẑ′τ ; ẑτ−P+1

τ−1

) ≤ ln µ−1 , (25)
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for a specific threshold µ ∈ (0, 1).
From (25) we can see that the LRT rule only requires

the value of ∆|σw

(
zτ ; ẑτ−P+1

τ−1

)
while the Bayesian rule (23)

requires exp
(
∆|σw

(
zτ ; ẑτ−P+1

τ−1

))
, which could be hard to

compute accurately due to its small magnitude.

V. ESTIMATING THE STATISTICS BY RLS

We have so far assumed perfect knowledge of σw and
{ϕh,ξ}ξ in deriving the demodulation and EI. We observe from

(9) (23), (25) that it suffices to estimate {a(P )
1 , . . . , a

(P )
P , σ2

P }
for the purpose of demodulation or EI. In this section, we
propose a simple adaptive scheme based on the RLS algorithm
for jointly estimating {a(P )

1 , . . . , a
(P )
P , σ2

P } and demodulating
the symbols. Details of derivations and discussions are not
presented due to space limit but can be found in [16].

To facilitate the application of the RLS algorithm, we ob-
serve that the nth column of VH

k Rτ −
∑P

j=1 a
(P )
j Λτ−1

τ−j+1Rτ−j

can be written as

Λτ−1
τ−P+1

[
h′

τ,n+w′
τ,n−

∑P

j=1
a
(P )
j

(
h′

τ−j,n+w′
τ−j,n

)]
(26)

where h′
τ−j,n = Sτ−P hτ−j,n and w′

τ−j,n = (Λτ−j
τ−P+1)

Hwτ−j,n

for j = 0, . . . , P . The new vector sequences {h′
τ−j,n}P

j=0

and {w′
τ−j,n}P

j=0 have the same time-correlation as the corre-
sponding original sequences. The term in the bracket in (26)
can be viewed as the P th order prediction error of the vector
process {h′

τ−j,n +w′
τ−j,n}P

j=0. By recalling Λτ−1
τ−P+1 is unitary,

we know that the solution of the Yule-Walker equations for
{a(P )

j }P
j=1 will minimize the expectation of (26) and the

resulting minimal mean-squared error will be equal to Nσ2
P .

In practice, we can feedback the previous estimates
ẑτ−P+1, . . . , ẑτ−1 and use them in place of zτ−P+1, . . . , zτ−1.
The unavailability of zτ may be circumvented by joint de-
modulation and estimation. That is, we use the estimated
values for {a(P )

1 , . . . , a
(P )
P } together with Rτ−P

τ and ẑτ−P+1
τ−1

to demodulate zτ . After obtaining ẑτ , the estimates for
{a(P )

1 , . . . , a
(P )
P , σ2

P } are updated even if ẑτ might be incorrect
or erased later. We observe in simulation that the proposed
joint estimation-demodulation algorithm works satisfactorily
if it is initialized properly with a small number of training
symbols.

We extend the standard RLS algorithm for scalars to vector
processes and apply it for our problem. Specifically, we denote

c (τ) =
[
a
(P )
P (τ) . . . a

(P )
1 (τ)

]T

, (27)

y (τ) = vec
(
VH

ẑτ
Rτ

) ∈ C
MN×1 , (28)

and X(τ) as given in (29), where vec (·) is the vectorization
operator which transforms a M×N matrix into a MN×1 vector
by concatenating its columns. The exponentially-weighted
average MSE E (τ) is defined by

E (τ) =
1−λ

MN

τ∑
i=0

λτ−i ‖y (i) − X (i) c (i)‖2
. (30)

The RLS algorithm together with symbol demodulation is
described as following.

(i) Initialization: Set τ =0, c(−1)=0P , and P(−1)= δ−1IP

for some small positive number δ. We choose E (−1) = δ for
convenience but in general E (−1) can be arbitrarily chosen.

(ii) Demodulation: Compute the test statistics
∆|σw

(
k; ẑτ−P+1

τ−1

)
as in (8) where σ2

P and a
(P )
P , . . . , a

(P )
1 are

replaced by E (τ−1) and entries in c (τ−1), respectively.
zτ is then chosen as in (9). When a training symbol is
transmitted at time τ , zτ is perfectly known at the receiver
and no demodulation is performed.

(iii) RLS updates: Compute y (τ), X (τ) and

G (τ) =
1
λ
P (τ−1)XH (τ) ,

G (τ) = G (τ)
[
IM + X (τ)G (τ)

]−1
,

P (τ) =
1
λ
P (τ − 1) − G (τ)G

H
(τ) ,

e (τ) = y (τ) − X (τ) c (τ − 1) ,

c (τ) = c (τ − 1) + G (τ) e (τ) ,

ε (n) = y (n) − X (n) c (n) ,

MSE (τ) =
1

MN
‖e (τ)‖2

, (31)

E (τ) = λE (τ − 1) +
1 − λ

MN
εH (τ) e (τ) . (32)

VI. NUMERICAL RESULTS

In this section, numerical results are presented to quan-
tify the gain from EI. The simulation settings are as fol-
lows. The channels between different transmit-receive antenna
pairs are generated independently using Jakes’ model [9]
with the normalized Doppler frequency shift fdTs = 0.05.
The transmitter has two antennas and the DUSTM constel-
lation in [12] is used with constellation size L equal to
16. RS(16, 4) codes are considered. The symbol error and
erasure probability Pe (P,N, θ, σw) and Pa (P,N, θ, σw) are
simulated for different combinations of P , N , σw, and θ
(for LRT rule, the notation for the threshold is replaced
by µ). The average symbol error and erasure probabil-
ity are obtained by taking expectation of Pe (P,N, θ, σw)
and Pa (P,N, θ, σw) over the distribution of σw in (2),
that is, Pe (P,N, θ, σ0, σI , pI) = E {Pe (P,N, θ, σw)} and
Pa (P,N, θ, σ0, σI , pI) = E {Pa (P,N, θ, σw)}. The decoding
error probability PE (P,N, θ, σ0, σI , pI) is evaluated by (21)
where Pe is replaced by Pe (P,N, θ, σ0, σI , pI) and similarly
with Pa. The decoding error probability without EI can be
obtained by either setting θ in the Bayesian rule to 0 or µ in
the LRT rule to 1.

A. Estimation Performance

In this section, we present numerical results of estimat-
ing σ2

P and {a(P )
j }P

j=1 by the proposed joint estimation-
demodulation algorithm. We set P = 2, 1

σ2
w

= 0dB and
plot the learning curves of the two RLS weights (real parts
only) and E (τ), MSE(τ) in Fig.2. The learning curves in
Fig.2 show good convergence to their theoretical values. It
is expected that E (τ) converges to σ2

P more slowly than
MSE (τ) due to the exponentially weighting. In practice, a
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combination of E (τ) and MSE (τ) or the local mean of
MSE (τ) can be used to better acquire and track σ2

P in a
time-varying environment.

As discussed in [16], training is mandatory for the proposed
algorithm to converge correctly. Here we use five training
symbols at the start of the algorithm. Detailed study of the
convergence issue and the optimal training strategy is beyond
the scope of this paper. In the following simulation, we set
the dwell length large enough with sufficient training at the
beginning so as to compare the performance of different
approaches in the converged state of the adaptive algorithm.
Consequently, the error probabilities presented in Fig.3 ∼
Fig.5 can be viewed as lower bounds of what would be
expected in the realistic setting. When the length of the dwell
is not much larger than the convergence time, the performance
loss due to the transient phase may be significant. In this case
the symbol estimates may have to be re-computed after the
algorithm converges, e.g., using the estimates for {a(P )

j }P
j=1

and σ2
P at the end of the dwell.

B. Erasure insertion performance in presence of PBI

In Fig.3(a), the decoding error probabilities
PE (P,N, θ, σ0, σI , pI) with and without EI are plotted
versus the SINR 1/σ2

I . Optimal thresholds for both the
Bayesian rule and the LRT rule are obtained numerically and
used in generating the curves in Fig.3(a). Other parameters
in PE are fixed as the following: N = 2, 1/σ2

0 = 14dB,
pI = 0.2, and P = 1 or 5. The following observations
can be made from Fig.3(a). Firstly, the gain from EI is
significant, especially in the low SIR range. This makes
EI very attractive for an environment with strong jammer
or narrowband interferers without power control. Secondly,
the LRT rule results in negligible performance loss when
compared to the Bayesian rule, while the former is more
preferable in implementation. Furthermore, noticeable gain
can be achieved by increasing the observation window length
from P = 1 to P = 5. It is shown in [16] that the gain
from further increasing P is negligible and two receive
antennas significantly improve performance over single
receive antenna.

To better understand the performance under AWGN plus
PBI, we plot PE (P,N, θ, σ0, σI , pI) versus the loading factor
pI in Fig.3(b) while setting 1/σ2

I = −4dB and other param-
eters same as in Fig.3(a). We can see that the decoding error
probabilities degrades as pI increases, or equivalent, as the PBI
becomes more like AWGN. This is consistent with the fact that
the Gaussian noise is the worst type of noise in an information-
theoretic sense. The EI techniques exploit the bursty nature in
the PBI and effectively suppresses it. When the PBI becomes
more like AWGN as pI → 1, the gain from EI diminishes.

C. Effect of the threshold

The choice of the threshold is crucial to the performance
of EI decoding. Unfortunately, finding the optimal threshold
analytically is highly complicated. We know the optimal
threshold should depend on σ2

0, σ2
I , pI , P , N , among which

σ2
0, σ2

I , pI are not known a priori. It is therefore desirable if a
single fixed threshold would work well for a wide range of σ2

0,
σ2

I , pI . To illustrate that this is actually possible under certain
conditions, we set 1/σ2

0 = 14dB, P = 1, N = 2, and find the
optimal thresholds (µopt) for the LRT EI numerically. These
optimal thresholds are plotted versus pI and 1/σ2

I in Fig.4. We
can see that the surface of µopt is flat at small loading factor
pI or low SIR 1/σ2

I . Therefore, when the distribution of the
PBI power falls into that range, a single fixed threshold may
achieve close performance as the optimal threshold, which is
different for different values of σ2

I and pI in general. This is
verified in Fig.5, where decoding error probabilities of LRT
using a fixed threshold (µ = 0.0526) are compared with LRT
using the optimal threshold found numerically for every σ2

I

and pI . Fig.5 shows that even when the optimal threshold is
very different from the fixed threshold (e.g. in Fig.4 where
pI = 0.9 or 1/σ2

I = 8dB), the performance loss by using the
fixed threshold may be tolerable. Similar results as in Fig.4
and Fig.5 are also obtained for the Bayesian EI.

VII. CONCLUSION

We have extended the modulation/demodulation in [14] to
general DUSTM and DFD. Instead of using unconditional
likelihood functions [2] [14], we propose to use the likeli-
hood function conditioned on the variance of the noise plus
interference. The resulting EI rules based on the conditional
likelihood function do not require knowledge of the distribu-
tion of the noise plus interference power, in contrast to their
counterparts in [14]. The DFD structure also facilitates the
application of the RLS algorithm to adaptively estimate the
required parameters in demodulation and EI. Specifically, a
joint estimation-demodulation scheme is proposed and studied.
Another problem of practical interest in applying EI is the
performance loss due to mismatched thresholds, which is
investigated numerically in this paper. The two proposed EI
rules, the Bayesian rule and the LRT rule, are shown to achieve
significantly lower decoding error probability, even when the
required parameters have to be estimated and suboptimal
thresholds are used.
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