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any other packets can not be used.

However, these operations can be jointly performed in
order to exploit spatial diversity as much as possible. Since
ML detection/decoding achieves optimal performance and is
conceptually simple, the MIMO_NC decoder adopts it. Let
us focus on the N = P = 2 case for ease of notation, and
with no loss of generality. Then the system to decode is:

()% &) () (%)

y2 0 Hs S2 up

where H,, is the 8 x 8 identity matrix multiplied by h,,, the
gain of the n-th channel, s,, is the vector of § BPSK symbols
that represents the Galois symbol d,, and n,, is a vector of
8 independent Gaussian random variables with zero mean
and variance o2. Therefore, for any combination of input
Galois elements z1, x2, there is a well defined set of output
modulated waveforms. The ML criterion picks the zp, 22
that minimize the distance between the expected received
symbols [Hys; (21, x2); Hasa (1, 22)] and the actual samples
Y1,y2. For general N and P, an exhaustive search can be
computationally infeasible, but past research has found ways
to speed up this process. For instance, the NC matrix can be
considered as the channel encoding matrix of a non binary
system. Therefore the given problem can be cast as a joint
MIMO demodulation (decode a vector of digital symbols
from a vector of received samples) and channel decoding.
An efficient, ML solution to this problem has been offered by
[10], which is a modification of the famous sphere decoding
algorithm (see [10] and references therein).

In order to describe this algorithm, we must first rewrite
the above Galois system. Any Galois matrix GG can be written
as I[IG = LU, where 1I is a permutation matrix, L is lower
triangular and U 1is upper triangular [18]. Since, for Galois
fields, II! = II, it stems that G = IILU. Therefore the
problem can be decomposed into two subproblems:

y=HIILUx+n=HllLz+n, z=Ux (1)

where a dummy P X 1 vector z is introduced, so that
the easier problem y = HIILz+n needs to be solved.
Given a solution z*, x is easily found by conventional back-
substitution [18], since U is upper triangular. The problem
y = HIILz+n is easier than the full one because L is lower
triangular.

We assume here, with no loss of generality, that the
received packets are already ordered so that II is the identity
matrix. We recall that y, is the 8-element column vector
that includes the components of y whose index is between
8(n —1) and 8n — 1, 1 < n < N. Moreover, L,, denotes
the row vector that is composed by the min(n, P) leftmost
elements of the n-th row of L and finally z, is the vector
made up by the first min(n, P) elements of z. The algorithm
picks the vector z that minimizes the distance ||y — H Lz||?,
which can be written, with a slight abuse of notation, as the
sum of N components: >0 42 = SN |y, —h, Lz, 2
The term h,L,z, must be regarded as the multiplication
of the scalar h,, and the BPSK symbols that stem from
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Fig. 2. The test network.
the Galois symbol L,,z,. We note that the n-th component
depends only on the first min(n, P) symbols in z. The sphere
decoder finds a tentative solution for z; and computes 3. If
this value is smaller than a certain threshold p?, the squared
sphere radius, it will proceed considering zo keeping the
present estimate for z;. Otherwise, the next tentative value
for z; will be considered. Given a tentative solution for the
first k£ symbols, the decoder will proceed by decoding the
(k+1)-st element if 3%_, 72 < p?. The great advantage of
the sphere decoder is that if the metric of a certain solution
S is too large, all subsequent solutions which share S as a
prefix need not be considered.

In summary, each node will collect the packets, decode the
header, extract the NC coefficients and then keep the received
soft samples. The node tries to decode as many transmitted
packets as possible with the collected frames. Should it fail
(because a packet has been corrupted by interference or
noise), it will store the received samples and keep them so
as to help the decoding of the next packets. To avoid error
propagation, nodes are allowed to combine and retransmit
only information units that have been successfully decoded.
Finally, we note that in conventional MIMO the diversity
is due to the presence of multiple antennas. MIMO_NC,
instead, may exploit three types of diversity: spatial due
to the different positions of nodes, temporal due to the
different transmission times and coding due to redundant
linear combinations of IUs, if present.

III. PERFORMANCE ANALYSIS

Let us consider a simple case study that can be quite
easily analyzed. The sample network is reported in Fig. 2
where nodes 1 through N have the same P IUs. Each of
them transmits a coded packet (which is a random linear
combination of the P original packets). Node 0 collects these
N > P coded packets and tries to recover the original
frames. This scenario can happen in a network where data
dissemination has reached several nodes, thus many terminals
can combine several packets at once. In this case it is common
that some nodes transmit to the same receiver several coded
packets based on the same information units [6].

A. Classical NC performance

The analysis for conventional NC is quite straightforward
in this scenario. We shall assume that if P CPs out of NV are



correctly decoded, the original IUs can all be recovered.® If
fading is constant over a whole packet, and it is frequency
flat and Rayleigh distributed, the packet error probability P,
is inversely proportional to the SNR [9]. For NC, P out
of N CPs must be correctly decoded. Therefore the error
probability is the cumulative distribution function of the sum
of N binary random variables evaluated at P — 1.

Let us consider the special case of all the channel gains h,,
being independent and identically distributed. The probability
of receiving fewer than P correct packets out of N is:

P-1

N _
Perr = Z <k>(1_Ppk)kPZ§>i k

k=0

@

For small P, the most likely error event is that exactly
P — 1 packets have been correctly decoded. In this case, the

packet error probability is approximately:

N —(P— N -
P, ~ (P—I)P;Z (P-1) _ (P—l)Pé\’i P+l (3

In RaX[lei‘gh fading, P, o 1/SNR, thus P..,
1/SNRN=F*1 and the diversity order is N — P + 1.

B. MIMO_NC performance

The equivalent input/output relation for MIMO_NC is
reported in Eq. (1). The computation of the exact error prob-
ability is rather hard. Instead, we shall pursue the pairwise
error probability.

For MIMO_NC, let us call codeword the vector which
contains the Galois symbols prior to the combination of
network coding. We shall denote the codewords by the
symbols c;, where ¢ is an integer index. By definition cg is
the all zero codeword and it is assumed to be the transmitted
codeword in order to compute the pairwise error probability.
This is not restrictive since the matrix G is a linear operator.

The pairwise error probability of deciding for another
codeword c; instead of cg is the conditioned probability that:

|HGeo —y|* > [ HGer —yl|? “)

given that cg was sent. After some algebra, Eq. (4) becomes
(see [19)):
(HG(cop —c1))'y <0 (5)

The inner product (HG(cy — ¢1))Ty is the sum of 8N
terms. Let us define t,,n € {1,..., N} as the sum of the
terms whose index goes from 8(n — 1) + 1 to 8n:

8
tn = 3l (O) = b enby s+ 1 ]
k=1

(6)

where bif)k is the 8(n— 1)+ k-th modulated BPSK symbol of
the ¢-th codeword (¢ € {0,1}) and 7, is the k-th element
of n,, k€ {1,...,8}. Since ¢y = 0, it follows that Gco = 0
and bflo)gC = —1,Vn, k. Clearly each of the terms that make

3This approximation does not consider the negligible probability
that the NC matrix may not be inverted. This probability decays as
1/(256(N—P+1))

up t,, is non zero if bf% # bf}}c.“ Let w,, be the number of
different bits in the n-th Galois symbol between ¢y and c;
(wy, € {0,1,..,8}). After some algebra, the decision statistics

t= (25:1 tn

N
t= Z h2w,, +
n=1

There is a decoding errqr if ¢ < 0. In Eq. (7),
the first term Zﬁ[:l h2w, ) is a deterministic number
(since we assume the codewords to be known). Instead,
22:1((17510,3@ — bf}%)/2)nnk is the sum of w, independent
Gaussian random variables and its variance is w,,02. There-
fore - hn, 22:1((17510,3@ —b(li)/2)nn,;C has zero mean and

n7

/2 is found as:

N 8

R > (), = 6850 /2 0.
1 k=1

(N

n=

variance N | h2w, 0. The overall decision statistics is
thus a Gaussian random variable with mean Zﬁle h2w,
and variance 3" h2w, o2 [19]. Thus the error probability
conditioned to the channel state is:

N
h2w,,)2

@]\7:1—”“})5]\[}3

(>_pz1 hiwn)o?

N
h2w,
— Q \/Zn_12nw SNR
g

A few observations can be made. First of all, the error
probability averaged on the fading statistics has diversity
order equal to the number of non-zero w,,. If G is regarded
as the generator matrix of a linear block code, the number of
non-zero w,, is the minimum Hamming distance of the code.
The best case occurs when the code achieves the Singleton
bound [20], i.e., the minimum distance is N — P+ 1. From a
MIMO point of view, our system, in some sense, decodes a
V-BLAST transmission with ML decoding. In this setting it is
well known that the diversity order is NV, not N — P+1, where
P now is the number of transmitted streams [9]. However,
there is no real contradiction between these two facts. The
intuitive reason is the following. In real MIMO systems, the
channel matrix is real, and not a hybrid of Galois symbols and
real numbers. Therefore the probability that a codeword may
force to zero some received samples is negligible. Instead,
with the Galois-valued matrix G there is with probability 1
a codeword that forces P — 1 outputs to zero.

We also observe that our analysis predicts that the diversity
order is one if N = P. Moreover, a conventional cooperative
decode-and-forward system is a particular case of our system
with P = 1. Our formula correctly states that the diversity
order would be N — P+ 1= N [21].

It is clear that conventional NC encoding does not properly
exploit the spatial diversity inherent in the system, because
the sizes of the fields of NC coefficients and input symbols
are equal, while in true MIMO this is not the case. Thus
we have explored what would be the performance of a

Poock = @

®)

)

4A term may vanish also if hnbflok + Mn,x = 0, but this is a zero
probability event.
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Fig. 3. Probability of full order diversity in NC by varying the input rate

MIMO_NC system whose input symbols are drawn from the
field GF(2%), 1 < K < 8. This strategy effectively reduces
the codebook and the rate. Since the codebook is smaller,
there are fewer words that the ML decoder of MIMO_NC
may be confounded with. In particular, also the words that
differ for N — P+ 1 = N — 1 elements from the correct
codeword are fewer, and if there are none of them the
diversity is N. Fig. 3 shows, for P = 2, N € {2,3,4},
what is the probability of having diversity /N instead of
N —1 by varying k. It is apparent that there is full diversity
with high probability only for £ < 3, which entails an
unacceptable rate reduction. This shows that 1) the encoding
phase of NC as it has been known so far is not suitable to
exploit spatial diversity, and 2) there might exist a smart NC
encoding scheme that could overcome this problem, but so far
it implies heavy rate losses, that diversity alone cannot justify.
On the other hand, MIMO_NC does achieve the maximum
possible diversity order and outperforms classic NC, since it
offers a SNR gain and can exploit packets that would not be
considered by conventional NC (see the Results section).

Even though the diversity order is the same for MIMO_NC
and NC, the former can successfully decode the transmitted
data in many situations where NC would fail, because the
joint detection and decoding can succeed even if the single
packets are corrupted. In these cases NC could not even start
recovering the data (see the next Section).

In order to check the correctness of our analysis, we have
compared the Union Bound [20] for MIMO_NC when P = 2
and N = 2, 3 with the simulated MIMO_NC (Fig. 4). It turns
out that 1) the analysis is validated since it correctly predicts
the diversity order and 2) the union bound is quite accurate
since it converges for high SNR towards the simulated curve.

IV. SIMULATION RESULTS

In this section we prove the effectiveness of MIMO_NC
in different network configurations. Our aim is to show in
which scenarios MIMO_NC can achieve significant gains
with respect to the classical network coding approach.

We analyze the MIMO_NC approach and classical net-
work coding in the simple topology described in Fig. 2 by

2,2)
)
3,2)
- ¢ —-Bound (3, 2)

- * - Bound (2,

10 " f| —— MIMO_NC (
2
——MIMO_NC (

10 1‘5

SNR (dB)

Fig. 4. Comparison of simulated MIMO_NC and Union Bound when
P=2and N = 2,3.

varying P and N, where P is the number of original packets
that can be combined together and N is the number of com-
binations of P original packets received by the destination.
We name this scenario Star Topology, which represents a
common situation when NC is used to disseminate data in a
wireless distributed network [7]. Usually, a node can receive
from its neighbors multiple packets which are linear combi-
nations of the same IUs. In addition, it often receives more
packets than it needs due to the data dissemination scheme
in use. In these cases, according to the classical network
coding approach, these redundant packets are dropped. On
the contrary, they can be used by MIMO_NC to better decode
the original packets in case of errors.

The main difference between MIMO_NC and the classical
network coding algorithm is the ability of MIMO_NC to
exploit spatial diversity, thus decreasing the error probability.
For this reason, we mainly focus on the system error proba-
bility which is defined as the probability that the destination
cannot successfully decode all the P packets.

Fig. 5 considers different cases by varying N. The system
error probability of MIMO_NC and classical NC for fixed
P = 2 is shown. First of all, we observe that when N = P
the two schemes achieve similar performance. In this case, the
system introduces no redundancy and there is little diversity
for MIMO_NC to exploit. As N increases, the performance
gap between the two schemes widens, being 2 and 3 dB for NV
equal to 3 and 4, respectively. This shows that for increasing
N our scheme performs better and better, and thus is able
to reap the advantages of joint demodulation and network
coding. Moreover, note that the slope of the curves is exactly
N — P 41 as predicted by the theoretical analysis.

Fig. 6 analyzes the performance when N = P 4 1 for
different P. The performance gap between the two schemes
may be expected to grow with the generation size. We note
that the marginal improvement for P > 2 is rather small,
and therefore most of the benefits can be already reaped for
small generation sizes, with low computational complexity.

Finally, we mention that the Star Topology represents
a worst case scenario because we consider a destination
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Fig. 5. System error probability: performance comparison of MIMO_NC
and classical NC when P =2 and N = 2, 3,4.

node with an empty buffer. On the contrary, when data is
disseminated via NC in a distributed network, nodes usually
have some packets stored in their buffers. These packets could
have been already decoded or not. In the former case they
effectively reduce P as they do not need to be estimated in the
MIMO_NC decoder. In the latter, they increase NV since they
are an additional set of received samples. In both situations,
the difference between N and P increases and therefore the
gain of MIMO_NC over NC is boosted.

V. CONCLUSIONS

In this paper, we proposed a scheme which jointly com-
bines NC and MIMO in order to achieve more robustness
with respect to packet losses. The basic idea comes from the
fact that NC and MIMO systems can be described by similar
equations and so they can be easily integrated. Nevertheless,
to achieve this goal, we have to move NC functionalities
towards the physical layer and implement a more sophisti-
cated decoding phase in order to exploit spatial diversity. We
name this scheme MIMO_NC and we prove its effectiveness
by both theoretical and simulation analysis. We focus on
a simple network configuration which is significant in the
context of data delivery via NC. The obtained results show
that MIMO_NC is a promising approach as it can strongly
increase the system performance in terms of system error
probability when communications are affected by fading.

We observe, in addition, that the application of MIMO_NC
presented in this paper is only one of the possible uses of
our approach. We give a tool which can be implemented
in different environments for different purposes leading to
interesting future approaches. We mention that, for instance,
MIMO_NC can be applied also in cooperative communica-
tions to increase the efficiency of the system.
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